
7 d`vxd - mitxbd zxez2011 xanv
a 11 dx
bd - driav.irah 'qn k ,sxb G idi:'wpet `id mi
w
w ly driav-k
f : V (G) → {1, 2, ..., k},f (u) 6= f (v) miiwzn u, v ∈ V ,(u, v) ∈ E mipky mi
w
w bef lkl m` dxyk `id driav-ky xn`p.mipey mipky mi
w
w ly mirav xnelkdxrd.miheyt k"da mitxbd (mi
w
w zriav) df jxradx
bd,dxyk driav-k Gl yi exear k xzeia ohwd 'qnd `ed (G ly ihnexkd 'qnd) G sxb ly driavd 'qn.χ (G) onqpezeiqiqa zepekz1 dprh.wix G ⇐⇒ χ (G) = 12 dprh.n x
qn G idi.χ (G) = n ⇐⇒ `ln G ∼= Kn3 dprh.χ (T ) = 2 f` ,2 ≤ x
qn ur T ididgked.wix `l T ik χ (T ) ≥ 2 ,ziy`x.d`ld jke 1a mdipky z` ,2a eipky z` ,1a edylk 
w
w ravp - miwitqn mirav ipyy d`xp.(mieqn 
w
wl zxzeq driav xveeiz `l) jk reavl dira oi` milbrn oi`y oeeiknibef wgxnd m` - vn ely wgxnd zeibef itl ura u 
w
w lk ravp ,v ∈ V (T ) idi ,zexg` milina.2a ravp ibef i` wgxnd m`e 1a ravp4 dprh:n ≥ 3 xear
χ (Cn) =

{

2 n is even

3 n is odd

1



5 dprhf` G ly sxb zz He sxb G idi
χ (H) ≤ χ (G) dgkedmb dxyk driavd ,H i
w
wl driavd dze` z` mvnvp ,Gl dxyk driav-k yi f` χ (G) = k m`.Hl6 dpwqn.χ (G) > 2 f` ibef i` jxe`n lbrn Ga yi m`dx
bd.χ (G) ≤ 2 m` riav-e
 `ed G sxb7 dprh.ibef i` jxe`n lbrn oi` Ga ⇐⇒ riav-e
 Gdgked.riav e
 epi` G ,6 dpwqn itl f` ibef i` jxe`n lbrn Ga yi m`.(
xtpa zexiyw aikx lk ravp ,zxg`) xiyw Gy k"da gipp f` ibef i` jxe`n lbrn Ga oi` m`.ibef i` vn ely wgxnd m` 2e ibef vn ely wgxnd m` 1a Ga u 
w
w ravp .Ga edylk 
w
w v idixfr zprh.dxyk efd driavdxfr zprh zgked.deey vn mdly wgxnd zeibefy mipky mi
w
w ipy yi ,zxg`lbrnd z` gwip ,u1, u2 md l"pd mi
w
wd ipy m` if`
u1...v...u2u1lawp u2u1 rlvd z` mitiqen m`e ibef vl u2 oiae vl u1 oia miwgxnd mekqy oeeik ibef i` lbrn dfe.ibef i` lbrndx
bd

(u, v) ∈ E ⇒
(

u ∈ V 1 ∧ v ∈ V 2
)

∨e V = V 1 ⊔ V 2 m` (v"e
) i

v e
 `ed G = (V, E) sxb
(

u ∈ V 2 ∧ v ∈ V 1
)dx
bdmiiwzne V (G) = V 1 ⊔ V 2 m` `ln v"e
 `ed G sxb

(u, v) ∈ E ⇐⇒ u ∈ V 1 ∧ v ∈ V 2 dprh.riav e
 `ed ⇐⇒ i

v e
 `ed sxb
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dgked.dxyk driav efe 2a V 2 i
w
w z`e 1a V 1 i
w
w z` ravp .V 1, V 2 ei

ve i

v e
 G m`2a mireavy mi
w
we V 1a eidi 1a mireavy mi
w
w .dxyk driav-2a eze` ravp ,riav e
 G m`.V 2a eididira?χ (G) edn .oezp sxb G idid
aer.χ (G) ≤ 2 m` we
al lekiy heyt mzixebl` yi.χ (G)l dxiaq dkxrd zzl lekiy liri mzixebl` oi`(ihxt dxwn) qwexa htynmiiwzn G iteq heyt sxb lkl
χ (G) ≤ ∆(G) + 1

