
1 xfr htyn

D =

{
(x, y) ∈ Rk × Rs

∣∣∣∣ |xi| < a, ‖y‖ ≤ b
i = 1, ...k

}
f : D → Rs

f (0, 0) = 0 .q < 1 uiytil reaw mr yl qgia uiytil i`pz z` zniiwne ,dtivx
cigi oexzt miiw I =

{
x ∈ Rk

∣∣|xi|
}

`za x lkly jk 0 < a′ < a miiw :if`
dtivx `id df ici lr zrawpd y = ϕ (x) 'petd .‖y‖ ≤ b mr f (x, y) = y d`eeynl

ϕ (0) = 0e Ia

(mcew xeriyn)dgkeda mihxt znlyd
jk δ > 0 miiw okl .D0 = {x||xi| < a} lr dtivx f0 (x) + f (x, 0) .ε + (1− q) b

.a′ < min

{
a,

δ
√
k

}
migwel .x ∈ D0 x ∈ D0 xy`k ‖f0 (x)‖ < (1− q) b (= ε)y

ok enke |xi| ≤ a′ < a ik x ∈ D0 ,x ∈ X m` .xfrd htyn geqipa enk I gwip

‖f0 (x)‖ < (1− q) b okl ,‖x‖ =

√√√√√ k∑
i=1

xi︸︷︷︸
< δ2

k

<
√
δ2 = δ

i"r .Ia oezp x lkl ,‖y‖ ≤ b miiwnd f (x, y) = y d`eeynl cigi oexzt eplaiw
.Ia dtivx `"f ,Cb (I,Rs)a z`vnp efϕe ,I lr y = ϕ (x) divwpetd zxcben jk

∀x ∈ I, (x, y) ∈ if` ,‖y‖ ≤ b miiwnd ,d`eeynd ly edylk x ∈ Il oexzt y m`
Da f xear uiytil t"r ,okl .D

‖y − ϕ (x)‖ =

∥∥∥∥∥∥∥f
∈D︷ ︸︸ ︷

(x, y)− f

∈D︷ ︸︸ ︷
(x, ϕ (x))

∥∥∥∥∥∥∥ ≤ q ‖y − ϕ (x)‖

0 ≤ (1− q) ‖y − ϕ (x)‖ ≤ 0

‖y − ϕ (x)‖ = 0

y = ϕ (x)

�

1



(hpiicxbd zxfra uiytill witqn i`pz)2 xfr htyn
rhwd (x, y) , (x, y′) ∈ Ω zecewp izy lkly dpekzd mr dgezt Ω ⊆ Rk × Rs idz
miniiwy gippe ,Ωa yl ziqgi C1 'gnn f : Ω→ Rs idz .Ωa elek lken oze` xagnd
f if` .Ω lr r = 1, ...s lkl ‖∇yfr‖ ≤ qry jk (r = 1, ...s) qr miiaeig mixtqn

.(q = (q1, ...qs)yk)‖q‖ uiytil reaw mr Ωa yl ziqgi uiytil i`pz z` zniiwn

dgked

miy xear y ly 'petk)C1 'gnn ziynn 'pet `id fr (x, ·)y jk reaw xe r = 1, ...s lkl
miiwn rvennd jxrd htyn okl .(l"pk

fr (x, y)− fr (x, y
′) = (y − y′) · ∇yf (x, ỹ)

