
.ixhn agxn (X, d)

dxcbd
irah n − n (ε) miiw ,ε > 0 lkl m` (Cauchy)iyew zxcq z`xwp Xa {xn} dxcq
lkl miiwzi i`pzdy .k.l.a yexcl xyt`).n,m > n (ε) lkl d (xn, xm) < εy jk

.n > m > n (ε)

lynl

.iyew zxcq `id zqpkzn dxcq lk

okle .n > n′ (ε) xear d (xn, x) <
ε

2
y jk irah n′ (ε) miiw ,xn → x m` ,zn`a

.n,m > n′ (ε) xy`k d (xn, xm) ≤ d (xn, x) + d (x, xm) < ε

oekp `l k"ca jtdd la`

lkl `"f .Ra iyew `id okle ,Ra xn → 0 .xn =

{
1

n

}
⊆ X ,X = (0, 1] dnbecl

`edy)Xa iyew mb okle n,m > n (ε) xy`k |xn − xm| = d (xn, xm) < ε ,ε > 0
,(Ra)dleab ik ,Xa zqpkzn `l {xn} ,mle` .(d dwixhn dze` mr R ly dveaw zz

.0 /∈ Xe ,0 `ed ,(!)cigi ote`a rawpd

dxcbd
(complete)mly Xy xn`p ,(Xa)zqpkzn iyew zxcq lk eay n"n (X, d) m`

dxrd

.mly n"n k"b X ly F dxebq dveaw-zz lk if` ,mly n"n X m`
`id ,mly Xy oeeik okle ,Xa w"q mb `id ,Fa iyew zxcq {xn} m` ,zn`a

.xn → x ∈ Xe ,Xa zqpkzn
x okle ,d`lde miieqn qwcpi`n lgd dreaw dxcqd - iteq dxcqd geeh m`

.Fl okl jiiye ,dxcqd ikxrn cg` `ed
.Fa zqpkzn {xn} ok lre

,dxebq Fy oeeike ,F ly leab 'wp `ed x leabd ,iteq-oi` `ed dxcqd geeh m`
.Fa zqpkzn {xn} `"f .(!htyn)Fl zkiiy x leabd zcewp

dxrd

(Banach)jpa agxn mly inxep agxnl mi`xew ,inxep agxn `ed Xy ihxtd dxwna
xear ‖xn − xm‖ < ε iyew i`pz .(zqpkzn jpa agxna iyew zxcq lk :epiidc)

.n > m > n (ε)
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iyew zexcq ly zepekz

.dneqg `id iyew zxcq lk .1

jk irah n (1) okl miiw .dxcbda ε = 1 gwip .iyew zxcq {xn} idz :dgked
.m > n (1) rawp .n > m > n (1) lk xear d (xn, xm) < 1y

d (xn, xm)

{
< 1 n > n (1)

max1≤n≤(1) d (xn, xm) n ≤ n (1)
< 2 + max (· · · ) + R

{xn} ⊆ B (xm, R) eplaiw
.(dneqg `id zqpkzn dxcq lk :cgeina)

leabl)zqpkzn {xn} if` ,zqpkzn dxcq-zz dl yiy iyew zxcq {xn} m` .2
(ziwlg dxcqd ly

d (xn, xm) <y jk irah n (ε) miiw ,oezp xtqn ε m` ,iyew zxcq {xn}y oezpd itl :dgked
.n > m > n (ε) xy`k ε

d
(
xnj , x

)
<y ja irah j {ε} miiw `"f .(xl)zqpkzny

{
xnj

}
dxcq zz yiy oezp

j > j (ε) xy`k ε

n∗ (ε) = max

[
n

(
ε

2

)
, j

(
ε

2

)]

