
4 d`vxd - 4 itpi`2011 hqebe`a 10 zeliqn zeliwy:meiqe dlgzd ze
ewp oze` zelra z"eabn α : [a, b] → R
n

β : [c, d] → R
n ik gipp

α (a) = β (c)

α (b) = β (d)?deey didi okxe`y i
k i`pzd ednzelewy zeliqn - dx
bddxifb h : [a, b] → [c, d] divwpet yi m` zelewy ze`xwp l"pk α, β zeliqn izy.α = β ◦ h miiwzne ,h′

(t) > 0e lr hy jk zetivxa.dwlg β ⇐⇒ dwlg αy mb ze`xl ozip .zeliwy qgi `ed x
bedy qgidhtyn:if` ,dtivx f : R
n → Re zelewy z"eabn α : [a, b] → R

n

β : [c, d] → R
n

ˆ b

a

f (α (t)) ·
∥

∥

∥
α

′

(t)
∥

∥

∥
dt =

ˆ d

c

f (β (t)) ·
∥

∥

∥
β

′

(t)
∥

∥

∥
dt dgked

ˆ b

a

f (α (t))
∥

∥

∥
α

′

(t)
∥

∥

∥
dt =

ˆ b

a

f (β (h (t))) ·
∥

∥

∥
b
′

(h (t)) · h
′

(t)
∥

∥

∥
dt

=

ˆ b

a

f (β (h (t))) ·
∥

∥

∥
β

′

(h (t))
∥

∥

∥
· h

′

(t) dt

u = h (t)

du = h
′

(t) dt
ˆ b

a

f (α (t))
∥

∥

∥
α

′

(t)
∥

∥

∥
dt =

ˆ d

c

f (β (u))
∥

∥

∥
β

′

(u)
∥

∥

∥
du

1



htyn - jxe` ziivfixhnxt:t lkl zniiwnd γ̂ dlewy dliqn yi γ : [a, b] → R
n dwlg dliqn lkl

∥

∥

∥
γ̂

′

(t)
∥

∥

∥
= 1.(d
igi zexidn zlra dliqn mi`xew γ̂l)dgked:onqp

L =

ˆ

γ

∥

∥

∥
γ

′

(t)
∥

∥

∥
dt divwpet xi
bp

σ : [a, b] → [0, L]

σ (t) =

ˆ t

a

∥

∥

∥
γ

′

(t)
∥

∥

∥
dt.γt

a : [a, t] → R
n znvnevnd dliqnd ly jxe`d `id σ (t) if`:miiwzne `"e
g ly i
eqid htynd itl zetivxa dxifb σ (t)

σ
′

(t) =
∥

∥

∥
γ

′

(t)
∥

∥

∥
> 0:zniiwnd τ : [0, L] → [a, b] dketd 'wpet zniiw okl

τ
′

(s) =
1

σ
′ (τ (s))

> 0 xi
bp
γ̂ = γ ◦ τ :miiwzn if`

γ̂
′

(s) = γ
′

(τ (s)) · τ
′

(s) =
γ

′

(τ (s))

σ
′ (τ (s))

∥

∥

∥
γ̂

′

(s)
∥

∥

∥
=

∥

∥

∥
γ

′

(τ (s)) · τ
′

(s)
∥

∥

∥

=
∥

∥

∥
γ

′

(τ (s))
∥

∥

∥
·

1

‖σ′ (τ (s))‖

=
∥

∥

∥
γ

′

(τ (s))
∥

∥

∥
·

1

‖γ′ (τ (s))‖
= 1:s `ed [0, s]l mvnevnd γ̂ ly jxe`d ik dxwp zrk:miiwzn zeliwyd llba

L (γ̂s
0) = L

(

γ
τ(s)
0

)

= σ (τ (s)) = s
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jxe` aeyig - o`k ribdl dkixv dziidy zn
ewd d`vxddn dnbe
lbrn zyw:r eqei
xy (ziy`xa efkxn) ipepw lbrn ly divfixhnxta opeazp
γ (t) = (r cos t, r sin t)

0 ≤ t ≤ 2π:zywd jxe` itl divfixhnxtl xearl mivex ep`.L (t) = r · t `id t zief 
r 0 ziefn ,r qei
x mr lbrn ly zywd jxe` ,re
ik:xi
bdl lkep okl
σ (t) = rt:`id σ ly ziktedd 'wpetd ,ipy 
vn
τ (t) =

t

r:didz jxe` itl lbrnd ly divfixhnxtd ,okl
γ̂ (t) = (γ ◦ τ) (t)

