
11 d`vxd - mitxbd zxez2012 x`epia 15 ifnx ziiramii
id zevigl znlevgl `ly dyly e` dfl df mii
i evgly dyly yi f` mii
i mivgele daiqnl miribn miyp` dyy m`.dfl df mii
idgked:d`ad dprhl dlewy dnld.K3l itxenefi` sxb zz yi Ḡl yi e` K3l itxenefi` sxb zz Gl yi ,G 6 x
qn heyt sxb lka.dprhd z` gikep.V ei
w
w 'awy 6 x
qn sxb G idi:u ∈ V 
w
w lkl
dG (u) + dḠ (u) = 5 :okl

dG (u) ≥ 3 e`
dḠ (u) ≥ 3 .dG (u) ≥ 3 ,k"da.Ga u ly mipky x, y, z eidi.Ḡa yleyn mixyn xyz o`kn ,(x, y) , (x, z) , (y, z) /∈ E (G) f` ,yleyn oi` Ga oi` m`dx
bd.miirah 'qn s, t eidi:miiwn n x
qn G heyt sxb lky jk n ilnipind irahd 'qnd `ed R (s, t) ifnx 'qn.Ktl itxenefi` sxb zz likn Ḡ e` Ksl itxenefi` sxb zz likn G:miiwnd ilnipind 'qnd `ed n - zexg` milinaeizerlv lky s x
qn dxyen sxb zz yi f` (legke me
`) mirav ipya Kn mly sxb zerlv ravp m`.zene
` eizerlv lky t x
qn dxyen sxb zz e` zelegk1 d
aer:s, t lkl

R (s, t) = R (t, s) 2 d
aer:irah t lkl
R (1, t) = 1

1



3 d
aer:irah t ≥ 2 lkl
R (2, t) = t 4 dprh
R (3, 3) = 6 dgked.mii
id zvigl znl itl R (3, 3) ≤ 6y epgked.yleyn likn `l Ḡ mbe yleyn likn `l Gy jk n x
qn G sxb yi n ≤ 5 lkl ,j
i`n.P3 - n = 3 xear.C4 :n = 4.C5 - n = 5(1930) ifnx htyn.R (s, t) < ∞ ,miirah s, t lkl.(mixwnd aex xear dgezt diira) R (s, t) z` ayg - daeyg diiradgked.lirl ze
aerd itl oekp htynd ,t ≤ 2 e` s ≤ 2 xear:xzei dwfg dprh gikep.R (s, t) ≤ R (s− 1, t) +R (s, t− 1) oke iteq R (s, t) ,miirah t ≥ 3e s ≥ 3 lkl.s+ t lr divwe
pi`a ef dprh gikep.s = t = 3 xy`k s+ t = 6 `ed dprhd i`pza ilnipind s+ t.R (3, 3) = 6 ,4 dprh itl.R (2, 3) = R (3, 2) = 3 ,lirl ze
aerd itl:okl

R (3, 3) = 6 = 3 + 3 = R (2, 3) +R (3, 2).s = t = 3 xear dpekp dprhde.s+ t < m xear dprhd zepekp gipp.s+ t = my jk s, t eidi:onqp
N = R (s− 1, t) +R (s, t− 1).divwe
pi`d zgpd itl iteq 'qn df.N x
qn sxb G idi:miiwzn u ∈ E (G) 
w
w lkl

dG (u) + dḠ (u) = N − 1

= R (s− 1, t) +R (s, t− 1)− 1 :miiwziy okzii `l
dG (u) < R (s− 1, t) mbe
dḠ (u) < R (s, t− 1)2



.dG (u) ≥ R (s− 1, t) ,k"da.R (s− 1, t) zegtl ely x
qd .u ipky i"r dxyend G ly H sxbd zza opeazp.Ktl itxenefi` sxb zz likn H̄y e` Ks−1l itxenefi` sxb zz likn H okl.epniiqe Kt likn Ḡ mb f` Kt likn H̄ m`.epniiqe Ks likn `ed u mr 
gi f` ,Ks−1 likn H m`.l"ynzxekfz
(

n

k

)

=
n!

k! (n− k)! :lwqt - b"alx zgqep
(

n

k

)

=

(

n

k − 1

)

+

(

n− 1

k − 1

)

dpwqn:s, t ≥ 2 lkl
R (s, t) ≤

(

s+ t− 2

s− 1

)

dgked.s+ t lr divwe
pi`af` (s = t = 2 xy`k) s+ t = 4 m`
2 = R (2, 2) ≤

(

2

1

)

