
(Z)mixtqnd zxez zvw)libxz
d | gcd (a, b) if` a, b ly szeyn wlgn `ed d m` .1

lcm (a, b) | m if` a, b ly ztzeyn dletk `ed m m` .2

oexzt

gcd (a, b) =y jk minly u, v miniiwy (gcdd htyn)oey`xd libxza epi`x .1
d | gcd (a, b)⇐ au+ bv

m = lcm (a, b) q + r minly q, r miniiw :zix`y mrlcm (a, b)a m z` wlgp .2

0 ≤ r < |lcm (a, b)|

r = m− lcm (a, b) q

dxizq if` r 6= 0 m` .ztzeyn dletk `ed r xnelk ,a, ba wlgzn r okl
.zniiwzn dprhd okle r = 0 okl .lcm (a, b) ly zeilnipinl

dxcbd

m` ,H ≤ G onqpe ,G ly dxeag zz Hy xn`p
(G, ∗G, eG)
(H, ∗H , eH)

zexeag izy ozpda

:miniiwzn

(G ly dveaw zz H)H ⊆ G .`

a ∗H b = a ∗G b miiwzn a, b ∈ H lkl .a

dprh

:eH = eGy al miyp
h ∈ H idi

h ∗G eH = h ∗H eH = h

l`nyn h−1a litkp

eH = eG ∗G eH =
(
h−1 ∗G h

)
∗G eH =

(
h−1 ∗G h

)
= eG

?dxeag zz G

zeneiqwd z` zniiwn H m`d wecal jixve G ly H dveaw zz dpezp •
∗G zgz dxeagd

zn`ez dlertdye dipya zlken zg` m`d miwceae zexeag izy zepezp •
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ze`nbec
(Z,+, 0) ≤ (Q,+, 0) ≤ (R,+, 0) .1

zniiwzn `l okl 1+1 ≡ 2 (mod8) /∈ {0, 1} !`l ?{0, 1} ≤ Z8 m`d .(Z8,+, 0) .2
.zexibq

`l 1 .iktdd xai`d zneiqw` zniiwzn `l !`l ?(N,+, 0) ≤ (Z,+, 0) m`d .3
−1 /∈ N ik jitd

.wecale zeneiqw`d lr xearl ozip .ok ?{0, 4} ≤ Z8 .4
k ≤ G ⇐ H ≤ G mbe K ≤ H :dprh

Zn � Z dnec dxeva .
1 + 2 = 0 (mod3)
1 + 2 ≡ 3 (mod6)

:zxg` dlertd !`l ?Z3 ≤ Z6 .5

:dcigid lbrn .(C∗, ·, 1) .6

S1 := {z ∈ C∗||z| = 1} ≤ C∗

.C∗a mind dcigid iyxey Ωn :
{
z ∈ S1

∣∣zn = 1
}

Ωn ≤ S1 ≤ C∗

−1 ∈ Ω2

−i, i ∈ Ω4

cis (x) · cis (y) = :zedf zniiw .cisx = cosx+ i sinx dbvd zniiw z ∈ S1 lkl
.zexibq ⇐ cis (x+ y)

|cisx| = cos2 x+ sin2 x = 1

:Ωna zexibq d`xp

a, b ∈ Ωn ⇒ an = bn = 1

(ab)
n
= anbn = 1 · 1 = 1

⇒ ab ∈ Ωn

:dcigi xai`

1 ∈ Ωn
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(1n = 1 ik)n lkl
C∗n zraep :'veq`

an = 1 if` a ∈ Ωn m` :iktd(
a−1

)n
= (an)

−1
= 1−1 = 1

.a−1 ∈ Ωn okle

:I jxcd xeviw htyn
:m` wxe m` H ≤ G if` .∅ 6= H ⊆ G idz

(zexibq)∀a, b ∈ H a ∗G b ∈ H .`

(Ga a ly iktdd)∀a ∈ H a−1 ∈ H .a

:II jxcd xeviw htyn
∀a, b ∈ H a ∗G b−1 ∈ H m` wxe m` H ≤ G if` ,∅ 6= H ⊆ G idz

libxz
n ≥ 0 xy`k nZ dxevdn od (Z,+, 0) ly zecigid zexeag zzdy e`xd

zexrd

nZ = {nk|k ∈ Z} = {...,−2n,−n, 0, n, 2n, 3n, ...}
dnbecl .na miwlgzny minlyd mixtqnd lk xnelk

