
2 d`vxd - x"
n2011 hqebe`a 2zexfbpd ly zetivx - dxrdlk ,d
ewp lka zx
ben didz y(n)y i
k ,y(n) = f
(

x, y, y′, ..., y(n−1)
) x"
na.dtivx y(n) f` dtivx f m`e ,zexifb zeidl zekixv y(n−1) 
r zexfbpdzipbened d`eeyn i"r zexezt x"
n.f (λx, λy) = λnf (x, y) divwpet `id n x
qn zipbened divwpetaezkl ozip f`e ,0 x
qn zipbened f m` zipbened z`xwp y′ = f (x, y) d`eeyn.y′ = f

(

y
x

) dxeva dze`.y′

= f
(

a1x+b1y+c1
ax+by+c

) gipp:dnbe
.y′

=
(

2x+3y+5
x+8y−7

)2:mixwn ipyl wlgp1 dxwn.(mikzgp mixyid xnelk) ∣∣∣
∣

a1 b1
a b

∣

∣

∣

∣

6= 0 idz.y = q + βe x = p+ α mipzyn ztlgda ynzyp
a1x+ b1y + c1 = a1 (p+ α) + b1 (q + β) + c1 = a1p+ b1q + c1 + a1α+ b1β.ax+ by + c = ap+ bq + c+ aα+ bβ:miiwzny jk α, β xgap

c1 + a1α+ b1β = 0.c+ aα+ bβ = 0:zkxrnd ly oexzt dyrnl df
(

a1 b1
a b

)(

α
β

)

= −

(

c1
c

).y′

= dy
dx

= dq
dp

= f
(

a1p+b1q
ap+bq

)

= f
(

a1+b1
q
p

a+b q
p

) miiwzn. dq
dp

= dz
dp

· p+ z okl q = zp xnelk z = q
p
aivp

1



dz

dp
· p+ z = f

(

a1 + b1z

a+ bz

)

dz

dp
· p = f

(

a1 + b1z

a+ bz

)

dz

f
(

a1+b1z
a+bz

)

− z
=

dp

p

ˆ

dz

f
(

a1+b1z
a+bz

)

− z
=

ˆ

dp

p
+ c:lawpe aivp ,q = p · z (p) f`e ,idylk z (p) lawp.y − β = (x− α) · z (x− α)1 dxwnl dnbe
.y′

=
(

2x+3y+4
x+y+2

)2.y = q + β ,x = p+ α xi
bp:lawp
y

′

=

(

2p+ 3q + 4 + 2α+ 3β

p+ q + 2 + α+ β

).α = −2, β = 0 lawp ,ze`eeynd zkxrn zxizt i"r α, β z` `vnp:lawp efd dxigad xear
dq

dp
=

(

2p+ 3q

p+ q

)

=

(

2 + 3z

1 + z

)

dz

dp
· p+ z =

2 + 3z

1 + z

dz

dp
· p =

2 + 3z

1 + z
− z =

2 + 2z − z2

1 + z
ˆ

1 + z

2 + 2z − z2
dz =

ˆ

dp

p
+ c

ˆ

2− (1− z)

z + 2z − z2
dz = ln |p|+ c

ˆ

2dz

3− (1− z)
2 −

1

2
ln
∣

∣2 + 2z − z2
∣

∣ = ln |p|+ c

h · arccotf (z)−
1

2
ln
∣

∣2 + 2z − z2
∣

∣ = ln |p|+ c

h · arccot

(

f

(

y

x+ 2

))

−
1

2
ln

∣

∣

∣

∣

∣

2 + 2
y

x+ 2
−

(

y

x+ 2

)2
∣

∣

∣

∣

∣

= ln |x+ 2|+ c.lirbn libxzd ik epl aeh witqn ,dnezq divwpet ef
2



2 dxwn.∣∣∣
∣

a1 b1
a b

∣

∣

∣

∣

= 0 xy`k.a1 = λa, b1 = λb

y
′

= f

(

a1x+ b1y + c1
ax+ by + c

)

y
′

= f

(

λax+ λby + c1
ax+ by + c

)

y
′

= f

(

(ax+ by)λ+ c1
(ax+ by) + c

).xary xeriyn xeztl mir
ei epgp` df z`e2 dxwnl dnbe

f
(

2x+4y+6
x+2y−3

)

= f
(

2(x+2y)+8
(x+2y)−3

)

I x
qn zeix`pil x"
n.y′

+ p (x) · y = q (x).
ala x ly 'wpet p, q.zipbened z`xwp x"
nd q (x) = 0 m`:xeztp ,zipbened d`eeynd m`
y

