
mireaw mincwn mr zeix`pil x"cn

any
(n) + an−1y

(n−1) + ...+ a1y
′ + a0y = b (x)

"mireaw mincwn" (!meid x ly zeivwpet `l)a0, a1, ...an ∈ R

ipbened dxwn b (x) = 0

ipbened i`/ipbened `l b (x) 6= 0

L = anD
n + an−1D

n−1 + ... + a1D + a0 = ,Ly = b (x) dxeva mb df z` epazk

.mireaw mincwn mr ix`pil il`ivpxtic xehxte` .
n∑

i=0

aiD
i

mincwn mr miix`pil mil`ivpxtic mixehxte`)miw"nlc`y dxary mrt epi`x
:jkn d`vezk .mitlgzn (mireaw

1 dnl

.L1L2...Ldy = 0 if` Liy = 0 edylk il m`

2 dnl

xy`k y = Ce−
a0x/1 `ed (a1 6= 0) (a1D + a0) y = 0 ly illkd oexztd (`)

.iyteg reaw C

α± iβ micenv miakexn miyxey yi a2m
2+ a1m+ a0 = 0 d`eeynl m` (a)

,y = eαx (C1 cosβx+ C2 sinβx) `ed
(
a2D

2 + a1D + a0
)
y = 0 ly illkd oexztd if`

.miiyteg mireaw C1, C2

oexztd if` ,α letk yxey yi a2m
2 + a1m

2 + a1m+ a0 = 0 deeynl m` (b)
,y = eαx (C1 + C2x) `ed

(
a2D

2 + a1D + a0
)
y = 0 d`eeynd ly illkd
.miiyteg mireaw C1, C2

(miiyteg mireaw a0, a1, a2)?a2y′′ + a1y
′ + a0y = 0 mixzet ji`

a2m
2 + a1m+ a0 = 0 zpiit`nd d`eeynd lr milkzqn

y = eαx (C1 cosβx+ C2 sinβx) illk oexzt ,α±iβ micenv miakexn miyxey yi m` •

y = eαx (C1 + C2x) illk oexzt ,α letk iynn yxey yi m` •

y = C1e
αx + C2e

βx illk oexzt ,α, β mipey miiynn miyxey yi m` •

(2)dnld zgked

z` xzet df y okl ,a1y
′ + a0y = 0e y′ = −

a0

a1
e−

a0x/a1 ,y = e−
a0x/a1 m` (`)

.Ce−
a0x/a1 `ed illkd oexztde ,(a1D + a0) y = 0 d`eeynd
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a2y
′′+a1y

′+a0y = ly zepexzt md eαx sinβxe eαx cosβxy gikedl epilr (a)
.a2m

2 + a1m+ a0 = 0 ly miyxey md α± iβ xy`k 0

y = eαx cosβx

y′ = αeαx cosβx− βeαx sinβx

y′′ =
(
α2 − β2

)
eαx cosβx− 2αβeαx sinβx

a2y
′′+a1y

′+a0 =
(
a2
(
α2 − β2

)
+ a1α+ a0

)
eαx cosβx−(2αβa2 + βa1) e

αx sinβx

a2 (α+ iβ)
2
+ a1 (α+ iβ) + a0 = 0 la`

⇒ a2
(
α2 + 2iαβ − β2

)
+ a1 (α+ iβ) + a0 = 0

⇒
{

a2
(
α2 − β2

)
+ a1α+ a0 = 0

2αβa2 + a1β = 0

y = eαx sinβx xear .0 dlrnl iehiad okle (dnecn wlge iynn wlgl eplvit)
.dnec dgkedd

a21 = 4a0a2 m"m` α letk yxey yi a2m
2 + a1m + a0 = 0 d`eeynl (b)

:y = eαx (C1 + C2x) m` .α = −
a1

2a2
e

y′ = αeαx (C1 + C2x) + eαxC2 = eαx (C1α+ C2 + C2αx)

y′′ = αeαx (C1α+ C2 + C2αx)+eαxC2α = eαx
(
C1α

2 + 2C2α+ C2α
2x
)

a2y
′′+a1y

′+a0y = eαx
(

a2
[
C1α

2 + 2C2α+ C2α
2x
]

