
zexebqe zegezt zeveaw

zxekfz
dpeekd .r eqeicxe a efkxny Rna geztd xeckd z`B (a, r)a onqp .r > 0 ,a ∈ Rn idi

Br (a) := {x|d (x, a) < r}
yibcp .r eqeicxe a efkxny Rna xebqd xeckd z` B̄ (a, r) onqp dnec ote`a

Br (a) := {x|d (x, a) ≤ r} dpeekd df dxwnay

dxcbd
ly daiaq zniiw m` A ly zinipt dcewp x .x ∈ Rn ,Rkl ziwlg dveaw A •

.Aa dlek zlkeny x

.lbrnl dpeekd Ca ,oalnl dpeekd R2a ,rhwl dpeekd Ra lynl

.zinipt dcewp `id Aa dcewp lk m` dgezt dveaw z`xwp A dveaw •

(!z`f gikedl xyt`)!dgezt dveaw `l [2, 3] lynl

libxz
.dgezt dveaw dpid A = {(x, y)|y > 0} dveawd ik gked

oexzt

.Aa lken B ¨((x0, y0) , y0) ik d`xp .Aa dcewp (x0, y0) idz
:dnxep zxcbd itl eply dxwna

B ((x0, y0) , y0) ⇔ ‖ (x, y)− (x0, y0) ‖ < y0 ⇒ ‖ (x− x0, y − y0) ‖ < y0

|ai| ≤ ‖a1, ...an‖ miiwzny xexa :dxrd√
x2 + y2 ≥

√
y2 = |y| - R2a . n

√
an1 + ann ≥ |ai| :dnbecl :ik

:dxrdd t"r eply dxwna

|y − y0| ≤ ‖ (x− x0) , (y − y0) ‖ < y0

⇓

|y − y0| < y0

⇓
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0 < y < 2y0

wiqdl ozip o`kn .(x, y) ∈ A dcewpd ik lawp 0 < y < 2y0 daiaqd xear `"f
.Aa lken B ((x0, y0) , y0) ik

2 libxz
.dgezt dpi` A = {x0} dveawd ik gked

dgked

okle ∃α > 0, B (x, α) ⊆ A dxevdn xeck miiw okl .dgezt dveawd ik dlilya gipp
xzei yiy `vei)dxizq idef oaenk .x1 ∈ A ⇐ wiqp .x0 6= x1 ∈ B (x, α) yi my

.(dveawa cg` xai`n

dl`y
?dxebq e` dgezt gxkda `id dveaw lk m`d

daeyz

.R1a 2 < x ≤ 3 !`l

dxcbd
|X| ⊆ M ,x ∈ A lkly jkM miiw m` ,dneqg dveaw z`xwp A

3 libxz
.dneqg dpi` A = {(x, y) : x ≥ 1, 1 ≤ y ≤ 2} dveawd ik gked

oexzt

‖ (x0, y0) ‖ ≤ (x0, y0) ∈ A lkly jk M miiw `"f .dneqg A dveawd ik dlilya gipp

.x2 ≤ M2 − y2⇐x2 + y2 ≤ M2⇐
√
x2 + y2 ≤ M⇐M

`vnp ok`)y = 1 dnbecl xgap .(zeniqg i`d lr ,"fnxn" dyrnl x ik)y z` rawp
d`eeyny xexa (daxd cer xyt`)x = M + 1 xgap m` .(*)x2 ≤ M2 − 1 .(dveawa

.zniiwzn dpi` (*)

4 libxz
.dneqg dveaw dpid Rna xebq e` gezt xeck lky gked
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oexzt