′

= −p (x) y

y
′

y
= −p (x)

ˆ

dy

y
= −

ˆ

p (x) dx

ln |y| = c−

ˆ

p (x) dx

y = c′ · e−
´

p(x)dxmin
wnd ziv`ixe zhiy.y = c (x) e−
´

p(x)dx onqp:xefbp
y

′

= c
′

(x) e−
´

p(x)dx − c (x) · p (x) e−
´

p(x)dx :d`eeyna aivp
y

′

= −p (x) · y + q (x)

= −p (x) · c (x) e−
´

p(x)dx + q (x)

3



:deeyp
−p (x) · c (x) e−

´

p(x)dx + q (x) = c
′

(x) e−
´

p(x)dx − c (x) · p (x) e−
´

p(x)

q (x) = c
′

(x) e−
´

p(x)dx

c
′

(x) = q (x) e
´

p(x)dx

c (x) =

ˆ

q (x) e
´

p(x)dxdx+ c:lawpe dlgzda aivp
y = e−

´

p(x)dx ·

[

c+

ˆ

q (x) e
´

p(x)dxdx

] dnbe
:d`eeynl illk oexzt e`vn .1
y

′

= x2−y
x.y (1) = 5 miiwnd ihxzt oexzt e`vn .2oexzt:hytp .1

y
′

= x−
y

x

y
′

+
y

x
= x.q (x) = xe p (x) = 1

x
dfd dxwna

y = e−
´

1

x
dx ·

[

c+

ˆ

x · e
´

1

x
dxdx

]

= e− ln|x| ·

[

c+

ˆ

x · eln|x|dx

]

=
1

|x|

[

c+

ˆ

x · |x| dx

]

=
c

|x|
+

1

|x|

ˆ

x · |x| dx / ·
sign (x)

sign (x)

=
c

|x|
+

1

x

ˆ

x2dx

=
c

|x|
+

1

x
·
x3

3

=
c

|x|
+

x2

3
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:y (1) = 5 aivp .2
c

1
+

12

3
= 5

c+
1

3
= 5

c =
14

3 :`ed ihxtd oexztd okl
y =

14

3x
+

x2

3 ilepxa z`eeyn:dxevdn d`eeyn `id ilepxa z`eeyn
y

′

+ p (x) · y = q (x) · yn .n 6= 0, 1 xear.(ixlebpiq e` ihxt) oexzt `ed y (x) = 0 f` n > 0 m`.oexzt `l y (x) = 0 f` n < 0 m`:d`eeynl dlewy d`eeynd (zizedf) y 6= 0 xy`k
y

′

yn
+ p (x) · y1−n = q (x) .z = y1−n aivp.z′

= (1− n) y−n · y
′

= (1−n)y
′

yn:lawpe d`eeyna aivp
z

′

1− n
+ p (x) · z = q (x):m
ewn ep`vny dgqepa aey aivdl ozip .zipbened `l zix`pil d`eeyn ef

z (x) = e−
´

(1−n)p(x)dx ·

[

c+

ˆ

(1− n) q (x) e
´

(1−n)p(x)dx

]:lawpe z zx
bda aivp
y (x) =

{

e−
´

(1−n)p(x)dx ·

[

c+

ˆ

(1− n) q (x) e
´

(1−n)p(x)dx

]}
1

1−n dxrd.(ixlebpiq) 
gein oexzt `ed y = 0 ,0 < n < 1 xear.ihxt oexzt y = 0 ,n > 1 xear.oexzt `l y = 0 ,n < 0 xear
5



dnbe

y

′

− 2xy = 2x3y2.p (x) = −2x, q (x) = 2x3, n = 2

y (x) =

{

e−
´

2xdx ·

[

c+

ˆ

2x3e
´

2xdxdx

]}−1

=

{

e−x2

·

[

c+

ˆ

2x3ex
2

dx

]}−1

u = x2

du = 2xdx

y (x) =

{

e−x2

·

[

c+

ˆ

ueudu

]}−1

=
{

e−x2

· [c+ ueu − eu]
}

=
{

e−x2

·
[

c− x2ex
2

+ ex
2
]}

=
1

ce−x2 − x2 + 1 zewie
n x"
n:dxevdn x"
n
P (x, y) dx+Q (x, y) dy = 0 .(x, y) ∈ D ⊆ R

2 xy`k:`id d`eeynd if` ∂u
∂y

= Q (x, y)e ∂u
∂x

= P (x, y) zniiwnd u (x, y) zniiw gipp
du = 0 .dreaw u okl:miiwzdl aiig if` u zniiw m`

