
mibeeif

oeniq

V (M) = xnelk ,M icewcew z` V (M)a onqp .M ⊆ E beeife G = (V,E) idz
.{v ∈ V |∃ (u, v) ∈ M}

dxcbd

.M ⊆ E beeife G = (V,E) idz
V (M) = V m` mlyen `xwp M

dnbec
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dxrd

|M | =
|V |
2

elceb G = (V,E) sxbl)M ⊆ E mlyen beeif

Hall htyn

.|V1| = |V2|y jk V l V1 ] V2 dwelg mr iwlg-ec sxb G = (V,E) idz
∀s⊆V1 |S| ≤ |N (S)| ⇔ mlyen beeif Ga yi

.S ipky=N (S) xy`k
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dgked

.X = {u ∈ V2|(v, u) ∈ M, v ∈ S}a onqp S ⊆ V lkl okl ,mlyen beeif yiy oezp (⇐)
.|S| ≤ |N (S)| okle X ⊆ N (S) la` .|X| = |S| ,beeif My oeeik

.|V1| lr divwecpi`a (⇒)

.|V2| = |V1| = 1⇐|V1| = 1 :qiqa
oia zyw yiy aiigzn S = V1 xear |S| ≤ |N (S)| i`pzdn

.mlyen beeif dfe V2 ly cewcewde V1 ly cewcewd

.nl zepekp gikepe n > kl htynd zepekp gipp
:mixwn 2l micixtn

∀S(V1 |S| < |N (S)| :1 dxwn

∃S(V1 |S| = |N (S)| :2 dxwn

xevip .(v ∈ V1, u ∈ V2) zizexixy (u, v) ∈ E zyw xgap :1 dxwna opeazp
V ′
2 = V2 − {v} ,V ′

1 = V1 − {u} xy`k G′ = (V ′, F ′) sxb

.E =

{
(x, y)

∣∣∣∣ x ∈ V ′
1

y ∈ V ′
2

}
e ,V ′ = V ′

1 ] V ′
2 e

ze`xdl dvxp S ⊆ V ′
1 lkl .G′a mlyen beeif yiy ze`xdl dvxp

la` .Ga |S| < |N (S)| ,1 dxwn itl la` .|S| ≤ |N (S)|y
-cewcewd 'qn zegtd lkl liki G′a N (S) okle V ′

2 = V2−{u}
(|NG′ (S)| ≥ |N (S)| − 1)Ga N (S)n 1 zegt mi

.|S| ≤ |NG′ (S)| ⇐ |S| < |NG (S)| la`
l.y.n).M ′ ,G′a mlyen beeif yi divwecpi`d zgpd itl ,okl

(1 dxwn
.Gl mlyen beeif M lawpe M = M ′ ∪ {(u, v)} onqp

G′ = (A,N (A) , E′) xevip .∃A(V1 |A| = |NE (A)| :2 dxwna opeazp

beeif yiy gikedl dvxp .E′ =

{
(u, v) ∈

∣∣∣∣ u ∈ A
v ∈ N (A)

}
xy`k

.G′a mlyen
NG′ (S) = okle NG (S) ⊆ NG (A) ,S ⊆ Ay oeeik .S ⊆ A idi
zgpd itl ,okl .|S| ≤ |NG (S)| = |NG′ (S)| okle NG (S)

.G′a M ′ mlyen beeif yi ,divwecpi`d

.E′′ =

{
(u, v) ∈

∣∣∣∣ u ∈ V1 −A
v ∈ V2 −N (A)

}
xy`kG′′ = (V1 −A, V2 −N (A) , En) xevip

dvxp S ⊆ V1 − A lkl .G′′a mlyen beeif yiy ze`xdl dvxp
.|S| ≤ |NG′′ (S)|y ze`xdl

:zexg` milina .|B| ≤ |NG (B)| oezpdn .B = S ∪ Aa onqp

. |S|+ |A| = |S ∪A| ≤ |N (S ∪A)|
|N (S ∪A)| ≤ |N (S)|+ |N (A)| ,ipy cvn
.|S|+ |A| ≤ |N (S)|+ |N (A)| lawp cgi

|S| zegtl yi N (S ∪A)a okle (2 dxwn)|N | = |N (A)| la`
.C mpnqp ,N (A)a mpi`y micewcew

|S| = ⇐ N (A)a mi`vnp A ipky lk ik ,C ⊆ N (S) la`
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mlyen beeif yi ,divwecpi`d zgpd itl ,okle ,|C| ≤ |NG′ (S)|
.G′′a M ′′

