
(jynd)zetivx

(zeivwpet zakxd)htyn

Z)g : f (x)
⊆Y → Z idz .p ∈ X 'wpa dtivx (miixhn miagxn X,Y )f : X → Y idz

.p dcewpa dtivx h if` .h = g ◦ f : X → Z idz .q + f (p) dcewpa dtivx (n"n

dgked

dZ (g (y) , g (q)) <y jk (εa ielz)δ1 > 0 miiw ,q dcewpa dtivx gy oeeik .oezp ε > 0 idi
okle δ1a ielz)δ > 0 miiw ,p 'wpa dtivx fy oeeik .dY (y, q) < δ1e y ∈ f (X) xy`k ε

:dl` mix xear .d (x, p) < δe x ∈ X xy`k dY (f (x) , f (p)) < δ1y jk (εa ielz

dZ (h (x) , h (p)) = dZ

g (f (x)) , g

f (p)︸︷︷︸
q


 < ε

dxcbd

.X ly dcewp lka dtivx `id m` Xa dtivx z`xwp f : X → Y

htyn

'aw lkl dgezt 'aw f−1 (B) m"n` X lr dtivx (n"n X,Y )f : X → Y divwpet
.B ⊆ Y dgezt

dpekzd i"r f ly zetivx mixicbn ,ixhn `weec e`l ,illk ibeleteh agxna :dxrd)
(.efd

dgked

.(Xa)dgezt f−1 (B) d"lv .idylk dgezt B ⊆ Y idz .X lr dtivx f gipp `
.f−1 (B)l zinipt x :d"lv .x ∈ f−1 (B) idz

zetivxd llba .BY (f (x) , ε) ⊆ B xeck miiw ,dgezt By oeeik .f (x) ∈ B
y ∈ X m`y jk (εa ielz)δ > 0 miiw ,(zizexixy x ∈ X)x dcewpa f ly

dY (f (y) , f (x)) < ε if` dX (y, x) < δe
,dX (y, x) < δ ,y ∈ BX (x, δ) m` :ik ,BX (x, δ) ⊆ f−1 (B) :dprh
okl .f (y) ∈ BY (f (x) , ε) ⊆ B `"f .dY (f (y) , f (x)) < ε ,(*) itl ,okl

.y ∈ f−1 (B)

ε > 0 idi .p ∈ X dcewp lka dtivx f :d"lv .zniiwzn dpekzdy oezp a
f−1 (B) okl .dgezt 'aw B + BY (f (p) , ε) .zizexixy p ∈ X idz .oezp
,dgezt f−1 (B)y oeeik .((xeckd fkxn)f (p) ∈ B ik)p ∈ f−1 (B)e ,dgezt
m` :`"f .BX (p, δ) ⊆ f−1 (B) xeck miiw xnelk .d−1 (B)a zinipt `id p

`"f f (y) ∈ B if` d (y, p) < δ m` `"f .y ∈ f−1 (B) if` y ∈ BX (p, δ)

dY (f (y) , f (p)) < ε
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htyn

-new zeveaw dwizrn f if` .dtivx f : X → Y idze ,miixhn miagxn X,Y eidi
.zeihwtnew zeveawl zeiwht

.Y a zihwtnew f (E) if` ,Xa zihwtnew E ∈ X m` ,xnelk)

dgked

(Y a)zihwtnew f (E) d"lv .zihwtnew E ∈ X oezp
.(df ieqikl iteq ieqik-zz miiw :d"lv)f (E) ly gezt ieqik {Vα}α∈I idi

(!f ly zetivxd zgpd itl).mcewd htynd itl ,(α lkl)dgezt dveaw f−1 (Vα)

E ⊆ f−1 (f (E)) ⊆ f−1

(⋃
α

Vα

)
=
⋃
α

f−1 (Vα)

.E ly gezt ieqik `ed
{
f−1 (Vα)

}
α∈I

xnelk

,Ia α1, ...αn miniiw xnelk ,iteq ieqik zz l"pd ieqikl yi ,zihwtnew Ey oeeik

.E ⊆
n⋃

i=1

f−1 (Vαi)y jk

f (E) ⊆ f

(
n⋃

i=1

f−1 (Vαi)