∂P

∂y
=

∂

∂y

∂u

∂x :oke
∂Q

∂x
=

∂

∂x

∂u

∂y :okl
∂P

∂y
=

∂Q

∂x

6



dnbe

(

3x2 + 6xy2
)

dx +
(

6x2y + 4y3
)

dy = 0:x itl zxfbpd itl efk u `vnp
∂u

∂x
= 3x2 + 6xy2

u =

ˆ

(

3x2 + 6xy2
)

dx+ c (y)

= x3 + 3x2y2 + ϕ (y):y itl zxfbp itl ϕ (y) z` `vnp
∂u

∂y
= 6x2y +

∂ϕ

∂y:mir
ei ep` zixewnd d`eeynd itl la`
∂u

∂y
= 6x2y + 4y3 okl

∂ϕ

∂y
= 4y3

ϕ = y4 + c :k"dq okl
u = x3 + 3x2y2 + y4 + c`ed zil`ivpxti
d d`eeynd oexzt okl reaw uy mir
ei ep`
x3 + 3x2y2 + y4 = c(zwie
nl zwie
n `l x"
n zkitd) divxbhpi` mxeb:dxevdn d`eeyn epl yiy gipp

P (x, y) dx+Q (x, y) dy = 0:µ (x, y)a mi

vd ipy z` litkp
µ (x, y)P (x, y) + µ (x, y)P (x, y) = 0:zniiwn xnelk ,zwie
n didz efd x"
ndy jk dni`znd µd z` `evnl dvwp

∂

∂y
(µ (x, y)P (x, y)) =

∂

∂x
(µ (x, y)Q (x, y))7



:lawpe dltknd llk itl xefbp
∂µ

∂y
· P +

∂P

∂y
· µ =

∂µ

∂x
·Q+

∂Q

∂x
· µ

∂µ

∂y
· P −

∂µ

∂x
·Q = µ

(

∂Q

∂x
−

∂P

∂y

).l"pd d`eeynd z` miiwn `ed m` divxbhpi` mxeb `ed µy xn`pep`e ,(µ z` `evnl jixv) g"
n zxiztl x"
n zxiztn dirad z` epktdy al eniy.divxbhpi`d mxeb z` `evnl lkep minieqn mixwna j` ,z`f zeyrl mir
ei `l1 dxwn.µ = µ (x) xy`kmiiwzn dfk dxwna
∂µ

∂y
= 0

∂u

∂x
=

dµ

dx lawpe d`eeyna aivp
−
dµ

dx
·Q = µ

(

∂Q

∂x
−

∂P

∂y

)

dµ

µ
= −

(

∂Q
∂x

− ∂P
∂y

Q

)

dx.
ala xa ielz ∂Q
∂x

− ∂P
∂y

Q
m` `ed dfd dxwnl i`pzd`ed oexztd

µ = e−
´

∂Q
∂x

−
∂P
∂y

Q
dx 2 dxwn.µ = µ (y) xy`k.
ala ya ielz (∂Q
∂x

− ∂P
∂y

)

· 1
P

iehiady `ed i`pzd:`ed oexztd
µ (y) = e

´

( ∂Q
∂x

− ∂P
∂y )

1

P
dy dnbe
:x"
nd z` xezt

(

1− x2y
)

dx + x2 (y − x) dy = 0
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:zwie
n x"
n dpi` ef
∂P

∂y
= −x2

∂Q

∂x
= 2xy − 3x2 .mixwndn 
g` lk we
ap:2 dxwn

∂Q
∂x

− ∂P
∂y

P
=

2xy − 2x2

1− x2y.
ala y ly 'wpet dpi`µ okle ye xa ielz iehiad ,mvnhvn `l df:1 dxwn z` dqpp
∂P
∂y

− ∂Q
∂x

Q
=

2x2 − 2xy

x2 (y − x)

=
−2x (y − x)

x2 (y − x)

= −
2

x.
ala x ly 'wpet µ okle 
ala xa ielz df:aivp
µ (x) = e

´

− 2

x
dx

= e−2 ln|x|

=
1

x2.zwie
n d`eeynk xeztle 1
x2a d`eeynd lk z` litkdl ozip zrkdeab x
qn x"
n

y(n) = f
(

x, y, y
′

, ..., y(n−1)
):jk d`xp 2 x
qn x"
n ,dnbe
l

y
′′

= f
(

x, y, y
′

).y = ϕ (x, c1, c2) dxevdn oexzt miytgn ep`iyew ziira.y′

(x0) = y
′

0 ,y (x0) = y0 dlgzd i`pz ipye ,ipy x
qn x"
n `id iyew zira.1 x
qn x"
n zxfra xeztl ozipy deab x
qn x"
n ly mibeq xtqna opeazp
9



