
in`pic zepkz
aygl jxhvp `ly ick ,oexkifa zeirad izzl zepexztd z` mixney in`pic zepkza

.zg` mrtn xzei mze`

rpd xeviid qt ziira
zelr mr - qtl qtn rvn`a xven xiardl xyt`e ,2 qte 1 qt - xevi iqt ipy epl yi
ok zepgza dceard la` - melk dler `l qt eze`a zepgz oia xven xarn .zniieqn

.zepgzd oia mixaer ji` hilgdl jixv .dler ok dpgza xewiade ,dler

j dpgz i qta dcear zelr aij

j + 1 dpgz 3− i qtl j dpgz i qtn xarn zelr tij

i qta legz` onf ei

i qta meiq onf xi

ei +
n∑

j=1

aij + xi

iai`p mzixebl` (1
oexztd ly onfd .O (n) :zeixyt` lk aeyigl onfd .zeiexyt`d 2n lk lr xearl

.Ω(2n) cibdl witqn .O (n2n) - iai`pd

iaiqxewx oexzt (2
.j dpgza i qta miizqny dcearl ilnipind onfd - f (i, j)

f (i, j) = min {f (i, j − 1) + aij , f (3− i, j − 1) + t3−i + aij}

f (i, 1) = ei + ai1

f (1, n)

f (2, n)

:`ed iteqd oexztd

f∗ = min {f (1, n) + x1, f (2, n) + x2}

T (n) = 2T (n− 1) + θ (1) → θ (2n)
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ziaiqxewxd `gqepd zgked

ilnihte`d oexztd `ed f (i, k)y gikep aly lka ,xnelk .kd dpgzd lr divwecpi`a
.dnec dxeva `ed f (2, k)e ,f (1, k)l wx gikep .k dpgza i qta miizqnd

.f (1, 1) zepekp gikedl jixv :k = 1qiqa

f (1, 1) = e1 + a11

.oekp dxivrd i`pz okle dcigid zeixyt`d ef

f (1, 2) = min {f (1, 1) + a12, f, (2, 1) + t21 + a12} = :k = 2qiqa

= min {e1 + a11 + a12, e2 + a2 + t21 + a12}

,2 dpgz 1 qta miiql zeiexyt` izy yi :dl`yd dpan itl miiwzn
.zilnipind zexyt`d z` migwel epgp`e

gipp .zepekp f (i, k) ze`gqepd :gikep .j ≤ k− 1 lkl zepekp f (i, j) ze`gqepdy gipp
oexzt ozep `l 'bl`dy dlilya gipp .f (1, k) = C `ed 'bl`dn eplaiwy oexztdy

.C ′ < C miiwzne f ′ (1, k) = C ′ oexzt miiw xnelk ,ilnihte`
:zeiexyt` izy yi .f ′ (1, k) = C ′ exeary xeciqa lkzqp

divwecpi`d zgpd itl .f ′ (1, k − 1) = C ′−aik o`kn .k−1 dpgzn 1 qtn eprbd .1
f (1, k − 1) ≤ C ′− okl ,(ilnipind onfd=)ilnihte`d oexztd `ed f (1, k − 1)

.a1k
:'bl`dn lawp dn

C = f (1, k) = min {f (1, k − 1) + a1k, f (2, k − 1) + t2,k−1 + a1k}

≤ f (1, k − 1) + a1k ≤ C ′ − a1k + ak = C ′ ⇒ C ≤ C ′

.ilnihte` oexzt Cy `"f .C ′ < C dgpdl dxizq⇐

okl .k − 1 dpgzn 2 qtn eprbd .2

f ′ (2, k − 1) = C ′ − t2,k−1 − a1k

:divwecpi`d zgpdn

f (x, k − q) ≤ C ′ − t1,k−1 − a1k

.dxizql miribn aeye ,mcew enk xac eze` miyere

f∗ = min {f (1, n) + x1, f (2, n) + x2} okle ,miilnihte` zepexzt md f (2, n)e f (1, n)y eplaiw
.ilnipind onfd z` epl ozi

in`pic zepkz mzixebl` (3
:mipezpd dpan

lelqn ly zilnipind zelrd didz F [i, j] `za eay 2 × n lceba icnin ec jxrn
.j dpgza i qta miizqnd
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:ielin ote`

dpan z` `lnp okl .F [3− i, j − 1]e F [i, j − 1] z` mikixv epgp` F [i, j] liaya
.zepgz xcq itl mipezpd

