
mireaw mincwn mr zix`pild d`eeynd lr zexrd dnk cer
2 xcqn

y′′ + a1y
′ + a0y = 0

.m2 + a1m+ a0 = 0 zpiit`n 'yn

y = C1e
λ1x + C2e

λ2x illk oexzt :λ1, λ2 mipey miiynn miyxey I

y = eαx (C1 cosβx+ C2 sinβx) :α± iβ micenv miakexn miyxey II

y = eαx (C1 + C2x) :α ljetk cg` iynn yxey III

minyex epiid miiynn md eli`k miyxeyl qgiizp m` - In II lawl ozip

y = C1e
(α+iβ)x+C2e

(α−iβ)x = C1e
αxeiβx+C2e

αxe−iβx = eαx
(
C1e

iβx + C2e
−iβx

)
= ...

.iynn θ ,eiθ = cos θ + i sin θ :xliie` zgqep

= eαx (C1 [cosβx+ i sinβx] + C2 [cosβx− i sinβx])

= eαx

(C1 + C2)︸ ︷︷ ︸
C3

cosβx+ (C1 − C2)︸ ︷︷ ︸
C4

sinβx



ze`qxb dnka II aezkl ozip

:miiyteg mireaw C1, C2n ligzp

y = eαx (C1 cosβx+ C2 sinβx) =

= eαx
√
C2

1 + C2
2

(
C1√

C2
1 + C2

2

cosβx+
C2√

C2
1 + C2

2

sinβx

)

eαx
√
C2

1 + C2
2 (cos θ cosβx+ sin θ sinβx)

= eαxC3 cos (βx− θ)

:ztqep divte` .C3, θ md miiytegd mireawd o`k

= eαx
√

C2
1 + C2

2 (sin θ cosβx+ cos θ sinβx)

= eαxC3 sin (βx+ θ)
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III lawl ozip

:ipyd z` d`xp .β → 0 leab i"r IIn e` λ2 → λ1 leab i"r In

y = eαx (C1 cosβx+ C2 sinβx)

lawn ip`y d`xp eipt lr .β → 0 leab zeyrl dvex ip` .miiyteg mireaw C1, C2

!xcqa `l edyn .y = eαxC1

miielz mdy zeidl leki la` ,miiyteg mireaw md C1, C2 mpn`y `id zerhd
.βa C1, C2 ly zelz oeayga epgwl `l .β i"r{

y (0) = C1

y′ (0) = αC1 + βC2
⇒


C1 = y (0)

C2 = y′ (0)− αy (0)︸ ︷︷ ︸
β

`ed oexztd

y = eαx

(
y (0) cosβx+ (y′ (0)− αy (0))

sinβx

β

)
:β → 0 leab gwip eiykr .y (0) , y′ (0) md dt miiytegd mireawd

y = eαx

 y (0)︸︷︷︸
newC1

+ (y′ (0)− αy (0))︸ ︷︷ ︸
newC2

x



meyii
ly y (t) divwpet)y′′ + k2y = 0 x"cnd ici lr zex`ezn uitw lr dqn ly zecepzd

reaw k .(x ly `le onf
y (t) = `ed oexztd .m = ±ik :miyxey .m2 + k2 = 0 `id zpiit`nd d`eeynd

.(miiyteg mireaw k, θ xy`k)y0 cos (kt− θ)
i"r oneqny ,jekig yi il`ehw`d mlera .il`ici` mlerl daeh z`fd d`eeynd

:λ reawd

y′′ + λy′ + k2y = 0

,ohw λ)m =
1

2

(
−λ±

√
4k − λ2i

)
:miyxey .m2 + λm + k2 = 0 :zpiit`n d`eeyn

(ilily i`cee λ2 − 4k okl

y (t) = y0e
−λt/2 cos

√k2 −
λ2

4
t− θ



.jex` xzei

 2π√
k2 −

λ2

4

=

xefgnd jekigd llba

2



(Forcing)dtigc siqep

y′′ + λy′ + k2y = A sinωt

.dtigcd ly zexiczd - ω .dtigcd znvr - A
?ihxt oexzt :zipbened `l .yn

dxeva ihxt oexzt ytgp

y = C1 cosωt+ C2 sinωt

y′ = −C1ω sinωt+ C2ω cosωt

y′′ = −C1ω
2 cosωt− C2ω

2 sinωt

:aivp{
−C1ω

2 + λC2ω + k2C1 = 0
−C2ω

2 − λC1ω + k2C2 = A

C2 =
ω2 − k2

λω
C1

−
(
k2 − ω2

)2
λω

C1 − λωC1 = A

C2 =

(
k2 − ω2

)
A

(k2 − ω2)
2
+ λ2ω2

C1 =
− λωA

(k2 − ω2)
2
+ λ2ω2

y (t) = A
− λω cosωt+

(
k2 − ω2

)
sinωt

(k2 − ω2)
2
+ λ2ω2

+ y0e
−λt

2 cos

√k2 −
λ2

4
t− θ


ihxtd oexztd z` aezkl ozip

A√
(k2 − ω2)

2
+ λ2ω2

(− sinβ cosωt+ cosβ sinωt) =
A sin (ωt− φ)√
(k2 − ω2) + λ2ω2

zexrd

,y0 mdin aeyg `l ,dler t xy`k jrec ipbenedd ly oexztde−λt/2 mxebd llba .1

.
A sin (ωt− φ)√
(k2 − ω2)