1 beq:dxevdn x"
n
y(n) = f (x) :zxfeg divxbhpi` i"r xeztp

y(n−1) =

ˆ

f (x) dx+ c1

y(n−2) =

ˆ

[
ˆ

f (x) dx

]

dx+ c1x+ c2 .y 
r d`ld jked`eeyn x
q z
xed - 2 beq:mixwn 2 yi df beqa:dxevdn d`eeyn .d`eeyna riten `l y .1
y

′′

= f
(

x, y
′

) .z = y
′ mipnqn.z′

= f (x, z).y =
´

z (x) dx+ c miaivne z (x) xear mixzet:dnbe
:d`eeynd
y

′′

= xy
′ .z′

= xz ,z = y
′ aivp

z
′

z
= x

ln |z| =
x2

2

z = c1 · e
x2

2

y = c1

ˆ

e
x2

2 dx+ c2:dxevdn x"
n .riten `l x xy`k .2
y

′′

= f
(

y, y
′

) .p = y
′ xi
bp

y
′′

=
dp

dx
=

dp

dy
·
dy

dx
=

dp

dy
· p

10



:d`eeyna aivp
dp

dy
· p = f (y, p)

y
′

= p (y) d`eeynd z` mixzet f`e p (y) xear xeztp ,oey`x x
qn d`eeyn ef:i"r
ˆ

dy

p (y)
=

ˆ

dx = x+ c :dnbe
d`eeynd z` xezt
y · y

′′

− 2
(

y
′

)2

= 0

y
′

= p

y
′′

= p
′

y · p

y · p
′

y · p− 2p2 = 0

p
′

y

p
=

2

y
ˆ

dp

p
= 2

ˆ

dy

y

ln |p| = 2 ln |y|+ c

p = cy2 :y xear xeztp zrk
y

′

= c1y
2

y
′

y2
= c1

ˆ

dy

y2
=

ˆ

c1dx

−
1

y
= c1x+ c2

y = −
1

c1x+ c2 ihwix z`eeyndxevdn x"
n `id ihwix z`eeyn
y

′

+ f (x) y2 + g (x) y + h (x)
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dprhdxevdn `ed ihwix z`eeyn ly illk oexzt
y (x) =

c · a (x) + b (x)

c · A (x) + B (x).ihwix z`eeyn zniiw l"pd dxevdn iehia lkledgked:oey`x oeeik .1miiwzn if` l"pd dxevdn oexzt oezp
y (x) [cA (x) +B (x)] = ca (x) + b (x):x
qpe miixbeq gztp

c (yA− a)− b+ yB = 0:lawpe d`eeynd z` xefbp
c
[

y
′

A+A
′

y − a
′

]

− b
′

+
(

y
′

B +B
′

y
)

= 0

∣

∣

∣

∣

y
′

A+A
′

y − a
′

−b
′

+ y
′

B +B
′

y
yA− a −b+ yB

∣

∣

∣

∣

= 0 dhppinxh
d ⇐⇒ oexzt miiw:lawpe dhppinxh
d z` gztp
y

′

+ y2 ·
AB

′

−B
′

a

Ab − aB
+ y ·

a
′

B −A
′

B −Ab
′

− aB
′

bA− aB
+

ab
′

− a
′

b

bA− aB
= 0dxevdn iehia lk xear ihwix z`eeyn zniiwy eplaiw ,ihwix z`eeyn efe.dprhay:ipy oeeik .2.ihwix z`eeyn ly ihxt oexzt yp (x) idz:y (x) = yp (x) + z (x) aivp

z
′

+ y
′

p + f (x) ·
(

z2 + 2zyp + y2p
)

+ g (x) · (yp + z) + h (x) = 0miiwzny re
i ,d`eeynd ly oexzt mb ypy oeeik
y

′

p + f (x) · y2p + g (x) · yp + h (x) = 0lawpe dpey`xd d`eeyndn df z` mvnvp okl
z

′

+ f (x)
(

z2 + 2zyp
)

+ g (x) z = 0:`ed oexztd .n = 2 mr ilepxa z`eeyn ef
z =

1

cα (x) + β (x) :`ed illkd oexztd okl
y = yp + z

=
cypα (x) + yp · β (x) + 1

cα (x) + β (x)12