χ (G) = ∆ (G) + 1 oda ze`nbe
ibef i` n xear Cn .1.Kn .2.χ (Kn, n) = 2 j` ∆(Kn, n) = ny lawp Kn, na(htynl) dgked.G = K1 okl heyt G ,1l deey G x
q m` .sxbd x
q lr divwe
pi`a.swz htynd okl χ (K1) = 1e ∆(K1) = 0.nn ohw x
qn heyt sxb lk xear zepekp gipp.n x
qn heyt sxb G idi:divwe
pi`d zgpd itl .v ∈ V (G) idi
χ (G\v) ≤ ∆(G\v) + 1 ≤ ∆(G) + 1.dxyk driava mirav ∆(G) + 1a G\v z` ravplv` riten `ly rav yi okl ,mirav ∆(G) + 1 yie ,mipky ∆(G) xzeid lkl vl yi .v z` reavl xzep.dxyk driav lawpe ,dfd rava v z` ravp .miravd 'qnn ohw mxtqn ik ely mipkyddiraszeyn leab odl yi = zepky) rav eze`a zereavd zepky zepi
n oi`y jk mirava zipi
n dtn rav.(iaeig jxe` lradl`y.oe
pel 'pe`a b"bl hp
ehq l`yy dl`y ef ?mirav 4-a zipi
n dtn lk reavl ozip m`d.qpka iliiw i"r dirad dbved dpy 20-k xearkd
aer:d`ad diral dlewy diraddira?χ (G) ≤ 4 m`d .ixeyin sxb G idi3



miravd 4 zxryd.χ (G) ≤ 4 miiwzn G ixeyin sxb lkl.ow`d-lt` i"r 1976 zpya gked htynd1 htyn.χ (G) ≤ 6 miiwzn G iteq ixeyin sxb lkldgkeddnl.δ (G) ≤ 5 ,G heyt iteq ixeyin sxb lkldnld zgked.
xtpa zexiyw aikx lkl qgiizp zxg` ,xiyw Gy k"da gipp.m ≤ 3n− 6 miiwzny xary xeriya ep`xd .zerlv m mr n ≥ 3 x
qn xiyw heyt ixeyin sxb G idif` δ (G) ≥ 6 m`
m =

1

2

∑

v∈V

d (v) ≥
1

2
n · δ (G)

≥
1

2
n · 6 = 3n.dpekp dnld okl ,m
ewd xeriya ep`xdy dnl dxizq efe.sxbd x
q lr divwe
pi`a htynd z` gikep zrk.xg` rava 
w
w lk ravp ik ,epniiq 6 ≥ sxbd x
q m`.n > x
qn ixeyin sxb lk xear zepekp gipp.n x
qn heyt ixeyin sxb G idi:divwe
pi`d zgpd itl .zilnipin dbx
n Ga 
w
w v idi
χ (G\v) ≤ 6,v ipkya riten `ly rav yi okl ,mipky 5 xzeid lkl yi vl .dxyk driav mirav 6a G\v z` ravp.dxyk driav-6 lawp jke ,v z` ravp eae2 htynmiiwzn G heyt iteq ixeyin sxb lkl
χ (G) ≤ 5 zixehqid dxrd,Heawood i"r dpweze zirhen dziid dgkedd .miravd 4 htyn z` 19d d`nd seqa giked dtnw.miravd 5 htyn z` gikedydgked.G x
q lr divwe
pi`a gikepsxb lk xear htynd zepekp gipp .
xtp rava 
w
w lk ,mirav 5-a eze` reavl ozip 5 ≥ G x
q m`.n ≥ x
qn heyt ixeyin.δ (G) ≤ 5 ,dnld itl .n x
qn heyt ixeyin sxb G idi.5 ≥ dbx
n Ga 
w
w v idiriten `ly rava eze` ravp v z` siqepyke mirav 5a G\v z` ravp ik ,epniiq f` 5 >v zbx
 m`.eipkya.(divwe
pi`d zgpd itl ixyt`) mirav 5a G\v z` ravp .5 wei
a `id v zbx
y gipplkl mirav 4a epynzyd ik epniiq ,rav eze`a mireavy mi
w
w ipy yi m` .v ipky irava opeazp4



