
deab xcqn zeiwlg zexfbp
xefbl xyt` f` (zniiw f ′

xi
xnelk)xi dpzyn itl ziwlg dxifb 'pet f : Rn → Rm m`

itl 2 xcqn ziwlgd zxfbpd :onqp .x1, ...xn mipzyndn cg` lk itl ziwlg dze`
d2f

dxidxj
e` fxixj i"r xj dpzyn itl k"g`e xi dpzyn

1 dnbec
f (x, y) = ln

(
x2 + y2

)
divwpetd ly ipy xcqn zeiwlg zexfbp e`vn

oexzt

f ′
x =

2x

x2 + y2
f ′
y =

2y

x2 + y2

:zeiexyt` 3 yi ipy xcq xear

(f ′
x)

′
x =

(
2x

x2 + y2

)′

=
2
(
y2 + x2

)
− 2x (2x)

(x2 + y2)
2 =

2
(
y2 − x2

)
(x2 + y2)

2

dnec ote`a

(
f ′
y

)′
y
=

(
2y

x2 + y2

)′

=
2
(
x2 − y2

)
(x2 + y2)

2

:aivp .
(
f ′
y

)′
x
,(f ′

x)
′
y od 2 xcqn zetqepd zexfbpdy al miyp

f ′′
yx =

(
f ′
y

)′
x
=

− 4xy

(x2 + y2)
2 = f ′′

xy

divwpetl wiyn xeyin
`id(x0, y0) dcewpa fl wiynd xeyind z`eeyn .f : R2 → R 'pet f (x, y) idz

(∗) z − f (x0, y0) = f ′
x (x0, y0) (x− x0) + f ′

y (x0, y) (y − y0)

`ed (x0, y0, f (x0, y0)) .wpa df xeyinl lnxepd xehwe

~N =
(
f ′
x (x0, y0) , f

′
y (x0, y0) ,−1

)
(1)

1



dnbecl
.wpa xeyinl lnxepd z`e wiynd xeyind z`eeyn `vn .f (x, y) = x2 + y2 idz

(1, 2) (`)

(0, 0) (a)

oexzt

:(∗) itl wiynd xeyind z`eeyn

(`)

z − f (1, 2) = f ′
x (1, 2) (x− 1) + f ′

y (y − 2)

z − f (1, 2) = 2 (x− 1) + 4 (y − 2)

f (1, 2) = 5

⇓

z − 5 = 2x− 2 + 4x− 8

z = 2x+ 4y − 5

:lnxepd xear

~N =
(
f ′
x (1, 2) , f

′
y (1, 2) ,−1

)
~N = (2, 4,−1)

(a)

z − f (0, 0) = f ′
x (0, 0) (x− 0) + f ′

y (0, 0) (y − 0)

z − 0 = 0

z = 0

~N =
(
f ′
x (0, 0) , f

′
y (0, 0) ,−1

)
= (0, 0,−1)
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zxyxyd llk
htyn

'petd h : Ω1 → R2 idze g : Ω2 → R2e f : Ω1 → Ω2 eidie Ω2 ∈ Rm ,Ω1 ∈ Rn eidi
.y0 = f (x0) ∈ Ω2 zniiwnd x0 ∈ Ω1 idz .h = g ◦ f :l"pd

dhx0 =e x0a dxifb h f` y0a dxifb g m`e x0a (zilia`ivpxtic)dxifb f m`
.dgy0 ◦ dfx0

htynd itl f` Jϕpa p .wpa ϕ 'pet ly ”Jacobi” zvixhn z` onqp m`

Jhx0 = Jgy0 · Jfx0

dnbec
t = xyz xear u =

(
sin t, t2

)
'petd ly o`iaewrid z`e zeiwlgd zexfbpd z` `vn

x, y, z mipzyn itl

oexzt

zxyxyd llk itl reci .u ◦ f d`ad dakxdd zywazn okle f (x, y, z) = xyz onqp
f ly zeiwlg zexfbp `vnp okl .f ly zxfbpd letk u zxfbpl deey u ◦ f ly zxfbpdy

ik xexa .ue

u′
t = (cos t, 2t)

f ′
x = yz, f ′

y = xz, f ′
z = xy

okle

Jf (x, y, z) =
(
yz zx xy

)
Jut =

(
cos t
2t

)
dakxdd ly o`iaewrid okle

Ju (x, y, z) = Ju · Jf =

(
cos t
2t

)(
yz zx xy

)
=

(
yz cos (xyz) zx cos (xyz) xy cos (xyz)
2 (xyz) (yz) 2 (xyz) (zx) 2 (xyz) (xy)