+a1 [C1α+ C2 + C2αx] + a0 [C1 + C2x]

)

= eαx


C2x

(
a2α

2 + a1α+ a0
)︸ ︷︷ ︸

= 0
whenα root of

a2m
2 + a1m+ a0 = 0

+ C1

(
a2α

2 + a1α+ a0
)
+ C2 (2αa2 + a1)︸ ︷︷ ︸

= 0
when

α = −
a1

2a2


�
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d`eeynd lr milkzqn L = anD
n + ... + a1D + a0 xy`k Ly = 0 d`eeynl

cva mepiletd z` miwxtne anm
n + an−1m

n−1 + ... + a1m + a0 = 0 zpiit`nd
dfn df mipey minxebd lk m` .miireaixe miix`pil minxebl l`ny[

an (m− α1) (m− α2) ... (m− αr)
(
m2 + b1m+ C1

)
...
(
m2 + bsm+ Cs

)
r + 2s = n

]
:illk oexzt meyxl eiykr xak ozip mipey minxebd lk m`

g = C1e
α1x+...+Cre

αr+ep1x (Cr+1 cos q1x+ Cr+2 sin q1x)+...+epsx (Cn−1 cos qsx+ Cn sin qsx)

?miletk minxeb yi m` dn

3 dnl

Lt+1 (xty) = if` ,Ly = 0e mireaw mincwn mr ix`pil il`ivpxtic xehxte` L m`
L3y = L3 (xy) =e L2y = L2 (xy) = 0 if` Ly = 0 m` :xnelk .0, t = 1, 2, 3, ...
wx `l illkd oexzta ,miinrt ritend (m− α) mxeb yi m` okle ,'eke L3

(
x2y
)
= 0

.'eke C3x
2eαx mb f` minrt yely m` .C2x

αx mb `l` C1e
αx minyex

minyex wx `l ,(p ± iq miyxey)miinrt ritend m2 + βm + γ mixeb yi m`e
minrt yely m`e ,epx (C3x cosx+ C4x sinx) mb `l` epx (C1 cos qx+ C2 sin qx)

epx
(
C5x

2 cos qx+ C6x
2 sin qx

)
mb f`

3 dnl zgked

L′ =
n∑

i=1

iaiD
i−1 ,L =

n∑
i=0

aiD
i m` ,xy`k L (xy) = xLy+L′y ,w"nlc` L :xfr znl

:ltk ly zxfbpl uipaiil weg itl .L (xy) =
n∑

i=0

aiD
i (xy) :dgked

D (y1y2) = y1y
′
2 + y′1y2

D2 (y1y2) = y1y
′′
2 + 2y′1y

′
2 + y′′1 y2

Di (y1y2) = y1D
iy2+iDy1D

i−1y2+

(
i

2

)
D2y1D

i−2y2+...+Diy1y2 =
i∑

j=0

(
i

j

)
Djy1D

i−jy2

:eply dxwna

L (xy) =
n∑

i=0

aiD
i (xy) =

n∑
i=0

ai
(
xDiy + iDi−1y

)
= xLy + L′y

xfr znl �
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3 dnl zgked

.t = T + 1 xear gikedl dqppe t = T xy`k oekpy gipp .divwecpi` i"r

LT+2
(
xT+1y

)
= L · LT+1

(
x · xT y

)
= L ·

[
xLT+1 +

(
LT+1

)′ (
xT y

)]
= (T + 1)L′LT+1

(
xT y

)
= 0

.divwecpi`dd zgpd itl miw"nlc` ly zeitelig i"r
�divwecpi` i"r t lkl dpekp okle ,t = 0 xear dpekp dprhd

ze`nbec

.y′′′ + y = 0 1

m3 + 1 = 0 - zpiit`n d`eeyn

(m+ 1)
(
m2 −m+ 1

)
= 0

−1,
1±

√
3i

2
:miyxey

y = C1e
−x + e

1
2x

(
C2 cos

√
3

2
x+ C3 sin

√
3

2
x

)

y(7) − 2y(5) + y′′′ = 0 2

m7 − 2m5 +m3 = 0 zpiit`n d`eeyn

m3
(
m4 − 2m2 + 1

)
= 0

m3
(
m2 − 1

)2
= 0

m3 (m− 1)
2
(m+ 1)

