
7 lebxz - 4 itpi`2011 hqebe`a 22 mighyn.D ⊆ R
2 xy`k ,R : D → R

3

R (u, v) = (x (u, v) , y (u, v) , z (u, v)) if`
−→
N =

−→
Ru ×−→

Rv .R ly lnxepdmiiwzn m`
N = Ru ×Rv 6= 0.zixlebx 'wpd ik mixne` f` (u0, v0) 'wpa.zixlebpiq 'wpd f` (u0, v0) 'wpa N = 0 m`.wlg ghyn `xwp zeixlebx eizeewp lky ghyn.N = Ru ×Rv ,wlg ghyn Sy gippf` sivx lnxepd S ghyn lr xebq mewr lkl m` .sivx xehwe `ed N ,C1 divfixhnxt −→

R (u0, v0) m`.iv e ghyndy mixne`oey`x beqn ighyn lxbhpi`
¨

S

F (x, y, z) ds =

¨

F (x (u, v) , y (u, v) , z (u, v)) · ‖Ru ×Rv‖ dudv zepekz.zixlwq 'wpet F .1.A (S) miptd ghy z` `han lxbhpi`d f` F ≡ 1 m` .2.dqnd `ed lxbhpi`d ,ziagxnd zetitvd 'wpet F xy`k :zilwifit zernyn .3ihxt dxwn:zyxetn dxeva oezpy xeyin xear
z = f (x, y) f`

r (x, y) = (x, y, z (x, y))

rx × ry = (−zx, −zy, 1)

‖rx × ry‖ =
√
z2x + z2y + 1

¨

S

=

¨

F ·
√
z2x + z2y + 1

1



libxz
f (x, y, z) = x (y + z) ililbd ghyndn wlg `ed S

x =
√
1− y2 .z = 0, z = 1 mixeyind oia:lxbhpi`d z` ayg

I =

¨

S

f (x, y, z)ds oexzt
x =

√
1− y2

xy =
−y√
1− y2

xz = 0

ds =
√
1 + x2

y + x2
z =

√
1 +

y2

1− y2
dydz

=

√
1

1− y2
dydz =

1√
1− y2

dydz if`
I =

¨

Dyz

√
1− y2 · (y + z) · dydz√

1− y2

=

¨

Dyz

(y + z)dydz =

ˆ

1

−1

dy

ˆ

1

0

(y + z) dz = 12 beq ighyn lxbhpi`
¨

S

−→
F · n̂ds =

¨

S

−→
F · −→ds

=

¨

S

F (r (u, v)) · (rx × ry) dudv

=

¨

D

F (x (u, v) , y (u, v) , z (u, v)) (rx × ry) dudv.aeyg S ghynl lnxepd oeeik .1(S jeza `elke sxbdn dvegd dpety) oeeik `ed iaeig oeeik xebq ghyn xear.iaeig ely z aikxy df `ed iaeigd vd gezt ghyn xear.shy :zilwifit zernyn .2
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ihxt dxwn:zyxetn dxeva oezpy ghyn
z = f (x, y)

r = (x, y, z (x, y))

rx × ry = (−zx, −zy, 1)
¨

F · (rx × ry) dxdy =

¨

(−Pzx −Qzy + 1) dxdy libxz
¨

S

(2x+ 3y + 4z)dxdyxeyind wlg ly oeilrd vd `ed S xy`k
x+ y + z − 6 = 0 :ililbd ghynd ii lr xfbpd

x2

4
+

y2

9
= 1 oexzt

x2

4
+

y2

9
= 1 ⇒ y = ±3

2

√
4− x2

cos

(
̂̂
n · k̂

)
> 0

I =

¨

Dxy

(2x+ 3y + 4 (6− x− y)) dxdy

=

¨

Dxy

24− 2x− ydxdy =

=

ˆ

2

−2

dx

3

2

√

4−x2

ˆ

−
3

2

√

4−x2

(24− 2x− y) dy = 144π

libxz:zyleynd zigeld ly dqnd z` ayg
x, y, z ≥ 0

x+ y + z = 1 `id zighynd zetitvd xy`k
γ (x, y, z) =

1

(1 + x+ y)
2

3



oexzt
S : x+ y + z − 1 = 0

ds =
√
1 + z2x + z2y

=
√
1 + 1 + 1

=
√
3dxdy

m =

¨

S

γds

=

¨

Dxy

√
3dxdy

(1 + x+ z)2

=

¨

Dxy

√
3dxdy

(1 + x+ (1− x− y))
2

=

ˆ

1

0

dx

ˆ

1−x

0

dy

(2− y)
2
=

√
3

(
ln 2− 1

2

)

libxzixehwed dyd ly shyd z` eayg
F =

(
x, y2, z2

):mighynd i"r labeny lilbd ipt ly ipevigd vd jx
x2 + y2 = R2

z = −h

z = h oexztly oeilrd wlga lebird ghyn ,(S1) lilbd va zthrnd ghyn - mighyn 3-l ghynd z` wlgp.(S3) lilbd ly oezgzd wlga lebird ghyn ,(S2) lilbd:zixehwe dxeva S1 ghynd z` bivdl gep
r = R cos t · î+R sin t · ĵ + zk̂:`ed df ghyn jx F ixehwe dy ly shy

I1 =

¨

S1

F · (rt × rz) dtdz

=

¨

Dtz

∣∣∣∣∣∣

R cos t R2 sin2 t z2

−R sin t R cos t 0
0 0 1

∣∣∣∣∣∣
dtdz

=

¨

Dtz

R2 cos2 t+R3 sin3 tdtdz

=

ˆ h

−h

dz

ˆ 2π

0

(
R2 cos2 t+R3 sin3 t

)
dtdz

= 2h · R2

ˆ 2π

0

(
cos2 t

)
dt+ 2h ·R3

ˆ 2π

0

sin3 tdt

= 4hR2

ˆ

2π

0

(1 + cos 2)dt− 2hR3

ˆ

2π

0

(
1− cos2 t

)
d (cos t)
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:S2 jx shy aygp
S2 : x2 + y2 ≤ R2

z = h

cos
(
n̂ · k̂

)
> 0 if`

I2 =

¨

S2

−→
F
−→
ds =

¨

S2

xdydx + y2dxdz + z2dxdy:okl I2l ikted I3y al miyp
I3 = −I2.(xz`l dlri libxzd jynd ,lebxzd onf xnbp)
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