=

(

r cos

(

t

r

)

, r sin

(

t

r

))illk ote`a gkezy dgqep itl ,idylk s zieef 
r 0 zieefn γ̂ dliqnd jxe` z` aygp:jynda
γ̂s
0 =

ŝ

0

∥

∥

∥
γ̂

′

(t)
∥

∥

∥
dt

=

ŝ

0

√

sin2
(

t

r

)

+ cos2
(

t

r

)

dt

=

ŝ

0

dt = s dx
bd - izliqnd lxbhpi`d.(γ zpenz) γ ew lr zx
bend ziynn 'wpet f idz .γ : [a, b] → R
n dliqn dpezply dwelg p =

(

t0, ..., tk
) idz .γja eze` onqpe dliqnd ly edylk j aikx xgap.[a, b]:p dwelgl mi`znd onix mekq z` xevipe τ i ∈ [

ti−1, ti
] 'wp xgap i = 1, ..., k lkl

σj (p) =

k
∑

i=1

f
(

γ
(

τ i
))

·
(

γj
(

ti
)

− γj
(

ti−1
)):leabd miiw m` jd aikxl qgia γ jxe`l ziliaxbhpi` f ik xn`p

lim
λ(p)→0

σj (p) = I

λ (p) =
k

max
i=1

{
∣

∣ti−1 − ti
∣

∣

}
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miiwzn λ (p) < δ mr p dwelg lkly jk δ > 0 miiw ǫ > 0 lkl m` xnelk.|σj (p)− I| < ǫ:mipnqne jd aikxl qgia γ jxe`l f ly izliqnd lxbhpi`d `xwp I
I =

ˆ

γ

f (x) dxjjxe`l ziynn f ly oey`x beqn izliqn lxbhpi`) dx
bd(γ dliqn.dl mi`znd ewd Γ = γ [a, b]e ,Rna jxe` zlra dliqn γ : [a, b] → R
n idz.Γ lr zx
bend ziynn 'wpet f idz:mekqa opeazp p =

(

t0, ..., tk
) dwelg lkl

σp =
k
∑

i=1

f
(

γ
(

τ i
))

∆si xy`k
τ i ∈

[

ti−1, ti
]

∆si = L
(

γti

ti−1

) leabd miiw m`
lim

λ(p)→0
σp = I:oneqne dliqnd jxe`l qgia γ jxe`l f ly izliqnd 'hpi`d `ed I f`

I =

ˆ

γ

f (x) ds(lxbhpi`d aeyig jx
e zeiliaxbhpi`l i`pz) htyndtivxe γ zpenza zx
bend ziynn 'wpet f e Rna jxe` zlra dliqn γ m` .1.dliqnd jxe`l qgia γ jxe`l 'hpi` f f` myz` wlgl ozip) miwlgl dwlg dliqn γ : [a, b] → R
n m` ,1 ly mi`pza .2if` (dwlg γ wlg lkay jk miwlgl [a, b]

ˆ

γ

fds =

ˆ b

a

f (γ (t)) ·
∥

∥

∥
γ

′

(t)
∥

∥

∥
dtjxe`l f ziynn 'wpet ly 'hpi` aeyig df ,dliqn jxe`l lxbhpi` = ds xy`k).(oey`x beqn izliqn lxbhpi` - γ dliqndgked.z"abn γ xear wxe (ihxt dxwn '` mvra) 2 sirq z` wx gikep4



:dxrdzewlg {γi}
k
i=1 ,mixf Γk xy`k γ = γ1 ∪ ...∪ γk meyxl xyt` miwlgl dwlg γ m`witqn ,okl .zxnyp dgqepdy lawp [a, b] rhwa libxd lxbhpi`d zeiaihi
` itl f`e.z"abn f xear gikedl:dgkedd jyndonix 'hpi` dl miiw ,okl .t ∈ [a, b] dpzyna dtivx f (γ (t)) ·

∥

∥

∥
γ

′

(t)
∥

∥

∥
f` zabn γ m`:[a, b]a libx

I =

ˆ b

a

f (γ (t))
∥

∥

∥
γ

′

(t)
∥

∥

∥
dtqgia γ jxe`l f ly izliqnd lxbhpi`d mvra `ed l"pd I xtqndy ze`xdl epilr.dliqnd jxe`l:onqp .τi ∈ [

ti−1, ti
]e [a, b] ly dwelg p =

(

t0, ..., tk
) idz

σ =
k

∑

i=1

f
(

γ
(

τ i
))