zgpd)Ωa z`vnp okle (x, y′)e (x, y) z` xagnd rhwd lr dcewp (x, ỹ) ly mewna
.(r"n

,r"n zgpd itl ,okl

∀r = 1, ...s ‖∇yfr (x, ỹ)‖ ≤ qr

uxeey-iyew itl ,ok lr

|fr (x, y)− fr (x, y
′)| ≤ ‖y − y′‖ ‖∇yf (x, ỹ)‖ ≤ qr ‖y − y′‖

∀ (x, y) , (x, y′) ∈ Ω

‖f (x, y)− f (x, y′)‖ =

√√√√ s∑
r=1

|fr (x, y)− fr (x, y′)| ≤

√√√√( s∑
r=1

q2r

)
‖y − y′‖2 = ‖q‖ ‖y − y′‖

‖q‖ reaw mr yl qgia uiytil f :xnelk

ly zkxrnl zenezqd zeivwpetd htyn
"minlrp" sa ze`eeyn s

,Ω =

{
(x, y) ∈ Rk × Rs

∣∣∣∣ ∣∣xi − x0
i

∣∣ < a, i = 1, ...k∣∣yj − y0j
∣∣ < b, j = 1, ...s

}
geztd `za dtivx F : Ω ⊂ Rk×Rs → Rs idz

F
(
x0, y0

)
= ,

∂ (F1, ...Fs)

∂ (y1, ...ys)

∣∣∣∣∣
(x0,y0)

6= 0e Ωa yl ziqgi C1 'gnn Fy gipp .mipezp a, b

0
y cigi oexzt yi F (x, y) = 0 d`eeynly jk 0 < b′ < be 0 < a′ < a miniiw if`
dn`zdd .I +

{
x
∣∣∣∣xi − x0

i

∣∣} `za x lkl .J +
{
y
∣∣∣∣yj − y0j

∣∣ ≤ b′, j = 1, ...s
}

`za

ϕ
(
x0
)
= y0e dtivx `idy Jl In y = ϕ (x) divwpet dxicbn y ← x
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k = s = 1 dnbec

x2 + y2 − 1 = 0

F (x, y) ≡ x2 + y2 − 1

Ω :
−1 < x < 1
−1 < y < 1

(a = b = 1)

(
x0, y0

)
=

(
1
√
2

)2

+

(
1
√
2

)2

− 1 = 0

∂F

∂y

∣∣∣∣∣
(x0,y0)

= 2y|... =
2
√
2
=
√
2 6= 0

cigid oexztd - y = +
√
1− x2

dgked
:md mipezpd okl .

(
x0, y0

)
= (0, 0) gipdl xyt` ,ye x zffd i"r

Ω =

{
(x, y)

∣∣∣∣ |xi| < a∀i
|yj | < b∀j

}

F (0, 0) = 0
∂ (F1, ...Fs)

∂ (y1, ...ys)
(0, 0) 6= 0

.zniiw B + A−1 oezpd itl .A =

(
∂ (F1, ...Fs)

∂ (y1, ...ys)

)∣∣∣∣∣
(0,0)

= (ajr)s×s onqp

(micenrk miaezk mixehwe ,!reaw A−1 ,(x, y) ∈ Ω) f (x, y) + y −A−1F xicbp

f (0, 0) = 0 . f (x, y) = y d`eeynl dlewy F (x, y) = 0 d`eeynd .Ωa dtivx f

:xicbp

D +

(x, y) ∈ Rk × Rs

∣∣∣∣∣∣
1 ≤ i ≤ k
|xi| < a
‖y‖ ≤ β


(x, y) ∈ D xear |xi| < a ,D ⊂ Ω ik ,edylk 0 < β < by mewna

|yj | ≤ ‖y‖∞ ≤ ‖y‖ ≤ β < b ∀j

.Da yl ziqgiC1 'gnne e ,Da dtivxf okl

[BA]rj = [ld]rj = δrj
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∇yfr|(0,0) = 0

miiw .izexixy 0 < q < 1 rawp .(0, 0)a zqt`znd dtivx divwpet ∇yfr⇐

|xu| < ae |yj | < β′y jk y lkle 1 ≤ r ≤ s lkl‖∇yfn‖ <
q
√
s
y jk 0 < β′ < β

uiytil reaw mr (l"pk (x, y) xy`k)uiytil i`pz z` zniiwn f ,2 xfr htyn itl∥∥∥∥∥
(

q
√
s
, ...

q
√
s

)∥∥∥∥∥ =
q
√
s

∥∥∥∥∥∥
s︷ ︸︸ ︷

(1, ...1)

∥∥∥∥∥∥ =
q
√
s

√
s = q

f (x, y) = y
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