
zipy dkn qeipiaext

(modi�ed Bessel equation) "zn`zend" lqa z`eeyn

:`id ν xcqn zn`zend lqa z`eeyn

x2y′′ + xy′ −
(
x2 + ν2

)
y = 0

:xeztl dqpp .(reaw ν)
:zilnxep dxevl `iap lk mcew

y′′ +
1

x
y′ −

(
1 +

ν2

x2

)
y = 0

:zeleaba opeazp .zixlebpiq dcewp x = 0

lim
x→0

x ·
1

x
= 1

lim
x→0

x2 ·

[
−

(
1 +

ν2

x2

)]
= −ν2

.zixlebpiq zixlebx dcewp 0 okle miniiw zeleabd
:dpzyn silgp .∞a avnd dn wecap

z :=
1

x
⇒

d

dx
=

dz

dx
·
d

dz
= −

1

x2

d

dz
= −z2

d

dz(
x =

1

z

)

d2

dx2
=

(
d

dx

)2

= −z2
d

dz

(
−z2

d

dz

)
= −z2

(
2z

d

dz
− z2

d2

dz2

)
= z4

d2

dz2
+ 2z2

d

dz

:`id x"cnd(
1

z

)2 [
z4

d2

dz2
+ 2z3

d

dz

]
y +

1

z

(
−z2

d

dz

)
y −

(
1

z2
+ ν2

)
y = 0

z2
d2y

dz2
+ z ·

dy

dz
−

(
1

z2
+ ν2

)
y = 0

z → 0 ⇔ x → ∞y al miyp
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:zilnxepd dxeva z → 0 xy`k zebdpzd wecap

d2y

dz2
+

1

z

dy

dz
−

(
1

z4
+

ν2

z2

)
y = 0

lim
z→0

z ·
1

z
= 1

√

lim
z→0

z2 ·

[
−

(
1

z4
+

ν2

z2

)]
= NaN

.zixlebpiq zixlebx `l dcewp ∞⇐
0 a zixlebpiq zixlebxd dcewpd aiaq qeipiaext zhiya oexzt ytgp

⇒ y =
∞∑

n=0

anx
n+α; a0 6= 0

y′ =
∞∑

n=0

(n+ α) anx
n+α−1

y′′ =
∞∑

n=0

(n+ α− 1) (n+ α) anx
n+α−2

∞∑
n=0

(n+ α− 1) (n+ α) anx
n+α+

∞∑
n=0

(n+ α) anx
n+α−

∞∑
n=0

anx
n+α+2−

∞∑
n=0

ν2anx
n+α = 0

:zvw xcqp okle ,α+ 2 `id mixehd lkl zilnipind ztzeynd dwfgd

(α− 1)αa0x
α + α (α+ 1) a1x

α+1

+
∞∑

n=2
(n+ α− 1) (n+ α) anx

n+α

+

αa0x
α + (α+ 1) a1x

α+1 +
∞∑

n=2
(n+ α) anx

n+α

−
∞∑

n=0
anx

n+α+2 − ν2a0x
α − ν2a1x

α+1 −
∞∑

n=2
ν2anx

n+α


= 0
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[
(α− 1)α+ α− ν2

]
a0x

α

+[
α (α+ 1) + (α+ 1)− ν2

]
a1x

α+1

+
∞∑

n=0
(n+ α+ 2) an+2x

n+α+2

−
∞∑

n=0
anx

n+α+2

−
∞∑

n=0
ν2an+2x

n+α+2



= 0

 (
α2 − ν2

)
a0x

α +
(
α2 + 2α+ 1− ν2

)
a1x

α+1

+∑∞
n=0

{[
(n+ α+ 1) (n+ α+ 2) + (n+ α+ 2)− ν2

]
an+2 − an

}
xn+α+2

 = 0

:a0 6= 0a welig xg`l :x2 ly mcwn •

α2 − ν2 = 0

α1,2 = ±ν

xα+1 ly mcwn •(
α2 − ν2 + 2α+ 1

)
a1 = 0

(2α+ 1) a1 = 0

a1 = 0 if` α 6= −
1

2
m`

:mincwnd x`y

(n+ α+ 2 + ν) (n+ α+ 2− ν) an+2 − an = 0, n = 0, 1, 2, ...