.Gl mlyen beeif M lawpe M = M ′ ∪M ′′ onqp

�

dxcbd

.k = cewcew lk ly ezbxc m` ixlebx-k `ed G = (V,E) sxb

dnbec
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dprh

.mlyen beeif yi ixlebx iwlg-ec sxb lkl

dgked

.G = (V1, V2, E) sxbd z` onqp
|V1| · k = okle zezyw |V2| · k yi ,ipy icvne zezyw |V1| · k yi ik :|V1| = |V2|

|V1| = |V2| okle |V2| · k
.|S| · k=S ly zezywd xtqn S ⊆ V1 lkl

zywa zrbepy zyw lky oeeik zezyw |N (S)| · ka zrbep N (S) .N (S)a opeazp
N (S)n ecewcewa zrbep Sn

|S| · k ≤ |N (S)| · k

⇓

|S| ≤ |N (S)|
.Ga mlyen beeif yi Hall htyn itl ⇐

�

3



mqw reaix

x11 · · · x1n

.

.

.
. . .

.

.

.

xn1 · · · xnn


xij ∈ N

∃k∀i
∑
j

xij = k,
∑
j

xji = 2

dnbec2 7 6
9 5 1
4 3 8



16 3 2 13
5 10 11 8
9 6 7 12
4 15 14 1


:dnbecl .mipey zeidl miaiig mixtqnd lk `l la`

dxenz zvixhn

0 0 1
1 0 0
0 1 0


`id mlyen beeif ly zeiepky zvixhn - mlyen beeifl zyw yi dxenzd zvixhnl

.dxenz zvixhn

dprh

:zexenz zvixhn ly mekqk wxtl ozip mqw reaix lk

V =
∑
i≤n2

niPi

.zexenz zevixhn Pie ,miirah mixtqn ni ,mqwd reaix V xy`k
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xaqd

:iwlg ec sxba mlyen beeif lr lkzqp

u1

TTTTTTTTTTTTTTTTTT

HHHHHHHHHHHHHHHHHHHHH v1

u2

jjjjjjjjjjjjjjjjjj v2

u3

vvvvvvvvvvvvvvvvvvvvv

jjjjjjjjjjjjjjjjjj v3

2

1 0 0
0 1 0
0 0 1

+ 1

0 1 0
0 0 1
1 0 0

+ 6

0 1 0
1 0 0
0 0 1

+ 3

0 0 1
1 0 0
0 1 0

+ 3

0 0 1
0 1 0
1 0 0


.mlyen beeif gihadl ozip aeaiq lka oky ,mqw reaix eplaiw

ogand lr milin dnk
.weaqiita dveawl zelrl mixen`y zencew mipyn mipgan yi •

!zekx`d oi` •

.xebq xneg •

.oze` oiadl jixv la` ,xeriya ecnlpy mihtynl zegkedd z` zrcl jixv `l •

.mibyend z` xicbdl zrcl jixv f` ,zexcbd lr zel`y zeidl zeleki •

-onla lrtd" - lynl)dzika ecnlpy minzixebl`e mihtynl qgiizdl ozip •
.aey mze` aezkl jxev oi` - ("cxet

in`pic zepkz ly dl`y yie dcina •

iai`p oexzt jixv `l –

mzixebl`d z` aezkl jixv `l la` - dbiqpd zgqep z` aezkl jixv –
.dze` ynnny

zepekp zgked jixv `l –

,il`nxet ce`n ce`n `l xnelk - wenip `l` ,dgked miywan `l llk jxca •
.divi`ehpi`d z` xiaqny cwenn wenip aezkl witqn
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