
5 d`vxd - x"
n2011 hqebe`a 16 xlie` z`eeyn
xny(n) + a1x

n−1y(n−1) + ...+ any =

{

0
f (x).a1, ..., an = const ∈ R xy`k:aivp

x =

{

et x > 0

−et x < 0 :2 x
qn d`eeyn epl yie gipp
a0x

2y
′′

+ a1xy
′

+ a2y =

{

0
f (x):davdd z` rvape x > 0 dxwnd lr lkzqp

x = et, t = lnx

y
′

=
dy

dx
=

dy

dt

dt

dx
=

1

x

dy

dt
= e−t dy

dt

y
′′

=
d

dx

dy

dx
=

d

dt

(

e−t dy

dt

)

dt

dx

=

[

−e−t dy

dt
+ e−t d

2y

dt2

]

· e−t :lawpe d`eeyna aivp
a0e

2t

[

−e−t dy

dt
+ e−t d

2y

dt2

]

· e−t + a1e
t · e−t dy

dt
+ a2y =

{

0
g (t)

−a0
dy

dt
+ a0

d2y

dt2
+ a1

dy

dt
+ a2y =

{

0
g (t)

a0
d2y

dt
+ (a1 − a0)

dy

dt
+ a2y =

{

0
g (t)
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mepiletd z` mixzety r1, r2 z` mi`ven ,xeztl mir
ei epgp` ,zipebened d`eeynd m`.ipiite`d:aivpe r1 6= r2 gipp
y = c1e

r1t + c2e
r2t :lawpe t = lnx dxfga aivp

y = c1x
r1 + c2x

r2 :lawp r1 = r2 m`
y = c1e

r1t + c2te
r2t

y = c1x
r1 + c2 ln (x) · x

r1dxevdn oexzt miygpn xlie` z`eeyn milawn m` ,okl
y = xr(y = −xr aivp f` x < 0 lr milkzqn m`) .miaivne

a0x
2y

′′

+ a1xy
′

+ a2y = 0

a0x
2r (r − 1)xr−2 + a1x · rxr−1 + a2x

r = 0

[a0r (r − 1) + a1r + a2]x
r = 0

a0r (r − 1) + a1r + a2 = 0z` `vnpe dze` xeztp .zil`ivi
pi` d`eeyn z`xwp eplaiwy dpexg`d d`eeynd.mini`znd mird`ed oexztdy lawp mipey miyxeyd lk m`
y =

n
∑

i=1

cix
ri:oexztd z` lawp (rj yxey xear) mj ieaix mr mixfeg miyxey ℓ xear

y =
ℓ

∑

j=1

mj
∑

i=1

cij (lnx)
i−1 xrj:r = α± iβ mipey miakexn miyxey xear

y = c1x
α cos (lnβx) + c2x

α sin (lnβx)mixfeg miakexn miyxey xear
y =

m
∑

i=1

[

c1ix
α (ln x)

i−1
cos (lnβx) + c2ix

α (lnx)
i−1

sin (lnβx)
]

2



dnbe

x3y

′′′

− x2y
′′

+ 2xy
′

− 2y = 0 :aivp
y = xr

y
′

= rxr−1

y
′′

= r (r − 1)xr−2

y
′′′

= r (r − 1) (r − 2)xr−3 :lawp
r (r − 1) (r − 2)− r (r − 1) + 2r − 2 = 0

r (r − 1) (r − 2)− (r − 2) (r − 1) = 0

(r − 1) (r − 1) (r − 2) = 0:`ed zipbenedd d`eeynd ly oexztde ,1 ieaixa 2e 2 ieaixa 1 md miyxeyd okl
y = c1x+ c2x ln x+ c3x

2millk - ipbened `l dxwndxevdn d`eeyn yi m`
a0x

ny(n) + ...+ any = xα .(reaw α):ygpp zil`ivi
pi`d d`eeynd ly yxey `l α m`
y = Axα .A xear xeztpe:aivp f` zil`ivi
pi` d`eeynd ly m ieaixa yxey α m`

y = A (lnx)
m
xα :dxevdn d`eeyn yi m`

a0x
ny(n) + ...+ any = Pℓ (lnx) x

α.lnx ly ℓ dbx
n mepilet Pℓ (lnx) xy`kaivp zil`ivi
pi`d d`eeynd ly yxey `lα m`
y = Qℓ (lnx)x

