
R2a ghy :dlekz
R3a gtp

Rka illk byen

zxekfz

.meqge xebq megz D̄ = D ∪ ∂D
.i, j ∈ Z ,[(i− 1) r, ir]× [(j − 1) r, jr] :r > 0 bixy reaw mr (mesh)bixy

.Da milkend bixya (mixebq)mireaixd lk sqe` :Ar

∂D z` miybetd bixya mireaixd lk sqe` :Cr

Br = Ar ∪ Cr

.meqg megz D oky ,miiteq mitqe` md el`
S (Ar) = r2×(Ara mireaixd 'qn)
S (BR) = r2×(Bra mireaixd 'qn)

.∃ lim
r→0

S (Ar) = ∃ lim
r→0

S (Br) m` ghy lra `ed D̄y mixne` :dxcbd

.S
(
D̄
)
oneqn ,D̄ ly ghyd f` `xwp szeynd 'qnd

lim
r→0

S (Cr) = `ed ghy lra `ed D̄y jkl igxkd i`pz ,S (Cr) = S (Br)−S (Ar)y oeeik

.0
(dgked hinyn)witqn i`pz mb df

sqe`k ,mcew enk Cr xicbdl xyt` R2a idylk dneqg dveawK m` ,illk ote`a
`ed Ky xn`p ,0 deeye miiw lim

r→0
S (Cr) m` .K z` miybetd r bixyd ireaw lk

0 ghy lra

:`id :D̄ ly :dwelg" .(ghy lra meqg xebq megz)l"pk D̄
j = 1, ...n ,T = {D̄j

∣∣qetih eze`n D̄ ly miiwlg megz D̄j}

S
(
D̄
)
=

n∑
j=1

S
(
D̄j

)
(zhnyen dgked)

(onix itl)lxbhpi`d zxcbd lr dxfg
.D̄ ly idylk dwelg T ,l"pk D̄

.pj zizexixy 'wp xgap ,D̄j lka
D̄ lr idylk dpezp divwpet f

.T dwelgd iabl f xear onix mekq `xwp σ (f, T ) =
n∑

j=1

f (pj)S
(
D̄j

)
1



d (K) = sup
p,q∈K

d (p, q) `ed K ly xhewd .dveaw K

.dwelgd ly xhnxtd λ (T ) = max
1≤j≤n

d
(
D̄j

)
l `xwp ,dwelg T m`

(miiw `ed xy`k xcben df xnelk)?∃ lim
λ(T )→0

σ (f, T ) + J

mr D̄ ly T dwelg lkl |σ (f, T )− J | < εy jk δ > 0 miiw ,oezp ε > 0 lkl m`
.λ (T ) < δ xhnxt

λ (T ) → xy`k σ (f, T ) ly leabd `xwpe cigi ote`a rawp J ,miiwzn df i`pz m`
.0

-ne ,D̄ megzd lrn f ly (letkd) lxbhpi`d `xwp (miiw `ed xy`k)l"pd leabd
.
˜
D̄

f dsa eze` mipnq

.D̄ lrn (onix)ziliaxbhpi` fy mixne` ,miiw l"pd leabd xy`k
.R

(
D̄
)
a oneqz D̄ lrn (onix)zeiliaxbhpi`d zevwpetd lk zveaw

(Darboux)eaxc zyib
.l"pk D̄ ly l"pk dwelg T

.D̄j lr mb okle ,D̄ lr dneqg f

Mj + sup
D̄j

f M + sup
D̄

f

mj + inf
D̄j

f m + inf
D

f

m ≤ mj ≤ Mj ≤ M ∀j = 1, ...n

mS
(
D̄j

)
≤ mjS

(
D̄j

)
≤ MjS

(
D̄j

)
≤ MS

(
D̄j

)
mS

(
D̄
)
= m

n∑
j=1

S
(
D̄j

)
≤

n∑
j=1

mjS
(
D̄j

)
≤

n∑
j=1

MjS
(
D̄j

)
≤ M

n∑
j=1

S
(
D̄j

)
= MS

(
D̄
)

´
D
f dS + inf

T
σ (f, T ) .eaxc ly oezgz mekq - σ (f, T ) +

n∑
j=1

mjS
(
D̄j

)
´
D̄
f dS + sup

T
σ (f, T ) .eaxc ly oeilr mekq - σ (f, T ) +

n∑
j=1

MjS
(
D̄j

)
dxcbd

jxrd ,df dxwna .