.B (x0, α)⇔‖x− x0‖ okle ‖x‖ ≤ M l"v x ∈ B (x0, α) gipp
‖x‖ z` meqgl mipiipern

‖x‖ = ‖x− x0 + x0‖ ≤ ‖x− x0‖+ ‖x0‖ < ‖x0‖

‖x‖ < M miiwzny xexa df dxwna .M = α+ ‖x0‖ xegal witqn okle

(zexahvd zcewp)dxcbd
x0 ∈ Rn ,A ⊆ R

zqpkznd x0n dpey zecewp zxcq Aa zniiw m` A ly zexahvd zcewp `xwz x
x0l

lynl

zexahvdd zcewp mbe 1+
1

n
∈ [1, 2] ik yibcp .1+

1

n
→ 1 dxcqd [1, 2] rhwd xear

.rhwl mikiiy 1

`id zexahvdd zcewp ,oezpd rhwa z`vnp ok`2−
1

n
dxcqd [1, 2) rhwd xear

.rhwl zkiiy `ly xexae 2

5 libxz
Al zekiiy A ly zexahvdd zecewp lk :jxtd\gked

daeyz

.zncew dnbec d`x :oekp `l

6 libxz
.zexahvd zcewp `id A ly zinipt dcewp lk :jxtd\gked

oexzt

oekp
~x0 = xicbp .B (~x0, α) ⊆ Ay jk α > 0 miiw .A ly zinipt dcewp x0y gipp

{xk} ⊆ ik al miyp .
1

k
< α xy`k ~xk =

(
x1 +

1

k
, x2, ...xn

)
xicbpe (x1, x2, ...xn)

.xk ∈ B (x, α) xnelk ‖xk − x0‖ = ‖
1

k
‖ =

1

|k|
< α ik xexa df dxwna .B (x0, a)

`vnpy)x0l zqpkzne Aa z`vnpy dxcq ep`vn okl ,limxk → x0 miiwzn sqepa
.zexahvd zcewp `id dcewp lk okle .(xecka
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7 libxz
.zexahvd zcewp dpid Aa dcewp lk :jxtd/gked

oexzt

.zexahvd zcewp dpi` "3" ik ze`xdl witqn .[1, 2]∪{3} dnbecl - zicbp dnbec d`xp

.{xk} → 3y jk Aa xk dxcq zniiw okle ,zexahvd zcewp ok `id "3"y dlilya gipp
.z`fk daiaq yiy okzii `l okle (zccean `id "3" dcewpd)"3" dcewpl daiaq oi`

ziaa dti dxeva egqp

zeniqg

zxekfz

m` rxln dneqg dnec ote`a .f (x) ≤ My jk ∃M ∈ R m` lirln dneqg f
f (x) ≥ M

8 libxz
.R2a dneqg dpi` f (x, y) = x+ y ik gked

oexzt

.dneqg fy dlilya gipp

‖f‖ ≤ M

m

‖f (x, y) ‖ ≤ M

⇓

‖f (x, 0) ‖ ≤ M

m

|x+ 0| ≤ M

|x| ≤ M

.yexcd z` lawpe x = M + 1 xgap okle
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9 libxz

.dzxcbd megza dneqg dpi` f (x, y) =
x2 + y2

x2 − y2
ik gked

oexzt

.M i"r dneqg fy dlilya gipp .|x| 6= |y| dxcbdd megz

|f (x, y)| ≤ M

m

∣∣x2 + y2
∣∣

|x2 − y2|
≤ M

m

∣∣x2 + y2
∣∣ ≤ M

∣∣x2 − y2
∣∣

|x| > |y| :I zexyt`

x2 + y2 ≤ Mx2 −My2

y2 (1 +M) ≤ x2 (M − 1)

:wecap .y = M z` xgap x = M + 1 xgap m`

M2 (1 +M) ≤ (M + 1)
2
(M − 1)

M2 ≤ M2 − 1

|x| > |y| II zexyt`
...oeirx eze` miyer

.dxizql dliaen y = M ,x = M + 1 dxigady ze`xl lw

libxz
lim

(x,y)→(0,0)
(x, y) = 0 ik dxcbdd i"r gked .f (x, y) = xy2 i"r dpezp f : R2 → R idz
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dgked

‖ (x, y) − (0, 0) ‖ < δ m`y jk δ > 0 `vnp ε > 0 lkl ze`xdl jixv ,dxcbdd t"r
‖f (x, y)− 0‖ < ε f`

.‖ (x, y) ‖ < δ ⇐ ‖ (x, y)− (0, 0) ‖ < δ m`y "ze`xl lw"
:fa aivp xy`k .|y| < δ mbe |x| < δy yexcp ,eply dxwna∣∣xy2∣∣ = |x| |y|2 < δδ2 = δ3

.yexcd z` lawpe ε 3
√
δ xegal witqn okle
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