
dxary mrtn

htyn

dcewpa elit`e ,zilnxep dxeva ipbened ix`pil x"cn ly zepexzt y1, y2, ...yn m`
.l"z md f` ,w = 0 zg`

la` htyn

an (x) 6= 0, w (x) = w (x0) e
−
´ x
x0

an−1(t)

an(t)
dt

if` ipbened ix`pil x"cn ly zepexzt y1, y2, ...yn m`

.an (x) = 1, w (x) = w (x0) e
−
´ x
x0

an−1(t)dt :zilnxep dxeva x"cnd m`

mincwn ziiv`ixe
d`eeynd z` xeztl ozip ,zipbened zix`pil zil`ivpxtic d`eeyn xeztl mircei m`

.zipbened i`d

an (x) 6= 0, an (x) y
(n) + ...+ a1 (x) y

′ + a0 (x) y = b (x) (∆)

htyn
oexztd z` aezkl ozip ,zipbenedd .ynd ly l"za zepexzt n md y1, y2, ...yn m`

dxeva zipbened i`d ly

y = c1 (x) y1 (x) + c2 (x) y2 (x) + ...+ cn (x) yn (x) (∗)

zkxrnd z` mixzet c1, c2, ...cn xy`k

c′1y1 + c′2y2 + ...+ c′nyn = 0
c′1y

′
1 + c′2y

′
2 + ...+ c′ny

′
n = 0

...

c′1y
(n−1)
1 + c′2y

(n−1)
2 + ...+ c′ny

(n−1)
n =

b

an

c1, c2, ...cn `evnl milxbhpi` mirvan ,dl` ze`eeyn jezn c′1, c
′
2, ...c

′
n mi`ven)

mipzep miiytegd .mireawd - ipbened-i`d ly illk oexzt ozep dfe ,mireaw ick cr
.(ipbened i`d ly oexztl ipbenedd ly oexzt siqedl zeiyteg

dgked

(∆)d`eeynd z` miiwn (∗)rvend oexztdy miwcea

y′ = (c′1y1 + c1y
′
1) + (c′2y2 + c2y

′
2) + ...+ (c′nyn + cny

′
n)

1



= c1y
′
1 + c2y

′
2 + ...+ cny

′
n

y′′ = (c′1y
′
1 + c1y

′′
1 ) + (c′2y

′
2 + c2y

′′
2 ) + ...+ (c′ny

′
n + cny

′′
n)

= c1y
′′
1 + c2y

′′
2 + ...+ cny

′′
n

...

y(n−1) = c1y
(n−1)
1 + c2y

(n−1)
2 + ...+ cny

(n−1)
n

y(n) = c1y
(n)
1 + c2y

(n)
2 + ...+ cny

(n)
n +

b

an

:cgi lkd z` sxvp .d`eeyna aivdle oexztd z` zgwl dvxp

any
(n) + an−1y

(n−1) + ...+ a1y
′ + a0y

= an

[
c1y

(n)
1 + c2y

(n)
2 + ...+ cny

(n)
n + b

]
+an−1

[
c1y

(n−1)
1 + c2y

(n−1)
2 + ...+ cny

(n−1)
n

]
+
...

+a1 [c1y
′
1 + c2y

′
2 + ...+ cny

′
n]

+a0 [c1y1 + c2y2 + ...+ cnyn]

= an
b

an
= b

oelin
zeivwpet ly zeveaw md B e`/e A m` .B dveawl A dveaw dwizrn divwpet
zeivwpet ly dveawl zeivwpet ly dveawn divwpetl mi`xew okl .mikazqn zelwa

f (x) 7→ f ′ (x) xehxte` `ed
d

dx
:dnbec .(operator)xehxte`

.(functional)lpeivwpet mixtqn ly dveawl zeivwpet ly dveawn divwpetl mi`xew

f (x) 7→
´ 1
0
f (x) dx :cg`l qt`n lxbhpi` :dnbec
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ix`pil il`ivpxtic xehxte` - dxcbd
y (x) → an (x) y

(n)+ wizrnd L xehxte`d .zetivx zeivwpet a0 (x) , a1 (1) , ...an (x)
xcqn ix`pil il`ivpxtic xehxte` `xwp an−1 (x) y

n−1 (x)+...+a1 (x) y
′+a0 (x) y

.n
rhwa)zetivx zeivwpetl (I ⊆ R rhw lr)zetivx zexfbp n mr zeivwpet wizrn L

.(I ⊆ R

?zix`pil z`xwp L dnl

zeivwpet izy okle α1, α2 mireaw ipy lkly ze`xdl ozip

L (α1y1 (x) + α2y2 (x)) = α1L (y1 (x)) + α2L (y2 (x))

dnbec

D =
d

dx
,D (y (x)) = y′ (x)