2
+ λ2ω2

ihxtd oexztd x`yp .θ

aekir yi la` ,A− sinωt dtigcd xai` enk zexicz dze` yi ihxtd oexztl .2
.φ

zexicz xnelk ,ω ≈ k m` ce`n lecb zeidl leki ihxtd oexztd ly dcehitn`d .3
.uitwd ly zeixewnd zecepzl daexw dtigcd
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zecigide meiwd htyn

y (x0) = x0 y′ = f (x, y)

D = {(x, y)||x− x0| ≤ a, |y − y0| ≤ b}

|f (x, y)− f (x, Y )| ≤ uiytil i`pz miiwneDa (|f (x, y)| ≤ M )dneqg ,Da dtivx fy gipp
iyew ziiral cigie cg` oexzt miiw el` mi`pza .Da (x, y) , (x, Y ) lkl k |y − Y |

(*)|x− x0| ≤ min

(
a,

b

M

)
rhwa zxcbend

(**)y (x) = y0 +
´ x
x0

f (t, y (t)) dt dxevdn (*) aezkl ozip

.xl x0n divxbhpi` i"r (*)n (**) milawne (*) z` xxeb (**)y wecal lw

dgkedd jildz

.miqpkzn ile`y y0 (x) , y1 (x) , y2 (x) , ... zeivwpet ly dxcq dpap .1

.y"na miieqn leabl zqpkzn ok` dxcqdy gikep .2

.oexzt ok` `ed leabdy gikep .3

.cigi oexztdy gikep .4

zeivwpet zxcq ziipa .1

y0 (x) = y0

y1 (x) = y0 +

ˆ x

x0

f (t, y0) dt

y2 (x) = y0 +

ˆ x

x0

f (t, y1) dt

...

yn+1 (x) +

ˆ x

x0

f (t, yn) dt

y `ceel epl yi

∀n |yn (t)− y0| ≤ b

|y1 (x)− y0| =
∣∣∣∣ˆ x

x0

f (t, y0) dt

∣∣∣∣ ≤ M |x− x0|

.|y1 (x)− y0| ≤ be |x− x0| ≤
b

M
yexcp
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divwecpi` i"r dgked .2

.deey dcina dxcqd ly zeqpkzd gikep

yn (x) = y0 (x) + (y1 (x)− y0 (x)) + (y2 (x)− y1 (x)) + ...+ (yn (x)− yn+1 (x))

iteqpi`d xehd lr lkzqp yn (x) dxcqd mewna

∞∑
i=0

(yi+1 (x)− yi (x))

ly M ogana ynzyp .y0 qepin lim yn (x) leabd didi ely leabd ,qpkzn df mb
y divwecpi` i"r gikep .q`xhyxiie

|yi+1 (x)− yi (x)| ≤
Mki |x− x0|i+1

(i+ 1)!
≤

Mkiai+1

(i+ 1)!

.epgked xak |y1 (x)− y0| ≤ M |x− x0| :i = 0 wecap

:iaihwecpi` aly

|yi+1 (x)− yi (x)| =
∣∣∣∣ˆ x

x0

f (t, yi (t))− f (t, yi−1 (t)) dt

∣∣∣∣
≤
∣∣∣∣ˆ x

xo

k |yi (t)− yi−1 (t)| dt
∣∣∣∣ ≤ Mki |x− x0|i+1

(i+ 1)!

.y"na leabl zqpkzn y0, y1 (x) , y2 (x) , ... dxcqdy epgked

oexzt `ed leabdy gikep .3

y (x) dxcqd leabl `xwp

yn+1 (x) = yn +

ˆ x

x0

f (t, yn (t)) dt

n → ∞ leab gwip

y (x) = y0 + lim
n→∞

ˆ x

x0

f (t, yn (t)) dt

f (y, yn (t)) ,→y raep uiytil i`pzne dfn .deey dcina yn (t) → y (t)y mircei
zeivwpet ly dxcq ly lxbhpi` ly leabd itpi`a ihxcphq htyn itl .f (t, y (t))
y (x) = y0 +

´ x
x0

f (t, y (t)) dt xnelk ,leabd ly lxbhpi`l deey y"na zeqpkznd
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oexztd ly zecigi zgked .4

(**) ly oexzt `ed y (x)y gipp

y (x) = y0 +

ˆ x

x0

f (t, y (t)) dt

y0 xear|y (x)− y0| =
∣∣∣´ xx0

f (t, y (t)) dt
∣∣∣ ≤ M |x− x0|

|y (x)− y1 (x)| =
∣∣∣´ xx0

f (t, d (t))− f (t, y0 (t)) dt
∣∣∣ ≤ kM

∣∣∣´ xx0
|t− x0| dt

∣∣∣ =

y1 xear
kM |x− x0|2

2!

|y (x)− yi (x)| ≤
kiM |x− x0|i+1

(i+ 1)!
lawp divwecpi` i"r .0 ≤ i ≤ n lkl yi xear ileke

.n xear
�.y0, y1 (x) , y2 (x) , ... miaexiwd leab `ed y (x) okle ,∞l s`ey i xy`k qt`l s`ey oini cv
miaexiwd ze`xwp y′ = f (x, y) ly oexztl y0 (x) , y1 (x) , ... zeqpkznd zeivwpetd

(Picard approximation)Picard ly

dnbec

y (0) = 0, y′ = x+ y2

yn+1 = y0 +

ˆ x

x0

f (t, yn (t)) dt = 0 +

ˆ x

0

t+ y2n (t) dt

y0 = 0

y1 =

ˆ x

0

tdt =
x2

2

y2 =

ˆ x

0

(
t+

t4

4

)
dt =

x2

2
+

x5

20

y3 =

ˆ x

0

t+

(
t2

2
+

t5

20

)2
 dt = ...
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