
oey`x xcqn x"cn zekxrn

ivixhnd hppetw`d
.n× n dvixhn M

exp (M) = I +M +
M2

2!
+

M3

3!
+ ... =

∞∑
i=0

M i

i!

?zeqpkzd miaygn/migiken ji`

gikedl/aygl witqn okle exp (M) = U exp (D)U−1 if`M = UDU−1 m` (1)
.ocxe'f ly zilnxep dxeva D xy`k

exp (M) =

exp (M1) 0 0
0 exp (M2) 0

0 0
. . .

 if` ,miwela zvixhnM =

M1 0 0
0 M2 0

0 0
. . .

 (2)

.ocxe'f ly cg` welal gikedl/aygl witqn okle

exp (M) = eλ
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
λ 1 0 0

0 λ
. . . 0

0 0
. . . 1

0 0 0 λ

 m` (3)

(exp (M))ij =


1

(j − i)!
j ≥ i

0 J < i

oey`x xcqn x"cn zekxrn oexzt
n = 2 xear

a11, a12, a21, a22

{
y′1 = a11y1 + a12y2 + b1 (t)
y′2 = a21y1 + a22y2 + b2 (t)

1



.mireaw a11, a12, a21, a22 xy`k
.ipbened dxwn - b1 (t) = b2 (t) = 0

illk n xear

~y =

y1
.
.
.

yn

 ~y′ = A~y +~b (t)

dreaw dvixhn A

~b (t) =

b1 (t)
.
.
.

bn (t)

 A =

a11 · · · a1n
.
.
.

. . .
.
.
.

an1 · · · ann


.ipbened dxwn ~b (t) = 0

~y′ = A~y :ipbened dxwn
dprh

(miiyteg mireaw ~y (0) xy`k)~y (t) = exp (tA) ~y (0) `ed illkd oexztd

dgked

~y (t)y wecal mivex (xai` xai` ihpeelxd itqpi`d xehd z` xefbl ozipy dgpda)
:d`eeynd z` miiwn rvend

~y (t) =

( ∞∑
i=0

(tn)
i

i!

)
~y (0)

~y′ (t) =

( ∞∑
i=1

ti−1Ai

(i− 1)!

)
~y (0) = A

( ∞∑
i=1

ti−1Ai−1

(i− 1)!

)
~y (0)

= A

 ∞∑
j=0

tjAj

j!

 ~y (0) = A~y (t)

dirad
At dvixhn ly ocxe'f zxev z` aygl dyw
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~y′ = A~y :oexztl mixeviw

~y′ = λeλt~v
(A~v=λ~v)

= :dgked) .oexzt `ed ~y = eλt~v if` ~v r"e mr λ r"r yi Al m` .1
(A~veλt = A~y

.llekd oexztl sxvl ozipy l"za zepexzt n ozep df ,mipey mir"r n Al yi m`

!miakexn λv ile` :dxdf`
.~v r"e mr r"r λ mb if` ~v r"e mr miakexn r"r λe iynn A m`

[z + z = 2Re (z)]C1 = C2 m` iynn C1e
λt~v + C2e

λ~v

(ixabl` ieaixl deey `l ixhne`ib ieaix mr)mnvr lr mixfegd mir"r Al yi m` .2

:y wecal ozip .


λ 1 0 0

0 λ
. . . 0

0 0
. . . 1

0 0 0 λ

 il`ieeixh `l ocxe'f wela Al yi if`

exp

t


λ 1 0 0

0 λ
. . . 0

0 0
. . . 1

0 0 0 λ


 = etλ


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2!
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. . .
.
.
.

. . .
. . .

t2
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. . . t

0 1


ly oexzit ytgl yi - minrt r envr lr xfegd λ r"r Al yi m` illk ote`a
md ~v1, ...~vr xy`k ~y = eλt

(
~v1 + ~v2t+ ~v3t

2 + ...+ ~vrt
r−1
)
dxevdn ~y′ = A~y

(miiyteg mireaw r el`d mixehwea eritei)`evnl yiy mireaw mixehwe

dnbec

A =

(
0 −1
2 3

)
~y′ =

(
0 −1
2 3

)
~y

det (λI −A) =

∣∣∣∣ λ 1
−2 λ− 3

∣∣∣∣ = λ (λ− 3) + 2 = (λ− 1) (λ− 2)

:miinvr mixehwe r"rl `vnp(
0 −1
2 3

)(
x
y

)
=

(
x
y

)
⇒
(

1
−1

)
λ = 1

(
0 −1
2 3

)(
x
y

)
=

(
2x
2y

)
⇒
(

1
−2

)
λ = 2
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y = C1e
t

(
1
−1

)
+ C2e

2t

(
1
−2

)

dnbec

A =

(
4 −2
5 2

)
~y′ =

(
4 −2
5 2

)
~y

det (λI −A) =

∣∣∣∣λ− 4 2
−5 λ− 2

∣∣∣∣ = (λ− 4) (λ− 2)+10 = λ2−6λ+18 ⇒ λ = 3± 3i

 1
1− 3i

2

⇐
(
4 −2
5 2

)(
a
b

)
= (3 + 3i)