,n > n∗ (ε) lkl

d (xn, x) ≤ d
(
xn, xnj

)
+ d

(
xnj , x

)
if` .j > j

(
ε

2

)
,j jeezn xgap

nj ≥ j > j

(
ε

2

)
≥ n

(
ε

2

)

n ≥ n∗ (ε) ≥ n

(
ε

2

)

d
(
xnj , x

)
<

ε

2

d
(
xn, xnj

)
.xn → x ⇐ n > n∗ (ε) lkl d (xn, x) < ε⇐

d`vez

.mly inxep agxn `ed epiidc .jpa agxn `ed Rk agxnd
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dgked

dxcqd (1) itl .Rka idylk iyew zxcq {xn} idz .Rk ly zenlyd z` gikedl jixv
.zqpkzn dnvr {xn} ,(2) itl .(htyn d`x)!zqpkzn dxcq zz dl yi okl .dneqg

.l"yn

.mly n|n F mb ixd ,dxebq F ⊆ Xe ,mly ixhn agxn X m`
.(mly n"n X xy`k)mly n"n `ed B̄ (a,R) = {x ∈ X|d (x, a) ≤ R} lynl

lynl .mly n"n B̄ (0, R) = {x ∈ X|‖x‖ ≤ R} if` ,jpa agxn X m` ,lynl
.mly n"nB̄ (0, R) =

{
x ∈ Rk

∥∥x‖ ≤ R
}

zeivwpet
zeveawd zxezn migpen zxekfz

(f : X → Y oeniq)Y l Xn ("dwzrd" e`)divwpet .zewix `l zeveaw X,Y •
.oezp x ∈ X lkl f (x) ∈ Y cigi xa` ly dn`zd `id

.divwpetd ly dxcbdd megz :X •

.f i"r E ly dpenzd - f (E) = {f (x)|x ∈ E} ,E ⊆ X •

(range)f ly geehd `xwp f (X) cgeina •

x = x′⇐f (x) = f (x′) m` (injective)r"gg f •

f (X) = Y m` (surjective)lr f •

.cgi mb miniiwzn l"pd mi`pzd ipy m` (bijective)lre r"gg z`xwp f •

`id f ik)mi`zn x ∈ X xear y = f (x) dxevdn `ed y ∈ Y lk ,df dxwna •
m"n` x = g (y)y jk g : Y → X epxcbd xnelk .(r"gg f ik)cigi df xe (lr

.f ly dketdd divwpetd z`xwp ef g .y = f (x)

ly dketd ddpenzd - my .f−1 (B) = {x ∈ X|f (x) ∈ B} onqp ,B ⊆ Y m` •
.f i"r B

:zakxend divwpetd ∅ 6= zeveaw X,Y, Z ,
f : X → Y
g : Y → Z

•

h + g ◦ f : X → Z

h (x) = g (f (x))∀x ∈ X

(g ◦ f) (x) = ,dektdd divwpetd g : Y → X ,lre r"gg f : X → Y m` :lynl
.Xa zizedfd divwpet `id g ◦ f xnelk .g (f (x)) = x
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zepekz
dketdd dpenzd ly (`

f−1

(⋃
α

Aα

)
=
⋃
α

f−1 (Aα)

f−1

(⋂
α

Aα

)
=
⋂
α

f−1 (Aα)

f−1 (Ac) =
[
f−1 (A)

]c
dpenzd ly (a

f

(⋃
α

Aα

)
=
⋃
α

f (Aα)

f

(⋂
α

Aα

)
⊆
⋂
α

f (Aα)

okle .lr f m` [f (A)]
C ⊆ f

(
AC
)

.r"gg f m` f (Ac) ⊆ [f (A)]
c

.lke r"gg `id f m` [f (A)]
C
= f

(
AC
)

divwpet ly leab
.E ly leab zcewp p idz .divwpet .f : E → Y .E ⊆ X .miixhn miagxn X,Y eidi
jk δ = δ (ε) > 0 miiw ,ε > 0 lkl m` (Y 3)ql deeye miiw lim

x→p
f (x)y xn`p

.x ∈ E ,d (x, p) < δ xy`k d (f (x) , q) < εy
d (q, q′) ≤ d (q, f (x)) + d (f (x) , q′) < ε:zecigi

.x → p xy`k f (x) → q e` q = lim
x→p

f (x) :miazek
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