= 2 .s+ t < m xear zepekp gipp.s+ t = my jk miirah s, t ≥ 2 eidi,htyna epgkedy dprhd itl if`
R (s, t) ≤ R (s− 1, t) +R (s, t− 1)

≤

(

s+ t− 3

s− 2

)

+

(

s+ t− 3

s− 1

)

=

(

s+ t− 2

s− 1

)

dnbe

R (k, k) ≤

(

2k − 2

k − 1

)

≈
1

√

2π (k − 1)
22k−2 .ka ikixrn xzeid lkl dfdgezt diira.R (s, t) zkxrd
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zixabl`d mitxbd zxezdx
bd.zerlv ly iteq 'qn mre iteq x
qn (oeekn zeidl leki ,ze`lel ,zerlv ieaix mr zeidl leki) sxb G idi.{v1, ..., vn} ei
w
w k"dae ,n `ed G x
q gippmiilily i` minly dixa`y n×n x
qn dvixhn- AG G ly (Adjacency Matrix) zepky zvixhn xi
bp.vjl via zerlvd 'qn aijy jk:lynl
G =

1

2

3

AG =





1 2 0
2 0 1
0 1 0



ze
aer.(il j-n zerlvd 'qnl deey jl in zerlvd 'qne oeekn `edy e`) oeekn `l G ⇐⇒ zixhniq AG .1.trace (AG) = Ga ze`leld 'qn .2:ze`lel `ll oeekn `l sxba .3
|E| =

1

2

n
∑

i=1

n
∑

j=1

aij :vi ∈ V (G) 
w
w lkl .4
dG (vi) =

n
∑

j=1

aij =
n
∑

j=1

aji.deey d
enr lkae dxey lka mixai`d mekq ,ixlebx-k sxbd m` ,hxta:(oeekn `l) heyt G m` .5
Tr

(

A2
G

)

= 2 |E (G)| :dgked
Tr

(

A2
G

)

=

n
∑

i=1

(

A2
G

)

ii

=
n
∑

i=1

n
∑

j=1

(aijaji)

=

n
∑

i=1

n
∑

j=1

a2ij okl 1 e` 0 `ed aij okl heyt G

Tr
(

A2
G

)

=

n
∑

i=1

n
∑

j=1

aij = 2 |E (G)|4



dxrd.mipeekn `l mitxba oe
p6 dpwqn:oeekn `l heyt sxba
(

A2
G

)

ii
= dG (vi) .mlyd :dgked7 dprh:1 ≤ i, j ≤ n ,irah m ,n x
qn iteq G sxb lkl.vjl vinm jxe`n mikelidd 'qn = (Am

G )
ijdgked.m lr divwe
pi`a:m = 1 m`.vjl vin 1 jxe`n mikelidd 'qn = vjl vin zerlvd 'qn = (

A1
G

)

ij.m xear zepekp gipp:zrk
(

Am+1

G

)

ij
= (Am

G ·AG)ij =

n
∑

k=1

(Am
G )ik · (AG)kj

k lr mekq dfe vjl vkn zerlvd 'qn letk m jxe`a vkl vin mikelidd 'qn ly k lr mekql deey dfejxe`n mikelidd 'qn wei
a dfe ,vka mi`vnp md 
rvay jk vjl vin m+1 jxe`n mikelidd 'qn ly.vjl vin m+ 18 dpwqn.Ga m jxe`n mixebqd mikelidd 'qn = (Am
G ) ,irah me iteq G sxb lklzxekfz:miiwzn m` u 6= 0 invr xehwe mr A dvixhn ly invr jxr λ

Au = λu dnbe

G = K2

AK2
=

(

0 1
1 0

)

(

0 1
1 0

)(

1
1

)

=

(

1
1

)

⇒ λ = 1

(

0 1
1 0

)(

1
−1

)

=

(

−1
1

)

⇒ λ = −1
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zxekfz jynd.r"e ly ilnxepezxe` qiqa dl yie miiynn A ly r"rd f` zixhniq A m`.(ieaix mr) r"r sqe` spec (A) onqpmiiwzn irah m lkl
Tr (Am) =

n
∑

i=1

λm
i .λ1, ..., λn r"r mr n× n x
qn A xy`k9 htynmikelidd 'qny irah m lkl miiwzn AG ly r"r λ1 ≥ λ2 ≥ ... ≥ λn mr oeekn `l iteq sxb G idi:l deey m jxe`n mixebqd

n
∑

i=1

λm
i dgked.zxekfzde dpwqnd itldx
bdxnelk) mfitxenefi` `idy lre r"gg ϕ : V → V dwzrd `id G = (V, E) sxb ly mfitxenehe`.(envrl sxbd z` dxiarndx
bd:miiwnd ,ϕ ,G ly mfitxenehe` yi u, v ∈ V (G) mi
w
w bef lkl m` mi
w
w-iaihfpxh `ed sxb