)
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zxyxyd llk ly ihxt dxwn
,y = y (t) ,x = x (t) eidie zetivx f ′

x, f
′
y, f

′
z zeiwlg zexfbp zlra u = f (x, y, z) idz

miiwzne
du

dt
zxfbpd zniiw f` .zexifb 'pet z = z (t)

du

dt
= f ′

x ·
dx

dt
+ f ′

y ·
dy

dt
+ f ′

z ·
dz

dt

dnbec

y = g (t) ,x = f (t) xy`k u = xy divwpetd ly
du

dt
eayg

oexzt

zxyxyd llk itl

du

dt
= u′x ·

dx

dt
+ u′y ·

dy

dt
= y · f ′ (t) + xg′ (t)

deab xcqn l`ivpxtic
htyn

ziwlgd dxifbd xcq f` ,(n xcq cr zetivx zeiwlg zexfbp zlra 'petd) f ∈ Cn idz
.dpyn `l f ly

f ′′
xy = f ′′

yx dnbecl

(l`ivpxtic)dxcbd
`ed a .wpa f ly r xcqn l`ivpxticd .f ∈ Cr idz

drfa (h) =
r∑

|α|=1

r!

α!
Dαf (a) · hα

.qwcpi`-ihlen αe xehwe h xear

dnbecl
f (x, y, z) = xyz xear .wp lka d2f z` eayg
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oexzt

(d2f eywia ik)ipye oey`x xcqn zexfbpd z` `vnp

f ′
x = yz ⇒ f ′′

xx = 0
f ′
y = xz ⇒ f ′′

yy = 0
f ′
z = xy ⇒ f ′′

zz = 0
⇒


f ′′
xy = f ′′

yz = z
f ′′
xz = f ′′

zx = y
f ′′
yz = f ′′

zy = x

f (x, y) 'pet xear 2 xcqn l`ivpxticd dxcbdd itly al miyp

df(a,b) (h1, h2, h3) = f ′′
xx (a, b) · h2

1 + 2f ′′
xy (a, b) · h1h2 + f ′′

yy (a, b)h
2
2+

+2f ′′
xy (a, b) · h1h3 + 2f ′′

zy (a, b)h2h3 + f ′′
zz (a, b)h

2
3

= 0 · h2
1 + 2zh1h2 + 2yh1h3 + 2xh2h3 + 0h2

2 + 0h2
3

xeliih zgqepl jxca
.xeliih zgqep ly mcwn lawp l`ivpxticd z` zxfbpd xcqa wlgp m` ik al eniy

!z`f d`xp

xeliih zgqep
cere ϕ0 .wpa xeliih xeh ly mekqk f z` bivdl ozip ϕ0 .wp ly f ∈ Cr+1 m`

.dphw zix`y
:`ed r xcq mr ϕ0 dcewp aiaq xeliih xeh

Pr (~x) =

r∑
i=0

1

i!
d(i)p0 (~x− p0)

i

dnbec
(0, 1, 2) dcewpd aiaq f (x, y, z) = x2 +3z2 − 2yz− 3z divwpetl xeliih xeh e`vn

oexzt

mepilet ytgp .cigi `ed xeliih xeh ik xekfp .(0, 1, 2) aiaq xeliih xeh miytgn
.(0, 1, 2) .wpd aiaq

x = a
y = b+ 1
z = c+ 2

⇐

 a = x− 0
b = y − 1
c = z − 2

:ze`ad zeavda xfrp ?z`f dyrp ji`

f (x, y, z) = a2+3 (c+ 2)−2 (b+ 1) (c+ 2)−3 (c+ 2) = a2+3c2−2bc+7c−4b+2
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= x2 + 3 (z − 2)
2 − 2 (y − 1) (z − 1) + 7 (z − 2)− 4 (y − 1) + 2

.yweand xehd edf ,xeliih xeh zecigin ,(0, 1, 2) .wpd aiaq l"pd mepiletd ik xexa
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