
x"cn ly zekxrn
y (x) → y (t) :tl xn dpzyn xearp zegepd jxevl

.y′ = f (t, y) (oey`x xcqn)cg` x"cn •{
y′1 = f1 (t, y1, y2)
y′2 = f2 (t, y1, y2)

:oey`x xcqn mix"cn ly bef •

:mix"cn n ly zkxrn •
y′1 = f1 (t, y1, ...yn)

.

.

.

y′n = fn (t, y1, ...yn)

e`

~y′ = ~f (t, ~y)

.(oey`x xcqn)mix"cn n ly zkxrnk zilnxep dxeva n xcqn x"cn aezkl ozip

(∗∗)
{

y′1 = y2
y′2 = f (t, y, y2)

f`e
y1 = y
y2 = y′

xicbp .y′′ = f (t, y, y′) (∗) dnbecl

.(∗∗) ly(y1, y2) oexzt zepale (∗) oexzt zgwl ozipy ep`xdy dn
y′ = y′1 = y2 ,y = y1 xicbp (∗∗) ly (y1, y2) oexzit ozpida .jetd mb d`xp

y′′ = y′2 = f (t, y, y2) = f (t, y, y′)

.(∗) z` xzet y xnelk y′1 = y2
y′2 = y3

y′3 = f (t, y, y′, y′′)
f`e

 y1 = y
y2 = y′

y3 = y′′
xicbp y′′′ = f (t, y, y′, y′′) iyily xcqn d`eeynl

!!!oekp `l jtdd

.n xcqn d`eeyna xeztl ozip `ly (oey`x xcqn) mix"cn n ly zekxrn yi

zkxrnl iyew ziira
~y (t0) = ~y0 dlgzd i`pz + ~y′ = ~f (t, ~y)
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iyew ziiral zecigie meiw htyn

"oaln" lr zxcben ~f (t, ~y)

a, b1, ..bn > 0


|t− t0| ≤ a

|(~y − ~y0)1| ≤ b1
.
.
.

|(~y − ~y0)n| ≤ bn

D oalnd lr dtivx ~f •

D lr |fn| ≤ Mn ...,|f2| ≤ M2 ,|f1| ≤ M1 •

:uiytil i`pz •∣∣∣~f (t, ~y)− ~f
(
t, ~Y

)∣∣∣ ≤ k
∥∥∥~y − ~Y

∥∥∥
.Da (t, ~y) ,

(
t, ~Y

)
lkl

|t− t0| ≤ rhwa xcben `ede iyew ziiral cigie cg` oexzt miiw dl` mi`pz zgz

min

{
a,

b1

M1
, ...

bn

Mn

}

dgked

zilxbhpi`d d`eeynd lr qqean lkd .gikep `l - (zncew d`vxd)zg` d`eeynl dnec

~y (t) = ~y (t0) +

ˆ t

t0

~f (s, ~y (s)) ds

xcqn)ze`eeynd ly zekxrnl htyndn raep .n xcqn d`eeynl zecigide meiwd htyn
.(oey`x

zix`pil zkxrn
`id zix`pil zkxrn .zillk zkxrn - ~y′ = f (t, ~y)

~y′ = A (t) ~y +~b (t)

(xlwq)n cninn rhw ~b (t)e n× n dvixhn A (t) xy`k
y′1 = a11 (t) y1 + a12 (t) y2 + ...+ a1n (t) yn + b1 (t)

.

.

.

y′n = an1 (t) y1 + an2 (t) y2 + ...+ ann (t) yn + b1 (t)

~b (t) = ~0⇔ zipbened zkxrnd
:zeix`pil zekxrnl belp` el yi ,n xcqn zix`pil d`eeynl epcnly dn lk
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~y(1), ~y(2) m` xnelk ,ixehwe agxn `ed zipbened zkxrn ly zepexztd agxn (1)
mb `ed ~y = α1~y

(1) + α2~y
(2) if` ,α1, α2 ∈ Re zkxrnd ly zepexzt 2

.oexzt

(
α, ~y(1) + α2~y

(2)
)′

= A
(
α1~y

(1) + α2~y
(2)
)
⇐
{

~y(1)′ = A (t) ~y(1)

~y(2)′ = A (t) ~y(2)
:dgked

xy`k ~y = ~yp + ~yc dxeva ipbened i`d ly illkd oexztd z` aezkl ozip (2)
.ipbenedd ly illk oexzt df ~yce ipbened i`d ly ihxt oexzt df ~yp

`ed o`iwqpexeed ly belp`d (3)

W =
(
~y(1), ~y(2), ...~y(n)

)
= det

∣∣∣∣~y(11) ... ~y(1n)
∣∣∣∣

.zecenr mr dvixhn

(iwqcxbexhqe`) liaeil htyn

W (t) = W (t0)xy`k
´ t
t0
Tr (A (s)) ds if` ~y′ = A (t) ~y ly zepexzt ~y(1), ...~y(n) m`

dgked

W = det
(
~y(1) ~y(2) ... ~y(n)

)
:(dxey dxey xefbp)dcenr dcenr e` dxey dxey xefbl ozip(

y
(1)
i ... y

(n)
i

)
:i dxey(

y
(1)′
i ... y

(n)′
i

)
=
(
Ai~y

(1) ... Ai~y
(n)
)
= Ai

(
~y(1) ... ~y(n)

)
lr lkzqdl mivex ep`

det



y
(n)
1 ... y

(2)
1 ... y

(n)
n

y2 ... y
(2)
2 ... y

(2)
n

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.