L = D2 + xD + 3

L (y (x)) = y′′ + xy′ + 3

:Ly = b (x)(*) dxeva aezkl ozip ix`pil x"cn

L = an (x)D
n + an−1 (x)D

n−1 + ...+ a1 (x)D + a0 (x)

z` zxzetd y (x) dcigi divwpet miiw m`d xnelk ?Ll ikted xicbdl ozip m`d
?y = Mb aezkp f` ,(*)

x"cnl zepexzt daxd yi !`l
y (x0) ,

′ (x0) , ...y
(n−1) (x0) :dlgzd i`pz (dnbecl)i"r cigi oexzt rawp m` la`

.xyt` ile` f`

dnbec

L = D, y′ = b

:miccvd ipyl lxbhpi` dyrp .y (x0) = y0 oezp

y (x)− y (x0) =

ˆ x

x0

b (t) dt
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. y (x) =

ˆ x

x0

b (t) dt :y (x0) = 0 gwip

Dy = b → y = Mb

dnbec

y′′ + a1 (x) y
′ + a0 (x) y = b (x)

y (x0) = y′ (x0) = 0

Ly = b → y = Mb

?M df dn .L = D2 + a1 (x)D + a0 (x)
`ed ipbened i`d oexzt .(l"za)y1, y2 ipbenedd ly zepexztl `xwp

y = c1 (x) y1 (x) + c2 (x) y2 (x)

xy`k{
c′1y1 + c′2y2 = 0
c′1y

′
1 + c′2y

′
2 = b

c′1y
′
1 +

(
− c′1y1

y2

)
y′2 = b :2 .ynn .c′2 =

− c′1y1

y2
:1 .ynn

c′1 (y
′
1y2 − y1y

′
2) = by2

c′1 =
− by2

W
, c′2 =

by1

W

:x0n milxbhpi`d lk z` dyrp okl ,x0a qt`zi dfy mivex ep`
c1 (x) = K1 +

´ x
x0

− b (t) y2 (t)

W (t)
dt

c2 (x) = K2 +
´ x
x0

b (t) y1 (t)

W (t)
dt

.y (x0) = y′ (x0) = 0y jk mireaw K1,K2 `evnl yie
:c′1y1 + c′2y2 = 0e zeid

y (0) = c1 (x) y1 (x) + c2 (x) y2 (x)
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y′ (x) = c1 (x) y
′
1 (x) + c2 (x) + y′2 (x)

seqe ,K1 = K2 = 0 okle c1 (x0) = c2 (x0) = 0 m"n` y (x0) = y′ (x0) = 0 milawn
seq

y (x) = y1 (x)

ˆ x

x0

− b (t) y2 (t)

W (t)
dt+ y2 (x)

ˆ x

x0

b (t) y1 (t)

W (t)
dt

=

ˆ x

x0

y1 (t) y2 (x)− y1 (x) y2 (t)

W (t) (= y1y′2 − y2y′1)
b (t) dt

i"r xcben M iktedd xehxte`d

Mb =

ˆ x

x0

G (x, t) b (t) dt

.ix`pil xehxte` edf

G (x, y) =
y1 (t) y2 (x)− y1 (x) y2 (y)

y1 (t) y′2 (t)− y2 (t) y′1 (t)

(y′′ + a1y
′ + a0y = 0 ipbenedd z` mixzet y1, y2)

mikxr ly diiral (Green's function)oixb ziivwpet z`xwp (G)efd divwpetd
miizlgzd

dnbec

y′′ + y = b (x)

y (0) = y′ (0) = 0{
y1 (x) = cosx
y2 (x) = sinx

:benedd ly zepexzt

G (x, t) =
cos t sinx− sin t cosx

cos t cos t− sin t (− sin t)
= sin (x− t)

y (x) =

ˆ x

0

sin (x− t) b (t) dt

xezae lxbhpi`d jeza - x ly "zenexz" izy epl yi ?xl qgia dfk xac mixfeb ji`
.lbhpi`d ly oeilr leab