.dxyk driav-5 lawpe v z` ravp eae v ly mipkyd lv` riten `ly rav yi okle mipkya xzeid.G\v ly dxykd driav-5a mipey mirav 5a mireav v ipkyy gipp okl.ia reav zie i = 1, ..., 5 xear zi md v ipky ,k"da.xeyina G ly ze`p oekiyl qgiizp .ixeyin G ,ok lr xzi:jk d`xp eipkye v ly inewnd xeivd k"da
v

z 1 z 2 z 3 z 4 z 5.vn zerlvd z`ivi x
q it lr z5l z1n iaeig ihnzn oeeika mix
eqn zi xnelk.(v ipky oia zerlv yiy okzii):jk G\v ly Hij sxb zz xi
bp 1 ≤ i < j ≤ 5 lkl.ja e` ia mireavd G\va mi
w
wd lk i"r dxyend sxbd zz `ed Hij.zeiexyt` izy yi zrk:'` dxwn
1a mireavd mi
w
w ly dliqn oi` ,zexg` milina .H13a zexiyw aikx eze`a mi`vnp `l z3e z1.z3l z1n 3aemi
w
we 3a eravii 1a mireavd mi
w
w - H13a z1 ly zexiywd aikxa driavd z` dpyp ,df dxwna.1a eravii 3a mireavd.ravd eze`a mireavd mipky mi
w
w ipy mixvep `l ik ,G\v ly dxyk driav-5 `id lawpy driavd.epniiqe 1a v z` reavl lkep okl ,3 ravd eze`a mireavy v ly mipky ipy yi ,zrk:'a dxwn.H13a dliqn mdipia yi f` ,H13 ly zexiyw aikx eze`a mi`vnp z3e z1.zeiexyt` izy yi dt mbe ,H24a opeazp df dxwna:1 'a dxwn.'` dxwn enk xa
d eze` z` miyer ,H24a zexiyw aikx eze`a mi`vnp `l z4e z2:2 'a dxwn.H24a dliqn mdipia yi f` ,H24a zexiyw aikx eze`a mi`vnp z4e z2.H13a zexiyw aikx eze`a mi`vnp z3e z1 mby epgpdy al miyp.z4l z2 oia H24a dliqn yie z3l z1 oia H13a dliqn yi if`:lbrn zxvei v mr z3l z1n dliqnd - al miyp

v

z 1 z 2

z 3

z 4 z 5.l"pd lbrnd z` jezgl zaiig z4l z2n dliqn okl ,el dvegn 
g`e lbrnd jeza mdn g` - z4e z2z` zkzeg dliqnd okl ,il`ieeixh `l zerlv jezig oi` okl ,ixeyin sxb ly ze`p oekiya xae
n la`.
w
wa lbrnd.H24a `edy jkl dxiza reav epi`y ixd ,v `ed 
w
wd m`miiwzdl leki `l 2 'a dxwn ,okl .H24a `edy jkl dxizqa 3a e` 1a reav `ed f` H13a 
w
wd m`.llka.oekp htynd ,k"dq okl
5