:Mupada heyit xg`l

an+2 =
an

(n+ α+ 2 + ν) (n+ α+ 2− ν)

:α = ν xear

an+2 =
an

(n+ 2) (n+ 2 + 2ν)
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:min aivp

n = 0 a2 =
a0

2 (2 + 2ν)
=

a0

22 (1 + ν)

n = 1 a3 =
a1

???
= 0

n = 2 a4 =
a2

4 (4 + 2ν)
=

a2

23 (2 + v)
=

a0

24 · 2! (1 + ν) (2 + ν)

n = 3 a5 =
a3

???
= 0

...

n = 2p a2p =
a0

22p · p!
∏p

j=1 (ν + j)
=

a0

22p · p!
Γ (p+ 1 + ν)

Γ (1 + ν)

= 2ν · Γ (1 + ν) · a0︸ ︷︷ ︸
A0

·
1

22p+ν · p!Γ (1 + p+ ν)
= A0

1

22p+ν · p!Γ (1 + p+ ν)

n = 2p+ 1 a2p+1 = 0

:oexzt eplaiw

y1 =

∞∑
n=0

anx
n+α =

∞∑
n=0

anx
n+ν =

∞∑
p=0

a2px
2p+ν = A0·

∞∑
p=0

1

p!Γ (p+ ν + 1)
·

(
x

2

)2p+ν

(modi�ed)zn`zend lqa ziivwpet z` lawp ,1 zeidl A0 iytegd reawd z` gwip m`
ν xcqn oey`xd beqdn

Iν (x) :=
∞∑
p=0

1

p!Γ (p+ ν + 1)

(
x

2

)2p+ν

(zileaxtidd lqa ziivwpet mb z`xwp)
.oexzt I−ν (x) mby lawle dnec zeayg zeyrl ozip

okle zn`zend lqa z`eeyn ly l"za zepexzt ipy Iν , I−ν mly epi` ν m` •
:illkd dpexzt

y = C1Iν (x) + C2I−ν (x)
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lthl ick .ipy oexzt xqge l"z md okle (libxz)I−ν = Iν ,tmly ν m` j` •
:ipyd beqdn zn`zend lqa ziivwpet z` mixicbn ef diraa

Kν (x) :=
π

2

I−ν (x)− Iν (x)

sin (νπ)

.ν → m xy`k leabk dxcbdd z` yxtl yi mly ν = m m`
dpexzty jk ,ν xcqn zn`zend lqa z`eeyn ly l"za zepexzt ipy Iν ,Kν

:`ed illkd

y = C1Iν (x) + C2K2 (x)

libxz zz

d`eeynd z` xezt

x2y′′ + xy′ −
(
x2 − ν2

)
y = 0

illkd iynnd oexztd z` `vn

oexzt

:`ed illkd dpexzt okle iν xcqn zn`zend lqa z`eeyn idef

y = C1Iiν (x) + C2I−iν (x)

.l"za I±iν okle ,ν > 0 ik mly iνy yyg oi`
(y = y):iynn oexzt dvxp

y = C1Iiν (x) + C2I−iν (x) = C1 · Iiν (x) + C2 · I−iν (x)

= C1I−iν (x) + C2Iiν (x)
!
= C2I−iν (x) + C1Iiν (x)

C2 =⇐C1 = A+Bi gwip .dfl df micenv C1, C2 (mincwn d`eeyd i"r)mikixv
A−Bi

⇒ y = (A+Bi) Iiν (x) + (A−Bi) I−iν (x) =

= A (Iiν (x) + I−iν (x)) +Bi (Iiν (x)− I−iν (x)) =

= A · 2Re (Iiν (x)) +Bi (2iIm (Iiν (x))) =

= D1Re (Iiν (x)) +D2Im (Iiν (x))
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libxz

ly dxevd z` x`ze cg` oexzt `evnl qeipiaext zhiya xfrd d`ad d`eeynl
:illkd oexztd

x2y′′ + 3xy′ + (1− x) y = 0

oexzt

(!ewca)zixlebpiq zixlebx dcewp x = 0

y =
∞∑

n=0
anx

n+α a0 6= 0 dxeva oexzt ytgp

y′ =

∞∑
n=0

(n+ α) anx
n+α−1

y′′ =
∞∑

n=0

(n+ α− 1) (n+ α)xn+α−2

x"cna aivp

...

(
α2 + 2α+ 1

)
a0x

α+
∞∑

n=0

{[(n+ α) (n+ α+ 1) + 3 (n+ α+ 1) + 1] an+1 − an}xn+α+1 = 0

:mincwnd x`y

[(n+ α) (n+ α+ 1) + 3 (n+ α+ 1) + 1] an+1 − an = 0

:lawpe α = −1 aivp

an+1 =
an

(n+ 1)
2 n = 0, 1, 2, ...

a1 =
a0

12

a2 =
a1

22
=

a0

12 · 22

a3 =
a2

32
=

a0

122232
=

a0

(1 · 2 · 3)2

...

an =
a0

n!2
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ihxt oexzt lawl ick k"da a0 = 1 gwip

y1 =

∞∑
n=0

anx
n+α =

∞∑
n=0

1

n!2
xn−1

:xiyi oexzt `evnl xyt` dfd dxwna la` ,daeg `l

=
1

x

∞∑
n=0

xn

n!2
=

1

x

∞∑
n=0

1

n!2

(
2
√
x

2

)2n

=
1

x
I0
(
2
√
x
)

:dxev lawn ipyd oexztd d`vxda cnlpy itk okle midf d`eeynd ly miyxeyd

y2 (x) = y1 (x) · log (x) + x−1
∞∑

n=0

bnx
n

7