·∆si

∆si = L
(

γti

ti−1

) :jxe`d zgqep itl
∆si =

ˆ ti

ti−1

∥

∥

∥
γ

′

(t)
∥

∥

∥
dt :okl

σ =
k

∑

i=1

f
(

γ
(

τ i
))

ˆ ti

ti−1

∥

∥

∥
γ

′

(t)
∥

∥

∥
dt

=

k
∑

i=1

ˆ ti

ti−1

f
(

γ
(

τ i
))

·
∥

∥

∥
γ

′

(t)
∥

∥

∥
dt:miiwzn ,libx onix lxbhpi` ly zeiaihi
`d itl ,zrk

I =
k
∑

i=1

ˆ ti

ti−1

f (γ (t)) ·
∥

∥

∥
γ

′

(t)
∥

∥

∥
dt :σ − I yxtda opeazp

σ − I =
k

∑

i=1

ˆ ti

ti−1

[

f
(

γ
(

τ i
))

− f (γ (t))
]

∥

∥

∥
γ

′

(t)
∥

∥

∥
dtjk δ > 0 miiw ǫ > 0 lkl okle ,y"na my dtivx `id [a, b]a dtivx f (γ (t))y oeeikn:miiwzn t, τ i ∈

[

ti−1, ti
] lkl f` ∣

∣ti − ti−1
∣

∣ < δ m`y
∣

∣f
(

γ
(

τ i
))

− f (γ (t))
∣

∣ <
ǫ

M (b− a)
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xy`k
M = sup

t∈[a, b]

∥

∥

∥
γ

′

(t)
∥

∥

∥lawp libxd lxbhpi`d zeipehepen itl ,zrk
|σ − I| ≤

k
∑

i=1

ˆ ti

ti−1

ǫ

M (b− a)
·Mdt

=

k
∑

i=1

ˆ t

ti−1

ǫ

b− a
dt

=

ˆ b

a

ǫ

b− a
dt = ǫ:miiwzn okle ,Il eppevxk aexw σy eplaiw

ˆ

γ

fds =

ˆ b

a

f (γ (t))
∥

∥

∥
γ

′

(t)
∥

∥

∥
dt(dqn aeyigl oey`x beqn izliqn 'hpi` ly meyii) dnbe
:dliqnd i"r x`eznd uitw ly zllek dqn aygl epilr

γ = (γ1, γ2, γ3) = (a cos t, a sin t, bt)

0 ≤ t ≤ 2π

a, b > 0:divwpetd i"r dpezp uitwd zqn ly zikxe`d zetitvdy gipp
f (x, y, z) = x2 + y2 + z2:i
i lr dpezp uitwd ly m zllekd dqnd

m =

ˆ

γ

fds

=

ˆ

γ

x2 + y2 + z2ds

=

ˆ 2π

0

(

a2 cos2 t+ a2 sin2 t+ b2t2
)

·
∥

∥

∥
γ

′

(t)
∥

∥

∥
dt

∥

∥

∥
γ

′

(t)
∥

∥

∥
=

√

(−a sin t)
2
+ (a cos t)

2
+ b2

=
√

a2
(

sin2 t+ cos2 t
)

+ b2

=
√

a2 + b2

m =

ˆ 2π

0

(

a2 + b2t2
)

√

a2 + b2dt

=
√

a2 + b2
[

a2t+
b2t3

3

]2π

0

=
√

a2 + b2
(

2πa2 +
8π3b2

3
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lxbhpi`k (iaer `ll ew) liz ly dqnd aeyig z` zihnzne zilwifit wi
vp 
vik?dliqnd jxe`l izliqn:xaqd
γ : jxe` zlrae oirhewnl dwlg dliqn ly dpenz `idy R

3a ew `id Γy gipp.[a, b] → R
3dqnd lizd ly 'wp lka xnelk) c dreaw dqn zetitv lra lizk Γ lr lkzqp dligz.(c `id.c · L (γ) `id lizd ly zllekd dqndy xexa ,df dxwna.(dpzyn zetitv) f (x) dtivx ziynn 'wpet i"r dpezp lizd zetitvy gipp zrk.[a, b] rhw ly p =

(

t0, ..., tk
) idylk dwelg gwip lizd zqn z` `evnl i
k:Γ ly p i"r zixyend) dni`znd dwelga zrk opeazp

A = γ
(

t0
)

, ..., γ
(

tk
)