mzixebl`d

F [1, 1] = e1 + a11, F [2, 1] = e2 + a2 legz` .1

:rva n cr 2n j xear .2

F [1, j − 1] + a1j ≤ F [2, j − 1] + t2,j−1 + aj m` 2.1

L [1, j] = 1 ,F [1, j] = F [1, j − 1] + a1j f` 2.1.1

L [1, j] = 2 ,F [1, j] = F [2, j − 1] + t2,j−1 + aij=1j zxg` 2.2

F [2, j − 1] + a2j ≤ F [1, j − 1] + t1,j−1 m` 2.3

L [2, j] = 2 ,F [2, j] = F [2, j − 1] + a2j f` 2.3.1

L [2, j] = 1 ,F [2, j] = F [1, j − 1] + t1,j−1 + a2j zxg` 2.4

min {F [1, n] + x1, F [2, n] + x2} :xfgd .3

onf

.dpgz lka zelert O (1) mirvane zepgzd lk lr mixaer ik O (n)

mewn

.2× n lceba jxrnd z` mixney ik O (n)
xyt` ,(lelqnd z` xenyl liaya wx ynyny)L jxrna miynzyn `l m`
diqxewxl jixv oze` wxy zepexg`d zepgzd izy z` wx xenyp ik mewna jeqgl

.mewn O (n) -

oexzt xefgy

i qta miizqdy ilnihte` oexzt xear zncewd dpgzd dziid eay qtd - L [i, k]
.j dpgz

.2× n lceba jxrn `ed L [i, j]

ur lr drced zxard ziira
.root yxeye micewcew n mr T yxyen ix`pia ur oezp

lka `id drced zxard .urd icewcew lkl xiardl mivexy M drced yi yxeya
.zg` onf zcigi `id oal a`n drced zxardl onfd .ely mipad cg`l a`n aly

.urd icewcew lkl M drcedd zxardl yxciy ilnipind onfd z` `evnl mivex

iai`p oexzt
'qn f` t = O (n) m` .2t `ed zeiexyt`d 'qn f` mipa 2 mr micewcew t yi m`

.il`ivppetqw` onf xnelk - 1 < a ≤ 2 xear an `ed zeiexyt`d
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iaiqxewx mzixebl`
.ely ur-zzd lkl drcedd z` xiardl u cewcewl gwely ilnipind onfd t (u)

ipnid oad u.right

.il`nyd oad u.left

t (u) = t (u.left) + 1 - cigi oa yi m`
:mipa ipy yi m`

t (u) = min

{
max {t (u.left) + 1, t (u.right) + 2}
max {t (u.left) + 2, t (u.right) + 1}

}

ziaiqxewxd dgqepd zgked

xtqn k lr divwecpi`a gikep .ura u lkl oekp ayegn t (u) :divwecpi`d zprh
:ur zz lka micewcewd

t (u) = 0 .dlr yi k = 1

t (u) = t (u.left) + 1 = 0 + 1 = 1 `ed onfd .a`e dlr yi k = 2

t (u) = · · · = 2 .mipa ipy mr a` dxwnd lr lkzqp k = 3

:k lceba url gikep .k − 1 lceb cr ur zz lkl oekp t (u)y gipp
gipp .t (u) = C miiwzn k elcebe u ely yxeydy urly 'bl`d itl eplaiw gipp
.t′ (u) = C ′ ,C ′ < C oexzt yi xnelk .ilnihte` oexzt ozep `l mzixebl`dy dlilya
t (u.left) ≤ lawp 'bl`a xnelk ,t′ (u.left) = C ′−1 f` ,u.left :cigi oa yi ul m`

C ′ − 1

C = t (u) = t (u.left) + 1 ≤ C ′ − 1 + 1 = C ′ ⇒ C ≤ C ′

:zeiexyt` izy yi :mipa ipy yi m`

.oey`x xgap il`nyd oad .1
t′ (u.right) ≤ C ′ − 2e t′ (u.left) = C ′ − 1 :e`
t′ (u.right) = C ′ − 2e t′ (u.left) ≤ C ′ − 1 :e`

miphw u.righte u.left ly mivrd ilcb ipy ik ynzyp)divwecpi`d zgpd itl⇐
:(kn

t (u.left) ≤ C ′ − 1

t (u.right) ≤ C ′ − 2

max {t (u.left) + 1, t (u.right) + 2} ≤ max {C ′ − 1 + 1, C ′ − 2 + 2} = C ′
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max {t (u.left) + 2, t (u.right) + 1} ≤ max {C ′ − 1 + 2, C ′ − 2 + 1} = C ′+1

C = t (u) ≤ min {C ′, C ′ + 1} = C ′ ⇒ C ≤ C ′

.jetd wx xac eze` - oey`x xgap ipnid oad m` .2
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