α.min
wnd z` `vnpe ,mire
i `l min
wn mr ℓ dbx
n mepilet Qℓ xy`k:aivp m ieaixa yxey α m`
y = (lnx)

m
Qℓ (ln x)x

α
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zewfg ixeh i"r x"
n ly divxbhpi`dnbe

dy

dx
− 2xy = 0 aivp

y =
∑

aix
i = a0 + a1x+ ...

y
′

= a1 + 2a2x+ ... =
∑

iaix
i−1 d`eeyna aivp

a1 + 2a2x+ ...− 2x
(

a0 + a1x+ a2x
2
)

= 0

a1 + (2a2 − 2a0)x+ (3a3 − 2a1)x
2 + ... = 0.0l zizedf deey m
wn lk okl 0l zizedf deey df

a1 = 0

2a2 − 2a0 = 0

3a3 − 2a1 = 0

4a4 − 2a2 = 0 :lawp o`kn
a1 = 0

a2 = a0

a3 = 0

a4 =
1

2
a2 =

1

2
a0`ed oexztdy lawp ,a0 = c aezkp

y = c

(

1 + x2 +
1

2
x4 + ...

) onqp
y =

∞
∑

k=0

akx
k

y
′

=

∞
∑

k=0

kakx
k−1

4



:d`eeyna aivp
∞
∑

k=1

kakx
k−1 = 2x

∞
∑

k=0

akx
k

∞
∑

ℓ=0

(ℓ+ 1) aℓ+1x
ℓ = 2

∞
∑

k=0

akx
k+1

∞
∑

ℓ=0

(ℓ+ 1) aℓ+1x
ℓ = 2

∞
∑

m=1

am−1x
m

a1 +
∞
∑

ℓ=1

(ℓ+ 1) aℓ+1x
ℓ =

∞
∑

m=1

2am−1x
m :lawp f`

a1 = 0

(ℓ+ 1)aℓ+1 = 2aℓ−1

aℓ+1 =
2aℓ−1

ℓ+ 1

an =
2an−2

n

an =
2

n
2

n!!
a0 (when n is even)

=
a0
(

n
2

)

! xy`k
n!! =

{

n (n− 2) (n− 4) · ... · 4 · 2 n is even

n (n− 2) (n− 4) · ... · 3 · 1 n is odd:diqxewx z`eeyn oexzt i"r `ed oexg` iptld xarnd
an

an−2
=

2

n

an−2

an−4
=

2

n− 2

...
a2
a0

=
2

2 :lawpe lkd z` litkp
an

an−2
·
an−2

an−4
· ... ·

a4
a2

·
a2
a0

=
∏

k < n
k is even

2

k

an
a0

=
2

n
2

n!!
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:`ed illkd xehd okl
y = a0

∞
∑

k=0

x2k

k!
= a0e

x2 dprh:dxevdn x"
n dpezp
y(n) + p1 (x) y

(n−1) + ...+ pn (x) y = f (x).x0 ∈ (a, b) idie (a, b) rhwa zetivx f (x) ,pk (x) xy`kxehl gztp f (x)e |x− x0| < ρk megza zewfg ixehl migztp pk min
wnd lk m`zewfg xehl gztpy x"
nd ly y (x) oexzt miiw if` |x− x0| < ρn+1 megza zewfgmegza zegtl qpkzn
|x− x0| < ρ = min

k=1...n+1
{ρk} dnbe


y
′′

=
(

1 + x2
)

y + sinx

y =

∞
∑

k=0

akx
k

y
′

=

∞
∑

k=1

kakx
k−1

y
′′

=

∞
∑

k=2

k (k − 1)akx
k−2 :lawpe aivp

∞
∑

k=2

k (k − 1) akx
k−2 =

(

1 + x2
)

∞
∑

k−0

akx
k + sinx

∞
∑

k=2

k (k − 1)akx
k−2 =

∞
∑

k=0

akx
k +

∞
∑

k=0

akx
k+2 + sinx

∞
∑

ℓ=0

(ℓ+ 2) (ℓ+ 1) aℓ+2x
ℓ =

∞
∑

k=0

akx
k +

∞
∑

m=2

am+2x
m +

∑

k is odd

(−1)
k−1

2

(

k−1
2

)

