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.zeyxetn wecal jxhvp ,reci `l -∆ = 0 m` (b)

(b) zexyt`l dneca f` ,A = 0e ∆ > 0 m` (c)

ske` zcewp `xwz p0 .oeviw zcewp `l p0 f`∆ < 0 m` (d)
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m` .a ∈ A idz .f ∈ Ci (A) gipp .f : A → Rn idze dgezt dveaw A ⊆ Rn idz
a ∈ U ⊆y jk U dgezt dveaw zniiw f` ,(o`iaewrid ly dhppinxhcd)∇f (a) 6= 0
divwpet zniiwe V l Un lre r"gg divwpet f ,dgezt dveaw mb ,V = f (U) xear .A

f−1 ∈ Ci (V )e lre r"gg `id mbe f−1 : V → U dketd

1 dnbec

i"r zxcben f : R2 → R2 idz

f (x, y) =
(
x+ (y + 2)

2
+ 1, (x− 1)

2
+ y + 1

)
.(1,−2) dcewpd zaiaqa dketd divwpet fl zniiw ik egiked
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oexzt

.o`iaewrid z` `vnp

∆f (x) =

∣∣∣∣ 1 2 (y + 2)
2 (x− 1) 1

∣∣∣∣ = 1− 4 (x− 1) (y + 2) = 1 6= 0

(1,−2) dcewpd zaiaqa dketd divwpet zniiw f (x, y) divwpetl ik xexa okl

2 dnbec

hxt dcewp lk zaiaqa dkitd f ik egiked .f (x, y) =

(
x

x2 + y2
,

y

x2 + y2

)
idz

.my f−1 z` eayg ,(0, 0)l

oexzt

hxt okl .(0, 0) dcewpa dxifb dpi` divwpetdy xexa .dhppinxhc wecap dligz
lawp (0, 0) dcewpl

∆f (x, y) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

f̃ ′
1x︷ ︸︸ ︷

x2 + y2 − 2xy

(x2 + y2)
2

f̃ ′
1y︷ ︸︸ ︷

−
2yx

x2 + y2

−
2xy

(x2 + y2)
2︸ ︷︷ ︸

f̃ ′
2x

y2 + x2 − 2y2

(x2 + y2)
2︸ ︷︷ ︸

f̃ ′
2y

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=

(
y2 − x2

) (
x2 − y2

)
(x2 + y2)

4 −
4y2x2

(x2 + y2)
4

=
−
(
y2 − x2

)2 − 4y2x2

(x2 + y2)
4 =

−
(
y4 − 2x2y2 + x4

)
− 4y2x2

(x2 + y2)
4

=
−
(
y4 + 2x2y2 + x4

)
(x2 + y2)

4 =
−
(
y2 + x2

)2
(x2 + y2)

4 = −
1

(x2 + y2)
2

hxt dcewp lka dkitd f okle ,∆f (x, y) 6= 0 miiwzn okle ,(x, y) 6= (0, 0)y xexa
(0, 0)l

f−1 aygp

ye x z` x`zp ea avnl ribdl "dqpp" .u =
y

x2 + y2
onqp ,v =

x

x2 + y2
onqp

.ve u ly divwpetk

v =
x

x2 + y2
⇒ v

(
x2 + y2

)
= x ⇒ x2 + y2 =

x

v
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:dnec ote`a .(v 6= 0y rbxk gipp)

u =
y

x2 + y2
⇒ u =

y

x

v

⇒ u =
vy

x
⇒ x =

vy

u

(u 6= 0 mby rbxk gipp)
:dpeekd ,v ly zixewna d`eeyna z`f aivp

v =
x

x2 + y2
⇒ v =

vy

u(
vy

u

)2

+ y2

=

vy

u
v2y2

u2
+

u2y2

u2

=
u2vy

uy2 (v2 + u2)
⇒ v =

uv

y (v2 + u2)

(∗) y =
u

v2 + u2

z` `evnl ozip dnec ote`a

x =
vy

u
=

v

u
y =

v

v2 + u2

ik eiykr cr eplaiw

f−1 (v, u) =

(
v

v2 + y2
,

u

v2 + u2

)