)
=

n⋃
i=1

f
(
f−1 (Vαi)

)
⊆

n⋃
i=1

Vαi

.l"yn

1 d`vez

dveawf (E) xnelk) .E lr dneqg f if` ,dtivx f : X → Y e ,zihwtnew E ⊆ X m`
.(Y a dneqg

.mi`zn xcqn M xear x ∈ E lkl ‖f (x) ‖ ≤ M ,inxep agxn Y y dxwna
‖y‖ ≤ My jk M > 0 reaw miiw m"n` dneqg `id inxep agxna B dveaw ik

:y ∈ B lkl ,okl .B ⊆ BY (q,R) ixd dneqg B m` ik ,y ∈ B lkl

‖y‖ = ‖ (y − q) + q‖ ≤ ‖y − q‖+ ‖q‖ = R+ ‖q‖ + M

,y ∈ B lkl d (y, 0) = ‖y−0‖ = ‖y‖ ≤ M if` ,y ∈ B lkl ‖y‖ ≤ M m` ,jci`n
.dneqg B `"f ,B ⊆ B (0,M + 1) xnelk

zxekfz

ohw" lirln mqg Al yi if` (x ∈ A lkl x ≤ M xnelk) lirln dneqg A ⊆ R m`
x ∈ A miiw ,ε > 0 lkl mle` .x ∈ A lkl x ⊆ Ly jk L xtqn miiw ,xnelk ,"xzeia

.x > L− εy jk
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,A ly (menxteq e`)oeilrd mqgd `xwpe ,lirl i`pzd i"r cigi ote`a rawp df L
A 'aw ly oezgzd mqgd z` mixicbn ,zeipeieey-i`d jetid i"r .L = supA oneqn

.inf Aa eze` mipnqne (menitpi` :frla)rxln dneqg

e`)A ly leab 'wp `ed e` Al jiiy e` L + supA if` ,lirln dneqg A ⊆ R m`
(cgi mb mixacd ipy

.(inf A ∈ A)supA ∈ A if` ,(rxln)lirln dneqge Ra dxebq dveaw A m` :okl
A ly meninin" ,dn`zda ,e`](maxA oeniq)A ly "meniqwn" supAl f` mi`xew

[minA oneqn

2 d`vez

zihwtnew dveaw lkl if` .dtivx divwpet f : X → R idze ixhn agxn X eidi
∀x∈Ef (a) ≤ f (x) ≤ f (b)y jk a, b ∈ E miniiw E ⊆ X

dgked

inxep agxna dneqge dxebq {f (x)|x ∈ E} okl ,Y a dneqg f (E) ,zihwtnew E
mikiiy ef dveaw ly menipinde meniqwnd okle ,x ∈ E lkl 0 ≤ ‖f (x) ‖ ≤ M

(minl oke)mi`zn b ∈ E xear max
E

f = f (b)y xne` df .dveawl

(dketdd divwpetd zetivx)htyn

.dketdd divwpetd g idz .lre r"gg f : X → Y ,ihwtnew X ,miixhn miagxn X,Y
.dtivx g mb ,dtivx f m` :if`

dxrd

oky f (E) = g−1 (E) E ⊆ X lkl ,l"pk f, ge ,odylk zeveaw X,Y xear

y = f (x) ⇔ x = g (y)

y ∈ f (E) ⇔ y = f (x) , x ∈ E ⇔ E 3 x = g (y) ⇔ g ∈ g−1 (E) =
{
g−1 (x)

∣∣x ∈ E
}

htynd zgked

.dtivx g d"lv .dtivx f oezp
.(mcew htyn itl dtivx g f`e)dgezt g−1 (E) d"lv .dgezt X ⊆ X idz

htyn)zihwtnew EC .zihwtnew dxebq EC ⊆ X .g−1 (E) = f (E) =
[
f
(
EC
)]C

okl .(htyn)dxebq f
(
EC
)
okl .(dtivx f ik ,htyn itl)zihwtnew f

(
EC
)
.(mcew

.l"yn .dgezt
[
f
(
EC
)]C

= g−1 (E)
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