`ed llkd

d

dx

[ˆ x

0

f (x, t) dt

]
= f (x, x) +

ˆ x

0

∂f

∂x
(x, t) dt
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:dt

y′ =

ˆ x

0

cos (x− t) b (t) dt

y′′ = b (x) +

ˆ x

0

− sin (x− t) b (t) dt︸ ︷︷ ︸
−y

y′′ + y = b
y (0) = y′ (0) = 0

y mi`ex

i`pz mr y′′ + a1 (x) y
′ + a0 (x) y = b (x) d`eeynd z` xeztl mivex minrtl

y (x0) = y (x1) = 0 dty
oexztn xzei minrtl yi ,oexzt miiw gxkda `l :zecigie meiw z`f diral oi`

.'eke cg`
xy`k y = c1 (x) y1 (x)+ c2 (x) y2 (x) if` benedd z` mixzet y1, y2 m`y epi`x

c′1 =
− by2

W

c′2 =
by1

W
ly oexztd zeidl y2 (x) ,y1 (x0) = 0 mr benedd ly oexzt zeidl y1 (x) gwip

.(df z` zeyrl ozip gxkad `l) y2 (x1) = 0 mr benedd

f`e)c1 =
´ x
x1

− b (t) y2 (t)

W (t)
dt .(c2 (x0) = 0 mivex epgp` ik)c2 =

´ x
x0

b (t) y1 (t)

W (t)
gwip

.(c1 (x1) = 0

xagl dvxp .y (x) = y1 (x)
´ x1

x

y2 (t) b (t)

W (t)
dt + y2 (x)

´ x
x0

y1 (t) b (t)

W (t)
dty ep`vn

.megz eze` lr `l md la` ,milxbhpi`d z`

:aivp f`e ,Heaviside function H (s) =

{
1 s ≥ 0

0 s < 0
divwpeta ynzyp

ˆ x

x0

y1 (t) b (t)

W (t)
dt =

ˆ x1

x0

y1b (t)

W (t)
H (x− t) dt

ˆ x1

x

y2 (t) b (t)

W (t)
dt =

ˆ x1

x0

y2 (t) b (t)

W (t)
H (t− x) dt

k"dq lawpe

y (x) =

ˆ x1

x0

K (x, t) b (t) dt

xy`k

K (x, t) =
y1 (t) y2 (x)H (x− t) + y1 (x) y2 (t)H (t− x)

W (t)
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.dty ziiral oixb ziivwpet `id

y1 (x0) = 0
y2 (x1) = 0

!!al eniy

dnbec

y′′ + y = b (x)
y (0) = y (1) = 0

:mdly mix`pil mitexiv xgap (zeevwa miqt`zn `ly)
y1 = cosx
y2 = sinx

mewna

y1 = sinx
y2 = sinx− tan 1 cosx

`l df - y2 = β sinx ⇐ α = 0
(y2(π)=0)

⇐ y1 = sinx
y2 = α cosx+ β sinx

,y (0) = y (π) = 0

.mini`zn `l mi`pzd ik ,caer

mireaw mincwn mr zeix`pil x"cn

any
(n) + an−1y

(n−1) + ...+ a1y
′ + a0y = b (x)

.reaw gxkda `l b .x ly zeivwpet `l ,mireaw mlek - an, ...a0
.ipbened `l - b 6= 0 .ipbened - b = 0

xehxte` L = anD
n+an−1D

n−1+...+a1D+a0 ,Ly = b (x) :zixehxte` dxeva
.mireaw mincwn mr ix`pil il`ivpxtic

htyn
.mitlgzn mireaw mincwn mr mix`ipil mil`ivpxtic mixehxte`

L1L2 = L2 = L1 ,miw"nlc` L1, L2 m` xnelk

dgked

(mireaw α, β)
L1 = αDn

L2 = βDm dxwna gikedl witqn

L1L2y = αDn
(
βy(m)

)
= αβy(m+n)

L2L1y = βDm
(
αy(n)

)
= αβy(m+n)

�zeix`ipil i"r raep illkd dxwnd
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dxrd

!!L2L1l deey gxkda `l L1L2 ,xa miielz β e` α m`

1 dnl
(edylk il)Liy = 0 mb Liy = 0 m` if` .(miw"nlc` L1, ...Ld) L = L1L2...Ldy gipp

.Ly = 0 mb

dgked

:zeitelig i"r

Ly = L1L2...Ldy = L1L2...Li−1Li+1...LdLiy = 0

�
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