= B:onqpe τ i ∈ [

ti−1, ti
] 'wp xgap dwelgd ly [

ti−1, ti
] rhw lka

Mi = f
(

γ
(

τ i
)),odipia witqn miphw miwgxn mr 'wp daxd zlra xnelk ,witqn dpi
r dwelg p m`.ρ (Mi)l deeyy dreaw zetitv lra lizk Γ ewd ly Ai−1Ai zywd z` ze`xl lkep:`id efk zyw ly mi dqnd

mi = ρ (Mi) ·∆si

∆si = L
(

γti

ti−1

) `id zllekd lizd zqn
mp ≈

k
∑

i=1

ρ (Mi)∆si :leab gwip m`
m = lim

λ(p)→0
mp

=

ˆ

γ

f (x) ds :dxrd
x ∈ R

n lkl f ≡ 1 gwip (dliqn jxe`l) 1 beqn izliqnd lxbhpi`d zx
bda m`:lawp
ˆ

γ

1ds =

ˆ b

a

∥

∥

∥
γ

′

(t)
∥

∥

∥
= L (γ)
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dnbe
:mewrd jxe` z` ayg
x

2/3 + y
2/3 = 1ipepw lbrn z`eeyn 
e`n xikfn mewrd ik al miyp .mewrd ly divfixhnxt rvap:aivp olk (dhpi
xe`ew lka iyily yxey yi la`) 1 qei
xa

γ (t) =
(

cos3 t, sin3 t
)

t
´

[0, 2π] .(zniiwzn d`eeynd ok`e):∥∥
∥
γ

′

(t)
∥

∥

∥
z` aygp

∥

∥

∥
γ

′

(t)
∥

∥

∥
=

√

(−3 cos2 t sin t)2 +
(

3 sin2 t cos t
)2

= 3
√

cos4 t sin2 t+ sin4 t cos2 t

= 3 |sin t cos t| =
3

2
|sin 2t|riaxa mewrd jxe` aygl witqn okl x, y mixivl qgia ixhniq eply ewdy al miyp.
g`:lawp

L (γ) =

ˆ 2π

0

∥

∥

∥
γ

′

(t)
∥

∥

∥

= 4 ·
3

2

ˆ
π

2

0

sin (2t) dt

= 6 ·

[

−
1

2
cos (2t)

]
π

2

0

= 6dliqnd jxe`l izliqn lxbhpi` zepekz:dliqnd jxe`l izliqn lxbhpi` ly zepekz dnk dgked `ll oiivp
Γ1, Γ2 eidie Rna jxe` zelra zeliqn ,zelewy ihp` e` zelewy γ1, γ2 eidi .1.o
i lr mirawpd miewd:f` ,Γ1, Γ2 lr dtivxe ziynn f idz

ˆ

γ1

f (x) ds =

ˆ

γ2

f (x) ds'wpetd lr zix`pil dwzrd `ed ds itl dliqnd jxe`l izliqnd lxbhpi`d .2.zetivxd zeiynndzx
ben γ = γ1 + γ2 dliqndy jk R
na jxe` zelra zeliqn izy γ1, γ2 m` .3.(jxe` zlrae):f` Γ1 ∪ Γ2 lr dtivxe ziynn f m`

ˆ

γ

f (x) ds =

ˆ

γ1

f (x) ds+

ˆ

γ2

f (x) ds
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(ixehwe d
y \ gek ly d
ear) 2 beqn izliqn lxbhpi`.γj aikxl qgia γ jxe`l f ly izliqn lxbhpi`l xefgp,Γ lr zx
bend zixehwe divwpet f̄ : R
n → R

n idze dliqn γ : [a, b] → R
n idz

f̄ = (f1, .., fn)

fi : R
n → Rqgia γ jxe`l ziliaxbhpi` fj ,1 ≤ j ≤ n lkl m` γ jxe`l ziliaxbhpi` f̄ .1.γj aikxlmekqd .2

n
∑

j=1

ˆ

γ

fjdxj:mipnqne γ jxe`l f̄ ly izliqnd lxbhpi`d `xwp
ˆ

γ

f̄dx.γ dliqn jxe`l f̄ ly 2 beqn izliqn lxbhpi` `xwp df lxbhpi d̀xrd:meyxpe Rna xehwe lrk dx lr lkzqp m`
dx = (dx1, ..., dxn):zixlwq dltknk f · dx iehiad z` ze`xl lkep
f̄ · dx =

n
∑

i=1

fidxi.2 beqn izliqn lxbhpi` ly xkid oniq df
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