2

dkixv `id okle ,riay xcqn d`eeyn ef la` ,miyxey 3 wx epl yi mpn`y al miyp
:miiyteg mincwn 7

y = C1 + C2x+ C3x
2 + C4e

x + C5xe
x + C6e

−x + C7xe
−x
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ex + 7 + 3x sin x z` zqt`nd w"nlc` `vn 3

xehxte`d z` mikixv ep` ex z` qt`l ick .zxfbp ?7 z` qt`n xehxte` dfi`
?3x sinx z` qt`p ji` (D − 1)

3x sinx z` qt`l ick dnld itl okl .x z` qt`n D2 .sinx z` qt`n D2 + 1

.
(
D2 + 1

)2
z` mikixv ep`

:mixehxte`d z` litkp lkd z` qt`l ick

L = (D − 1)D
(
D2 + 1

)2

(1) y′′ + 2y′ − 3y = e5x 4

(
D2 + 2D − 3

)
y = e5x

(D + 3) (D − 1) y = e5x

okle ,D − 5 i"r qte`n oini cv

(2) (D − 5) (D + 3) (D − 1) y = 0

y = C1e
5x + C2e

−3x + C3e
x dxev lawn oexztde

ly oexzt gxkda `ed (1) ly oexzt .miiyteg mireaw 3 o`k yi !al eniy la`
!jetd `l la` ,(2)

ly illk oexzt ztqeza ihxt oexzt `ed bened i` ly illk oexzty mircei epgp`
C1e

5x izn wecap ,okle .reawl yi C1 z` la` ,miiyteg zn`a C2, C3 okl .benedd
.ihxt oexzt `ed

y = C1e
5x

y′ = 5C1e
5x

y′′ = 25C1e
5x

y′′ + 2y′ − 3y = 32C1e
5x

`ed zipbened-i`d ly illk oexzte ,C1 =
1

32
zgwl yi okl

y =
1

32
e5x + C2e

−3x + C3e
x
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y′′ + y = x2 + 4 5

(
D2 + 1

)
y = x2 + 4

⇒ D3
(
D2 + 1

)
y = 0

y = C1 + C2x+ C3x
2 + C4 cosx+ C5 sinx

:C1, C2, C3 z` xnelk - ipbenedd wlgl mikiiy `ly mincwnd z` m`zl jixv

y = C1 + C2x+ C3x
2

y′ = C2 + 2C3x

y′′ = 2C3

y′′ + y = (2C3 + C1) + C2x+ C3x
2

`ed bened-i`d ly illk oexzt .
C3 = 1
C2 = 0
C1 = 2

okl :x2 + 4 mivex

y = 2 + x2 + C4 cosx+ C5 sinx

y′′ − 4y′ + 4y = 2e2x + cosx 6

(
D2 − 4D + 4

)
y = 2e2x + cosx

(D − 2)
2
y = 2e2x + cosx

:
(
D2 + 1

)
i"r qte`n cosxe ,(D − 2) i"r qte`n 2e2x(

D2 + 1
)
(D − 2)

3
y = 0

y =
(
C1 + C2x+ C3x

2
)
e2x + C4 cosx+ C5 sinx

.miiyteg mireaw el` okle ,ipbenedd oexztl mikiiy C1, C2

y1 = C3x
2e2x

y′1 = C3

(
2x2e2x + 2xe2x

)
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y′′1 = C3

(
4x2e2x + 8xe2x + 2e2x

)
y′′1 − 4y′1 + 4y1 = C3e

2x
(
4x2 + 8x+ 2− 8x2 − 8x+ 4x2

)
= 2C3e

2x

.C3 = 1 zgwl yi
C4, C5 mi`ven dnec ote`a
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