.v = 0 e` u = 0 xear wecap okl .ve ua epwlig aeyigd jldnay al miyp

(x, y) 6= dxwnd lr mixacn ep` xekfk .x = 0 ⇐ 0 =
x

x2 + y2
lawp v = 0 m`

.u 6= 0 mb okle ,y 6= 0 okle ,(0, 0)

u =
y

02 + y2
=

1

y
miiwzn ik xaqd

lr okle ,x 6= 0 aeye y = 0y lawp u = 0 aivp m` .u 6= 0 mb okle y 6= 0 ik epi`x
(0, 0) dcewpl hxt ahid xcben okle ,v 6= 0 dibelp` dze`

dpwqn

.f−1 mbe ,(0, 0)l hxt dcewp lkl ahid zxcben l"pd f

3 dnbec

ly daiaqa xnelk)zilwel dkitd f (x, y) = (ex cos y, ex sin y) divwpetd ik egiked
.zilaelb dkitd `l f la` (dcewp lk
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oexzt

.zilwel zekitd dligz d`xp

∆f (x, y) =

∣∣∣∣ex cos y −ex sin y
ex sin y ex cos y

∣∣∣∣ = ex
(
cos2 y + sin2 y

)
= ex 6= 0

.dcewp lk zaiaqa dkitd f okle
ik R2a r"gg dpi` l"npd f ik xexa .zilaelb dkitd `l f ik ze`xdl x`yp

.dkitd dpi`⇐ r"gg dpi` f m` .k ∈ Z lkl f (x, y) = f (x, y + 2πk) miiwzn

4 dnbec

,dcewp lka zilwel dkitd hxtae ,zilaelb dkitd f (x, y, z) = (u, v, w) ik e`xd
xear

u = x, v = y3, w = z5

oexzt

dhppinxhcd lr lkzqp

∆ =

∣∣∣∣∣∣
u′
x u′

y u′
z

v′x v′y v′z
w′

x w′
y w′

z

∣∣∣∣∣∣ =
∣∣∣∣∣∣
1 0 0
0 3y2 0
0 0 5z4

∣∣∣∣∣∣ = 3y25z4

dpey dhppinxhcd ik htynd itl) !zilwel dkitd f f` qt`n mipey ze y m`
.(qt`n

:zeilaelb xear

u = v ⇒ x = u

v = y3 ⇒ v = 3
√
y

w = z5 ⇒ z = 5
√
w

okle ,zexcben l"pd zeivwpetd u, v, w lkl ik xexa

f−1 (u, v, w) =
(
u, 3

√
v, 5

√
w
)

.ahid zxcbene ,lre r"gg l"pd divwpetd ik zilaelb dkitdy xexay
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zenezq zeivwpet

htyn

:onqp .f : Rn+m → Rn ivwpet idz

f (x1, ...xm, y1, ...yn) = f1 (x1, ...xm, y1) , ...fn (x1, ...xm, yn)

daiaq A xear f ∈ C1 (A)y gipp .dcewp p = (a1, ...am, b1, ...bn) ∈ Rm+n idz
m` , f (~p) = 0 miiwzn ik sqepae ,p ly idylk

∣∣∣∣∣∂fi∂yi
(p)

∣∣∣∣∣ =
∣∣∣∣∣∣∣
f ′
1y1

(p) ... f ′
1yn

(p)
.
.
.

. . .
.
.
.

f ′
ny1

(p) ... f ′
nyn

(p)

∣∣∣∣∣∣∣ 6= 0

(y1, ...yn) z` bivdl ozip da a = (a1, ...am) ∈ Rm dcewpd ly daiaq zniiw if`
miiwzn mye ,1 ≤ j ≤ n ,yj = gj (x1, ...xm) xnelk ,(x1, ...xm) ly zeivwpetk(

∂yj

∂xj
(a)

)
n =

(
∂fj

∂yj

)−1(
∂fj

∂xj

)

1 ≤ j ≤ n lkl

4 dnbec

,x ly dnezq divwpetk y z` dxicbn sinx +
ey − e−y

2
+ 1 = 0 d`eeynd m`d

?y = f (x)

oexzt

z` zniiwnd (x0, y0) dcewp lka opeazp .f (x, y) = sinx +
ey − e−y

2
+ 1 onqp

zeiwlg zexfbp `vnp .d`eeynd

f ′
x (x, y) = cosx f ′

y (x, y) =
ey + e−y

2

f (x0, y0) = 0 miiw ok enk .f ∈ C1
(
R2
)
hxtae ,dcewp lka zetivx f ′

x, f
′
y, fy xexa

f ′
y (x0, y0) = ik xexa (x0, y0) dcewpd zxcbd mvrn .(dfk cg` lr epravd zegtl)

divwpetk y z` bivdl ozip da x0 ly daiaq zniiw htynd itl okle
ey0 + e−y0

2
> 0

.y = f (x) ,x ly dnezq
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