
13 lebxz - minzixebl`e mipezp ipan2012 x`epia 22 libxz.Y n = Xy jk Y zfexgne ∃n > 1 m` zixefgn X zfexgny xn`p?O (len (X))a zixefgn `id X zfexgn m`d ew
az 
vikoexzt.XX ly `tiq e` `yix dpi`y zfexgn zz X f` ,zixefgn X m`dprh.`tiq e` `yix dpi`y XX ly zfexgn zz X ⇐⇒ zixefgn X:zixefgn X m` w
ea `ad mzixebl`d f` ,dprhd z` epgked m`zeixefgn zwi
a - libxz oexzt 1 mzixebl`
S = XX z` dpa .1(KMP zxfra) S jeza X z` ytg .2.`l ,zxg` .zixefgn X f` len (X)ne 0-n dpey mewna Sa driten X m` .3.O (len (XX)) = O (len (X)) `id zeikeaiqddprhd zgked.zewix `l A, B xy`k XX = AXB aezkp.B =len(A) X dne
 ote`ae A = Xlen(A).X = AB if`:lawpe XX = AXBa aivp

ABAB = AABB lawpe mvnvp
BA = AB .BA = AB okl:d`ad dnll ze
ed epniiqdnl.zixefgn X f` X = AB = BAy jk A, B zewix `l zefexgn zeniiw m`.B = Y me A = Y ny jk Y zfexgne n, m ≥ 1 miniiwy gikedl witqn.len (X) lr divwe
pi`a gikep:len (A) = len (B) m`

A = Xlen(A) = Xlen(B) = B

1



.Y = A = Be n = m = 1 xgap:len (A) 6= len (B) m`.len (A) > len (B)y gipp k"da
X = AB = BA.A = BCy jk dwix `l C zniiw f` ,A ly zizin` `yix B gxkda,okl

X = AB = BCB

X = BA = BBC lawpe B mvnvp
BC = CB.epniiqe A = BC = Y n+m okl C = Y ne B = Y my jk Y e n, m ≥ 1 miniiw '
pi` itljynd - BM.q = m− 1 ,i = m− 1 ,m = len (P ) ,zipaz P ,zfexgn T

BM mzixebl` 2 mzixebl`:i < len (T ) 
er lk
}:q > 0 e T (i) = P [q] 
er lk
}

i− = 1
q− = 1

{
q = −1 m`(i qw
pi`a) ep`vn:zxg

}̀
q = m− 1

i+ = max {GST [q] + BST [T (i)]}
{
{:P = aabcba zipazd xear - ze`lahdze` BST

a 4
b 1
c 2zxg` 6
j GST5 14 53 72 81 90 10inpi
 oepkzoeirxdrval mewna f` ,mi
klzn dirad ly mixwn izz daxd la` ,diqxewxa xeztl xyt`y dira yif`e (dxwn zz eze` ly zxfeg dxiztn zerpnid jez) mixwnd izz lk z` m
ew mixzet diqxewx2



.dirad z` mixzetdnbe
.Fn+2 = Fn+1 + Fn - i'v`peait zx
qf`e ,Fn+1 xear diqxewxa aey eze` aygle Fn+2 xear diqxewxa Fn z` aygl jxhvp ,diqxewxa.miinrt eze` miaygninpi
 oepkza oexzt.x
qd itl F0, F1, F2, F3... z` aygp.F0 = F1 = 1:2 ≤ i ≤ n xear.Fi = Fi−1 + Fi−2.Fn z` xfgd.O (n) - zeikeaiq.O (1) didi oexkifd ,mkg yenina .d`lela 
rv lka Fi, Fi−1, Fi−2 z` wx xenyl witqn - oexkiflibxz.{xi}
n
i=1 mixtqn zx
q dpezp.dler 'epen `idy xzeia dkex`d dx
qd zz jxe` z` `evnl mivexoexzt.x1, ..., xi ly zilniqwnd dler zipehepend dx
qd zz jxe` zeidl ℓ (i) xi
bpdprh

ℓ (i) = 1 + max
j ≤ i

xj ≤ xi

ℓ (j) dgked.i = nky jk x1, ..., xi ly xzeia dkex`d dler 'epend dx
qd zz xn1
, xn2

, ..., xnk
idzxzei dkex` dx
q dziid zxg` ik) xnk−1

a zniizqnd 'qwn 'epen dx
q zz xn1
, xn2

, ..., xnk−1
if`.(xnk

a zniizqnd k jxe`n xzei dkex` xm1
, ..., xmr

, xnk
y miiwzn did f`e xm1

, ..., xmr=nk−1:okl ,ℓ (nk − 1) + 1 = ℓ (i) ,okl
ℓ (i) ≤ 1 + max

j < i

xj ≤ xi

ℓ (j) .(ℓ (nk−1) lr mb minqwnn ik).xi ≥ xj miiwnd j lk xear ℓ (i) ≥ 1 + ℓ (j) ik miiwzn (≥) ipyd oeeikdlibxzd oexzt 3 mzixebl`
ℓ (0) = 0:i = 1, .., n xear

}
max = 0

j = 1, ..., i− 1 xear:xj < xi m`
max = max {ℓ (j) + 1, max}

{.i = 1, ..., n xear max {ℓ (i)} z` xfgd3



:zeikeaiqdzervazn okl ,id divxhi`a minrt i zniiwzn dipyd d`leld ,minrt n zrvazn dpey`xd d`leld.zelert O
(

n2
):oexkif.O (n)(zevixhn ltk) libxz.d
ear nkm gwel k ×m zvixhna n× k zvixhn letkl :d
aer.Ai ∈ R

ni−1×ni mi
nin mr A1, A2, .., An zevixhn zepezp:dltknd z` aygl mivex
A1A2...An .xzeia lirid ote`aoexzt.Am, ..., Ak z` letkl yex
d ilnipind onfd Tm, k xi
bp.T1, n z` mivex epgp`:miiwzn

Tm,k = min
m≤r<k

{Tm, r + Tr+1, k + nm−1nrnk}

Tk, k = 0.'eke ,T1, 2, T2, 3, ..., Tn−1, n z` aygp mdn ,T1, 1, T2, 2, ..., Tn, n z` aygplibxzd oexzt 4 mzixebl`:1 ≤ i ≤ n lkl
Ti, i = 0:k = 1, ..., n− 1 xear

}:i = 1, ..., n− k xear
}

Ti, i+k = min
i≤r<i+k

{Ti, r + Tr+1, i+k + ni−1nrni+k}

{
{.T1, n z` xfgd:zeikeaiqzelert O (k) zgwel menipind z`ivne ,kd divxhi`a n− k dipyd ,minrt n dvx dpey`xd d`leld.O (

n3
) `id zeikeaiqd k"dq okl ,divxhi` lka:oexkif.oexkif O (

n2
) xnelk 1 ≤ i ≤ j ≤ n lkl Ti, j z` mixney
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