
R3
a miixhne`ib mineyii

:onqp

R3 = {(x, y, z)|x, y, z ∈ R}

dxcbd

.f : [a, β] → R3 dtivx divwpet ly geehd `ed R3a ew
."wlg" `xwp ewd ,C1 'gnn f m`

∃ lim
t→t0

f (t)− f (t0)

t− t0
+ f ′ (t0) if` .p0 = f (t0) ,t0 ∈ [α, β] idi

t0 'wpa oezpd ewl wiyn xehweek f
′
(t0) z` mixicbn okl

R3l `weec e`l ,cnin lkl aeh df

dxcbd

xy`k ,f : D̄⊆R2 → R3 dtivx divwpet ly geehd `ed (manifold)drixi e` ghyn
.xebq megz D̄

M +
{
f (s, t)

∣∣(s, t) ∈ D̄
}
ghynd ly mixhnxt :s, t

dxcbd

D ly dty zcewp z`xwp D ly p 'wp .Rka dxiywe dgezt dveaw `ed Rka megz
Dc ly zecewpe D ly zecewp dlikn p ly daiaq lk m`

.D ly dtyd zecewp lk sqe`=D ly dtyd=∂D
xebq megz D̄l mi`xew .dxiywe dxebq 'aw D̄ = D ∪ ∂D

dnbec

.xeck ipt
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ghynd ly divfixhnxt

.ϕ, θ mixhnxta ynzyp

f (ϕ, θ) = (R cosϕ sin θ,R sinϕ cos θ,R cos θ)

M = {f (ϕ, θ)|(ϕ, θ) ∈ [0, 2π]× [0, π]}

dxcbd

f (s0, t0) = idze (C1 'gnn f zxfra divfixhnxt el yi :`"f)C1 'gnn ghyn M gipp
.(s, t0) ∈ D̄ ,ghynd lr ew `ed f (s, t0) geehd .p0 ∈ M

ghynd lr ew ok mb `ed ((s0, t) ∈ D̄ mr)f (s0, t) ly geehd
(s0, t0) 'wpa oey`xd ewl wiyn xehwee fs (·, t0)|s0

(s0, t0) 'wpa ipyd ewl wiyn xehwee ft (s0, ·)|t0

zixehwe dfilp` lr milin dnk
(zixhne`ib)dxcbd

.Bl An ,Be A zecewpd z` xagnd rhw `ed (A 6= B,A,B ∈ R)
−−→
AB oeekn rhw

ziliawn `ed ABDC m` (∼)milewy mi`xwp
−−→
AB,

−−→
CD

B

A

??~~~~~~~
D

C

>>~~~~~~~

u zeliwyd 'gna oeekn rhw lk)u xehwe z`xwp dfd qgid ly zeliwy zwlgn
(u z` bviin

xehwe
−→
0Xl mi`xew .u ly bivp

−→
0X .0 ziy`xa ligznd bivp yi u xehwe lkl

X ly mewnd
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B

representive of v
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A

representive of u
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u+v
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C

(zitelg)dxeag mieedn mixehweed ("zegekd yleyn")
−→
AC ly zeliwyd zwlgn `ed u+v

(xeaigd iabl
.
−→
AA oeepn rhw lk i"r bvein 0d xehwe

−−→
AB i"r bvein u−−→
BA i"r bvein v
u+ (−u) = 0

jxe`d letk t `ed ekxe`y jk
−−→
AB i"r rawpd xyid lr xehwe i"r bvein tu :t > 0

.(oeeik eze` mr)
−−→
AB ly∥∥∥−−→AB′

∥∥∥ = t
∥∥∥−−→AB

∥∥∥
,t < 0 xear

tu + (−t) (−u)

0u + 0

mr ,R3a "mixehwe"d lk akxn xear zeniiwzn ixehwe agxn ly zeneiqw`d
.iynn xlwqa ltke + ly l"pd zelertd
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u, v ly zinipt dltkn
dlgzd zcewp dze` mr mibivp gwip

B

θ C

w
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A

v
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u
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u · v + ‖u‖ ‖v‖ cos θ

,ABC yleyna miqepiqewd htyn itl∥∥∥−−→BC
∥∥∥2 = ‖u‖2 + ‖v‖2 − 2 ‖u‖ ‖v‖ cos θ

w = v − u∥∥∥−−→BC
∥∥∥2 ‖w‖2 = ‖v − u‖2 = (v − u) (v − u) = ‖v‖2 + ‖u‖2 − 2u · v

.zixabl`d dxcbddeze` - u · v = ‖u‖ ‖v‖ cos θ :zixhne`ibd dxcbdd

zixehwe dltkn
dxcbd

.mipezp u, v

u× v +

∣∣∣∣∣∣
i j k
u1 u2 u3

v1 v2 v3

∣∣∣∣∣∣
xy`k ,"zilniq" dhppinxhc idef

i = (1, 0, 0) + e1

j = (0, 1, 0) + e2

k = (0, 0, 1) + e3

(ve u ly zixehwed dltknd z`xwp `ide
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dnbec

(2, 4,−2)× (5, 1, 6) =

∣∣∣∣∣∣
i j k
2 4 −2
5 1 6

∣∣∣∣∣∣ = 26i− 22j − 18k

zepekz

:milawn ,dizexey ly divwpetk dhppinxhcd zepekzn

.va u ly zix`pilia divwpet u× v .1

(u+ u′)× (v) = u× v + u′ × v

u× v = −v × u .2

u× u = 0 .3

.4 i× j = k
j × k = i
k × i = j

dnbecl

i× j =

∣∣∣∣∣∣
i j k
1 0 0
0 1 0

∣∣∣∣∣∣ = k

.5

w · (u× v) =

∣∣∣∣∣∣
w1 w2 w3

u1 u2 u3

v1 v2 v3

∣∣∣∣∣∣
okl

u · (u× v) = 0

v · (u× v) = 0

.eiaikxnl avip u× v xehweed ,0 6= u× v m` :okl

5



xnelk

`ed u × v `"f .ve u i"r rawpd xeyinl avip u × v if` ,cg` xyi lr mpi` u, v m`
.xeyinl "lnxep"

ghy

S = ‖u‖ (‖v‖ sin θ)

S2 = ‖u‖2 ‖v‖2 sin2 θ = ‖u‖2 ‖v‖2
(
1− cos2 θ

)
= ‖u‖2 ‖v‖2 −

‖u‖ ‖v‖ cos θ︸ ︷︷ ︸
u·v

2

S2 = ‖u‖2 ‖v‖2 − (u · v)2

=
(
u2
1 + u2

2 + u2
3

) (
v21 + v22 + v23

)
− (u1v1 + u2v2 + u3v3)

= ... = ‖u× v‖2

S = ‖u× v‖
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