!
xk

(ℓ+ 2) (ℓ+ 1)aℓ+2 = aℓ + aℓ−2 +
(−1)

k−1

2

k!
(k is odd, ℓ ≥ 2).dt xevrp ,diqxewx ze`gqep dl`
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zeixlebpiq 'wp beeiq
a0 (x) y

′′

+ a1 (x) y
′

+ a2 (x) y = 0

y
′′

+
a1 (x)

a0 (x)
y

′

+
a2 (x)

a0 (x)
y = 0!dira epl yi if` ,zeixlebpiq z
ewp yix0a m`:(x− x0)

2a litkp
(x− x0)

2
y

′′

+
a1 (x)

a0 (x)
(x− x0)

2
y

′

+
a2 (x)

a0 (x)
(x− x0)

2
y = 0:zeleabd miniiw gipp

L1 = lim
x→x0

(

(x− x0) ·
a1 (x)

a0 (x)

)

L2 = lim
x→x0

(

(x− x0)
2 a2 (x)

a0 (x)

) :lawp x0 zaxwa f`
(x− x0)

2 y
′′

+ (L+ o (1)) (x− x0) y
′

+ (L2 + o (1)) y = 0zaiaqa oexzt dfe
(x− x0)

r xy`k
g (x) = o (f (x)) ⇐⇒ lim

x→x0

g (x)

f (x)
= 0

Frobenius qeipiaext xeh
y = xr

∞
∑

k=0

akx
k =

∞
∑

k=0

akx
k+r.zixlebx-zixlebpiq z`xwp x0 'wpd f` L1, L2 zeleabd miniiw m`.min
wnde r xear mixzete qeipiaext xeh zxeva oexzt miaivn.(x0 aiaq xeh aivp 0 `le x0 zaiaqa df m`)dnbe


3xy
′′

+ (2− x) y
′

− y = 0

y
′′

+
2− x

3x
y

′

−
1

3x
y = 0
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lim
x→0

(

x ·
2− x

3x

)

=
2

3

lim
x→0

(

x2 ·

(

−
1

3x

))

= 0 :x2a d`eeynd z` litkp
x2y

′′

+
2− x

3
· xy

′

−
x

3
y = 0:zil`ivi
pi`d d`eeynd z` aezkp

r (r − 1) +
2

3
r = 0

r2 − r +
2

3
r = 0

r2 −
r

3
= 0

r = 0,
1

3 :dxevdn `ed oexztd f`
y = x0

∞
∑

k=0

akx
k + x

1

3

∞
∑

k=0

bkx
k.libx zewfg xeh `vi oey`xd xehd ik ,ipyd xehd z` wx gztp

y =
∞
∑

k=0

bkx
k+ 1

3

y
′

=

∞
∑

k=0

bk

(

k +
1

3

)

xk− 2

3

y
′′

=

∞
∑

k=0

bk

(

k +
1

3

)(

k −
2

3

)

xk− 5

3
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:zixewnd d`eeyna aivp
3x

∞
∑

k=0

bk

(

k +
1

3

)(

k −
2

3

)

xk− 5

3 + (2− x)

∞
∑

k=0

bk

(

k +
1

3

)

xk− 2

3

−

∞
∑

k=0

bkx
k+ 1

3 = 0

∞
∑

k=0

3bk

(

k +
1

3

)(

k −
2

3

)

xk− 2

3 +
∞
∑

k=0

2bk

(

k +
1

3

)

xk− 2

3

−

∞
∑

k=0

bk

(

k +
1

3

)

xk+ 1

3

−
∞
∑

k=0

bkx
k+ 1

3 = 0

∞
∑

k=0

bk

(

3

(

k −
2

3

)

+ 2

)(

k +
1

3

)

xk− 2

3 −

∞
∑

ℓ=1

bℓ−1

(

1 + (ℓ− 1) +
1

3

)

= 0

bk
bk−1

=

(

k + 1
3

)

3k
(

k + 1
3

) =
1

3k

bk = b0 ·
1

3k · k!lawpy gipp ,xg` dwna
r =

1

2
,
5

2 f`
y = x

1

2

∑

akx
k + x

5

2

∑

bkx
k:i`pza `ed epxn`y dn lk

r1 − r2 /∈ Z :f` r1 − r2 ∈ Z m`
y1 = xr1

∑

akx
k

y2 = y1 (x) · lnx+ xr2
∑

bkx
k .r1 ≥ r2 xy`k
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