Ai1y
(1)
1 +Ai2y

(1)
2 ... Ai1y

(2)
1 +Ai2y

(2)
2 ... Ai1y

(n)
1 +Ai2y

(n)
2

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.


,
(
Aiiy

(1)
i ... Aiiy

(n)
i

)
hrnl zxg` dxey mr sexiv i"r cixedl ozip epxfby dxeyay xac lk

.AiiW deey df okle
dxey dxey mixfeb detd ly zxfbpd z` zeyrl

W ′ = A11W +A22W + ...+AnnW = Tr (A)W
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(lnW )
′
=

W ′

W
= Tr (A)

lnW (t)− lnW (t0) =

ˆ t

t0

Tr (A (s)) ds

W (t) = W (t0) e
´ t
t0
Tr(A(s))ds

�

zix`pil .n - ~y′ = A (t) ~y +~b (t)

mincwn ziiv`ixe
?ipbened `l mixzet ji` ,ipbenedd ly zepexztd lk eozpida

ipbenedd ly illkd oexztd .~y(1), ~y(2), ...~y(n) l"za zepexzt n - ~y′ = A~y

α1~y
(1) + α2~y

(2) + ...+ αn~y
(n) =

(
~y(1) ... ~y(n)

)α1

.

.

.

αn

 = Y

.ziceqi oexzt zvixhn - Y ef dvixhnl `xwp
.reaw α ,Y ~α :ipbenedd oexzt

⇔ ~y′ = A (t) ~y + b (t) mivex .~y = Y ~α (t) dxeva ipbened i`d ly oexzt ytgp

Y ′~α+ Y ~α′ = AY ~α+~b (t)

~α′ = Y −1~b xegal yi .Y ′ = AY okle ~y′ = A~y ipbenedd z` zniiwn Yk dcenr lk

dnbec

~y′ =

A︷ ︸︸ ︷(
0 −1
2 3

)
~y +

~b︷︸︸︷(
1
t

)
{

y′1 = −y2 + 1
y′2 = 2y1 + 3y2 + t

:`id zipbenedd zkxrnd{
y′1 = −y2

y′2 = 2y1 + 3y2
⇒ −y′′1 = 2y1 − 3y′1

⇒ y′′1 − 3y′1 + 2y1 = 0

4



m2 − 3m+ 2 = 0

(m− 1) (m− 2) = 0

:md zkxrnd ly l"za zepexzt okl .l"za -

{
y1 = et

y2 = e2t

~y(1) =

(
et

−et

)
~y(2) =

(
e2t

−2e2t

)
:zipbenedd zkxrnd ly illk oexzt

α1

(
et

−et

)
+ α2

(
e2t

−2e2t

)
=

(
et e2t

−et −2e2t

)(
α1

α2

)

:epliaya .~α′ = Y −1b xy`k Y ~α oexztd zipbened i`d zkxrnl

~α′ =
1

−e3t

(
−2e2t −e2t

et et

)(
1
t

)
=

(
(2 + t) e−t

− (1 + t) e−2t

)
:lxbhpi` rvap

~α−

 − (2 + t) e−t − e−t

1

2
(1 + t) e−2t +

1

4
e−2t

+ const =

 − (3 + t) e−t

1

4
(3 + 2t) e−2t

+ const

~y = Y ~α =

(
et e2t

−et −2e2t

) − (3 + t) e−t

1

4
(3 + 2t) e−2t

+ (∗)

.ipbenedd ly illk oexzt (∗) xy`k

mireaw mincwn mr zekxrn

~y′ = A~y +~b (t)

.ta dielz `l ,dreaw A xy`k

il`ivixhnd l`ivppetqw`d
.n× n dvixhn M

exp (M) = I +M +
M2

2!
+

M3

3!
+ ...

(miiteqpi` n× n)?qpkzn df m`d
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ocxe'f ly zilnxep dxeva `ed D xy`k M = UDU−1 aezkl ozip

M2 = UDU−1UDU−1 = U
(
D2
)
U−1

exp (M) = UU−1 + UDU−1 +
UD2U−1

2!
+ ...

= U

(
I +D +

D2

2!
+

D3

3!
+ ...

)
U−1

.ocxe'f ly zilnxep dxeva dvixhnl zeqpkzd gikedl witqn
witqn lreta ,okl .cxtpa wela lkl zewfg miyer miwela mr dvixhn M m`

.ocxe'f ly cg` welal gikedl

M =



λ 1
λ 1

. . .
. . .

. . . 1
λ

 ,M2 =



λ2 2λ 1

λ2 2λ
. . .

. . .
. . . 1
. . . 2λ

λ2


,M3 =



λ3 3λ2 3λ 1

λ3 3λ2 3λ
. . .

. . .
. . .

. . . 1
. . . 3λ2 3λ

λ3 3λ2

λ3


lr lkzqp

I +M +
M2

2!
+ ...+

M3

3!

:iy`x oeqkl`

1 + λ+
λ2

2!
+

λ3

3!
+ ... = eλ

iy`xd lrn oeqkl`

1 +
2λ

2!
+

3λ2

3!
+

4λ3

4!
+ ... = eλ

`ad oeqkl`d

1

2
+

3λ

3!
+

6λ2

4!
+ ... =

eλ

2

.qpkzn lkdy jk wecal ozip
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