(
a
b

)
:λ = 3 + 3i

 1
1 + 3i

2

 :λ = e− ei

:illk oexzt

~y = C1e
(3+3i)t

 1
1− 3i

2

+ C2e
(3−3i)

 1
1 + 3i

2



= e3t

C1 (cos 3t+ i sin 3t)

 1
1− 3i

2

+ C2 (cos 3t− i sin 3t)

 1
1 + 3i

2


= e3t

cos 3t
 C1 + C2

C1 + C2

2
+

3i (C2 − C1)

2

+ sin 3t

 i (C1 − C2)
i (C1 − C2)

2
+

3 (C1 + C2)

2

 = ...

i (C1 − C2) = D2 ,C1 + C2 = D1 xicbp

... = e3t

cos 3t
 D1

D1

2
+

3D2

2

+ sin 3t

 D2

D2

2
+

3D1

2


.illk iynn oexzt df miiynn D1, D2 m`
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mieey miinvr mikxr ipy - dnbec

~y′ =

(
1 −1
1 3

)
~y

A =

(
1 −1
1 3

)

det (λI −A) =

(
λ− 1 1
−1 λ− 3

)
= (λ− 1) (λ− 3) + 1 = λ2 − 4λ+ 4 = (λ− 2)

2

dxeva oexzt ytgp

~y =

[(
α
β

)
+

(
γ
δ

)
t

]
e2t

.miiyteg mireaw 2 ly migpena ,`evnl yiy mireaw α, β, γ, δ xy`k

~y =

(
α+ γt
β + δt

)
e2t

~y′ =

(
γ
δ

)
e2t + 2

(
α+ γt
β + δt

)
e2t =

(
γ + 2α+ 2γt
δ + 2β + 2δt

)
e2t

A~y =

(
1 −1
1 3

)(
α+ γt
β + δt

)
=

(
α− β + (γ − δ) t
α+ 3β + (γ + 3δ) t

)
= e2t


2γ = γ − δ
2δ = γ + 3δ

γ + 2α = α− β
δ + 2β = α+ 3β

,(ziyteg)C1 zeidl γ xgap .−β−α = γ mipexg`d ipyn .δ = −γ mipey`xd ipyn
xnelk

γ = C1 ⇒ δ = −C1, α = C2 ⇒ β = −C1 − C2

`ed illkd oexztd okle

~y =

(
C2 + C1t

−C1 − C2 − C1t

)
e2t
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3× 3 dnbec

~y′ =

−1 4 4
−3 7 6
2 −4 −3

 ~y

2
0
1

e

2
1
0

 miinvr mikxre 1 r"r⇐Mupada

~y = et

α
β
γ

+

a
b
c


2× 2 - dt lecb ikd welad .1 r"r mr ⇔ cenv ocxe'f wela

.1 qepin lecb ikd ocxe'f wela ly cnin = mepiletd ly dbxcd

~y′ =

a
b
c

 et +

α+ at
β + bt
γ + ct

 et =

α+ a+ at
β + b+ bt
γ + c+ ct

 et

A~y =

−1 4 4
−3 7 6
2 −4 −3

α+ at
β + bt
γ + ct

 et =

=

 (−α+ 4β + 4γ) + (−a+ 4b+ 4c) t
(−3α+ 7β + 6γ) + (−3a+ 7b+ 6c) t
(2α− 4β − 3γ) + (2a− 4b− 3c) t

 et

 −2a+ 4b+ 4c = 0
−3a+ 6b+ 6c = 0
2a− 4b− 4c = 0

a = 2b+ 2c

 −2α+ 4β + 4γ = 2 (b+ c)
−3a+ 6β + 6γ = b
2a− 4β − 4γ = c

(1) + (3) = 2 (b+ c) + c = 0 ⇒ b = −
3

2
c

(2) +
3

2
(3) = b+

3

2
c = 0
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:md mireawd x`ye ,c, β, γ miiyteg mireaw 3 eplaiwe
b = −

3

2
c

a = −c

α =
c

2
+ 2 (β + γ)

ipbened `l dxwn
dnbecl

~y′ =

(
0 −1
2 3

)
~y +

(
1
t

)
.xvwl ozip minrtl ,mincwn ziiv`ixe zeyrl ozip

~y = A (t) ~y +~b

~y = Y (t) ~α (t)

Y = (~y1, ...~yn)

ˆ
Y −1~bdt

.~y =

(
α+ βt
γ + δt

)
dxeva ihxt oexzt ygpp ipbened i`l .et~v1, e

2t~v2 zepexzt yi ipbenedl

:aivp(
β
δ

)
=

(
0 −1
2 3

)(
α+ βt
γ + δt

)
+

(
1
t

)
=

(
−α− δt+ 1

2α+ 3γ + (2β + 3δ) t+ t

)

⇒ δ = 0, β = −
1

2
, γ =

3

2
, α =

− 9

4
:ihxt oexzt mi`ven dkk

~y =

−
9

4
−
1

2
t

3

2
0


d`eeynl

~y′ =

(
0 −1
2 3

)
~y +

(
1
3

)
ert
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.r = 1, 2 ok m` `l` ,caer

(
α
β

)
ert yegip

.

(
α+ βt
γ + δt

)
ert jixv r = 1, 2 xy`k
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