ϕ (u) = v dxrd.ixlebx gxkda `ed mi
w
w iaihfpxh sxb lkze`nbe
.Cn lbrn lk .1
Kn .2.(diaew hxta) miipehlt` miteb .310 dpwqn

m jxe`n jelida `vend 
w
wl xefgl zexazqdd f` ,n x
qn ixlebx-k ,mi
w
w iaihfpxh G m`:`id
1

n

∑n

i=1
λm
i

km .AG ly r"r λ1 ≥ ... ≥ λn xy`k
6



dgked.∑n

i=1
λm
i l deey m jxe`n mixebqd mikelidd 'qn.(mrt lk zkll zeiexyt` k f`e dlgzd 'wp xegal zeiexyt` n) n · km `ed m jxe`n mikelidd 'qn:`ed xebq zeidl i`xw` jelid ly zexazqdd ,okl

∑n

i=1
λm
i

nkmzexazqdd ef libx sxba) mi
w
wd lk lr deey efd zexazqdd ,mi
w
w iaihfpxh sxbdy oeeikn.(zrvennd(aewxn) xekiyd ziira - dnbe
.mia`t ipy oia 
nery xekiy yi
1

2
zexazqde dpini 1

2
zexazqda jled `ed f` ,zkll ji` r
ei `l `ed la` ,a`tl ribdl dvex `ed.dl`ny?mi
rv n ixg` xekiyd `vnii okid - dl`y.Pn lr i`xw` jelid df.(htynd mr xeztl mir
ei `l ep` efd dirad z`)

K2 - zxg` dnbe
?mi
rv m oa i`xw` jelida dxfgd zexazqd dn
Pr =

{

1 m is even

0 m is odd dxrd.d
ig` zexazqda oky milixbn 
rv lka - sxb lr i`xw` jelid
K3 - ztqep dnbe
?yleyna i`xw` jelida dxfgd zexazqd dn

AG =





0 1 1
1 0 1
1 1 0



 :md r"rd
spec = {{−1, −1, 2}} :dxfgd zexazqd okl

Pr =
2m + (−1)

m
+ (−1)

m

3 · 2m
=

1

3
+

(−1)
m

3 · 2m−1 htyn(AG ly k ieaixa r"r −λ ⇐ AG ly k ieaixa r"r λ) ⇐⇒ i

v e
 `ed G sxbdgked.oekp il`nyd 
vdy gippmekql deey 2m+ 1 ibef i` jxe`n mixebqd mikelidd 'qn
n
∑

i=1

λ2m+1

i
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.λi = −λn+1−i miiwzne ,λ1 ≥ λ2 ≥ ... ≥ λn xy`k:okl
n
∑

i=1

λ2m+1

i =

n

2
∑

i=1

λ2m+1

i +

n
∑

i=n

2
+1

λ2m+1

i

=

n

2
∑

i=1

λ2m+1

i +

n

2
∑

i=1

−λ2m+1

i

= 0 .i

v e
 G okle Ga ibef i` jxe`n milbrn oi` okl:ipy oeeik.i

v e
 Gy gipp.'a 
v vk+1, ..., vne '` 
v v1, ..., vk ,k"da:miiwzn .λ r"r mr r"e u =









u1

.

.
un









idi
AG · u = λu .(AGu)i = λui ,1 ≤ i ≤ n lkl okl

(AGu) =

n
∑

j=1

aijuj = λui :xehwea opeazp
ū =





















u1

...
uk

−uk+1

...
−un



















 xfr zprh
AG · ū = −λū
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xfrd zprh zgked.('` dxwn) 1 ≤ i ≤ k gipp
(AGū)i =

n
∑

j=1

aij ūj

=

n
∑

j=k+1

aij ūj

=

n
∑

j=k+1

aij · (−uj)

= −

n
∑

j=k+1

aijuj

= −
n
∑

j=1

aijuj

= −λui = −λūi .dne
 ,k + 1 ≤ i ≤ n ,ipyd dxwnd.l"yn ,r"r −λ mb ,r"r λ m` ,okl
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