ˆ
D̄

f dS =

ˆ
D̄

f dS m` (eaxc itl)ziliaxbhpi` z`xwp f

.D̄ lr f ly (eaxc) lxbhpi`d `xwp szeynd
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eaxc htyn
lxbhpi`d df dxwnae ,D̄ lr (eaxc)ziliaxbhpi` `id m"m` D̄ lr (onix)ziliaxbhpi` f

.eaxc itl lxbhpi`d mr cklzn onix itl

dgked

.mipeniq iepiya ,cg` dpzyna enk

(zeiliaxbhpi`l onix i`pz)d`vez

lim
λ(T )→0

[σ (f, T )− σ (f, T )] = 0 m"m` D̄ lr ziliaxbhpi` f if` .D̄ lr dneqg f e ,l"pk D̄ idi

(δe ε mr)onix i`pz zaizk

(∗) σ (f, T )− σ (f, T ) < εy jk δ > 0 miiw ,ε > 0 lkl
.λ (T ) < δ mr D̄ ly T dwelg lkl

D̄ja f ly dcepzd
n∑

j=1

(Mj −mj)S
(
D̄j

)
`ed (∗)l l`nyn iehiad

R
(
D̄
)
ly zeiceqi zepekz

htyn
.R lrn ixehwe agxn `ed R

(
D̄
)

.1

1 z` gleyd R
(
D̄
)
lr ix`pil lpeivwpet `ed f∈R(D̄) →

˜
D̄

f dS lxbhpi`d .2

(
˜
D̄

1 dS = S
(
D̄
)
)S

(
D̄
)
l

f ∈ R
(
D̄
)
lkl mS

(
D̄
)
≤
˜
D̄

f dS ≤ MS
(
D̄
)

.3

C
(
D̄
)
⊆ R

(
D̄
)

.4

jxrd htyn)
˜
D̄

f dS = f (p)S
(
D̄
)
y jk p ∈ D̄ miiw if` ,f ∈ C

(
D̄
)
m` .5

(miletk milxbhpi`l rvennd

∀jf ∈ R
(
D̄j

)
if` ,f ∈ R

(
D̄
)
e D̄ ly dwelg T =

{
D̄j

∣∣j = 1, ...n
}

m` .6˜
D̄

f dS =
n∑

j=1

˜
D̄

f dSe

`l dtyd xnelk .
˜
D̄

f dS =
˜
D̄

g ds if` D lr f = ge f, g ∈ R
(
D̄
)
m` .7

.lxbhpi`d lr drityn dpi` qt` ghy zlra ziwlg dveaw - drityn
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.g ◦ f ∈ R
(
D̄
)
if` g ∈ C ([m,M ]) ,f ∈ R

(
D̄
)
m` .8

.fg ∈ R
(
D̄
)
if` f, g ∈ R

(
D̄
)
m` .9∣∣∣∣∣˜

D̄

f dS

∣∣∣∣∣ ≤ ˜
D̄

|f | dSe ziliaxbhpi` |f | if` ,f ∈ R
(
D̄
)
m` .10

dgked

f, g ∈ R
(
D̄
)
.D̄ ly idylk dwelg T =

{
D̄j

}n

j=1
1,2

a, b ∈ R, σ (af + bg, T ) =

n∑
j=1

(af + bg) (pj)S
(
D̄j

)
=

= a
∑
j

f (pj)S (Dj) + b
∑
j

g (pj)S
(
D̄j

)
+

+ aσ (f, T ) + bσ (g, T ) −−−−−→
λ(T )→0

a

¨

D̄

f dS + b

¨

D̄

g ds

˜
D̄

(af + bg) dS = a
˜
D̄

f dS + b
˜
D̄

f dS . af + bg ∈ R
(
D̄
)
y jiken df

(onix inekq mr dxcbddn raep) 3

m ≤ f ≤ M

:lxbhpi`d zeipehepen

mS
(
D̄
)
=

¨

D̄

m dS ≤
¨

D̄

f dS ≤
¨

D̄

M dS = MS
(
D̄
)

.D̄ lr dtivx f xear miiwzn onix i`pzy d`xp 4
'aw `idy ,D̄ meqgde xebqd megza dtivx fy oeeik .oezp ε > 0 idi
miiw `"f .D̄ lr deey dcina dtivx f ,htyn itl ,okl .(!)zihwtnew

oxeary p, p′ ∈ D̄ zecewp izy lkl |f (p)− f (p′)| <
ε

S
(
D̄
)y jk δ > 0

.d (p, p′) < δ
menixteqd `ed Mj .λ (T ) < δ mr D̄ ly idylk dwelg T =

{
D̄j

}
idz

zihwtnewd dveawd lr dtivx fy oeeik ,ihwtnew `edy ,D̄j lr f ly
ly p′j 'wpa lawzn mj oke ,D̄ja pj 'wpa lawzn l"pd menixteqd ,D̄j

.D̄j

n∑
j=1

(Mj −mj)S
(
D̄j

)
=

n∑
j=1

[
f (pj)− f

(
p′j
)]

S
(
D̄
)
≤ ...
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(
d
(
pj , p

′
j

)
≤ d

(
D̄j

))
≤ λ (T ) < δ

... ≤
n∑

j=1

ε

S
(
D̄
)S (

D̄j

)
=

ε

S
(
D̄
)

=S(D̄)︷ ︸︸ ︷
n∑

j=1

S
(
D̄j

)
.f ∈ R

(
D̄
)
okle ,D̄ lr zeiliaxbhpi`l onix i`pz z` zniiwn f xnelk
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