2Z = {...,−4,−2, 0, 2, 4, 6, ...}

0Z = {0} lawp n = 0yk :dibelepinxh
G = {e}
dxeagd z`xwp

.zil`ieixhd−nZ = nZ

libxz oexzt

:miwlg ipy

:II jxc xeviwa ynzyp .0 ≤ n lkl nZ ≤ Z .`

0, n ∈ nZ ⇒ nZ 6= ∅

:a− b ∈ nZ gikedl jixv ,a, b ∈ nZ eidi

a, b ∈ nZ ⇒ n | a, b ⇒ n | a− b ⇒ a− b ∈ nZ

nZ ≤ Z okl
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H = mZy jk m miiw ⇐ H ≤ Z .a
`ed n miiwzn n > 0 ,nZ lkay al miyp]H 6= {0} gipp H ≤ Z idz

[.xzeia ohwd iaeigd mlyd xtqnd
.H = mZ gxkday d`xp .xzeia ohwd iaeigd xtqnd m ∈ H idi

divwecpi`a f`e ,−m ∈ H mbe ,m+m ∈ H zexibqd llbae ,m ∈ Hy reci
mZ ⊆ H ⇐ k ∈ Z lkl km ∈ H ze`xdl xyt`

t =y jk minly q, r miniiw :zix`y mr wlgp .m | t d`xp .t ∈ H idi
mq + r

0 ≤ r < |m|

:r 6= 0 m`

r = t−mq

⇒ r ∈ H

m zeilnipinl dxizq

⇒ r = 0

⇒ m | t

⇒ t ∈ mZ

⇒ H ⊆ mZ

⇒ H = mZ

libxz
if` ∅ 6= H ⊆ G ,ziteq dxeag G m`

⇔ ∅ 6= H ⊆ G

∀x, y ∈ H x ∗G y ∈ H
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oexzt

.zexibqd zneiqw` itl miiwzn⇐
.(I jxcd xeviw itl)∀a ∈ H ⇒ a−1 ∈ Hy gikedl x`yp:⇐

-xai`d lky okzii `l .a, a2, a3, a4, ... (∈ H) mixai` ly dxcq xevip ,a ∈ H idi
litkp ⇐ ak = aj mbe k > jy jk k, j miiw ⇐ ziteq dxeagd ik mipey dxcqa mi

(Ga)miccvd ipy z` a−ja

e = ak−j = a · ak−j−1 = ak−j−1 · a

⇒ a−1 = ak−j−1 ∈ H

1 htyn
H ∩K ≤ G if` H,K ≤ G m`

2 htyn⋂
i∈I

Hi ≤ G if` G ly g"z ly {Hi}i∈I sqe` oezp m`

libxz
.zZ ∩ bZ = lcm (a, b)Zy e`xd

oexzt

⇔ lcm (a, b) | x ⇔ a, b ly ztzeyn dletk x ⇔ a | x mbe b | x ⇔ x ∈ aZ∩ bZ idi
.aZ ∩ bZ = lcm (a, b)Z ⇔ x ∈ lcm (a, b)

zilwiv dxeag zz
:a ∈ G idi ,dxeag G idz

〈a〉 := {an|n ∈ Z}

.a i"r zxvepd zilwivd g"zd 〈a〉l `xwp .〈a〉 ≤ Gy orhp

dgked

:II jxcd xeviw htyn itl
∀x, y ∈ 〈a〉 xy−1 ∈ 〈a〉 l"v .a ∈ 〈a〉 ik 〈a〉 6= ∅

x = am, y = an, xy−1 = ama−n = am−n ∈ 〈a〉
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dxcbd
G = 〈a〉y jk a ∈ G miiw m` zilwiv `id G dxeagy xn`p

libxz
〈a〉 = {an|n ∈ N} if` ziteq G m`

oexzt

a, a2, a3, ...

ak = aj ⇒ ak−j(
a−j

)
=

(
aj
)−1

.j ∈ N lkl a−j ∈ B l"v

aj , a2j , a3j , ...(
aj
)−1 ∈ B mcew libxza enk lawpe

ze`nbec

(Z6,+, 0)

〈1〉 = {1, 2, 3, 4, 5, 0} = Z6

〈2〉 = {2, 4, 0}

〈3〉 = {0, 3}

〈5〉 = {0, 5, 4, 3, 2, 1}

.zilwiv Z6 okl ,Z6 dxeagd ly mixvei 1,5
Z = 〈1〉 = 〈−1〉 :zilwiv Z

〈m〉 = mZ
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