

"qa
88-240 zelibx zeil`ivpxt
 ze`eeyn10 milibxzdxeva oeheip ly mepiad htyn z` aezkl ozipy gked (`) .1

(1 + x)a =
∞
∑

i=0

Γ(a + 1)

Γ(a + 1 − i)Γ(i + 1)
xi |x| < 1`ed a xy`k mb dpekp `id dgqepd oaen dfi`a xiaqdl yi la` ,mly epi` a o`k.ilily `l mly-y ,ihpeelxd lxbhp`a zeavd i
i lr ,gked (a)

Γ
(

1

2

)

=
∫

∞

−∞

e−y2

dy =
∫ 1

0

dz√
− log zdxeva mepiad htyn z` miazek llk jx
a (`)

(1 + x)a =
∞
∑

i=0

a(a − 1) . . . (a − i + 1)

i!
ximiqt`zn i > a mr mixai`d lk ,iteq `ed xehd iaeig mly `ed a -y dxwnaif` mly epi` a m` .0 `ed dpena minxebd 
g`y llba

Γ(a + 1) = aΓ(a) = a(a − 1)Γ(a − 1) = . . . = a(a − 1) . . . (a − i + 1)Γ(a − i + 1)aezkl ozip okle
a(a − 1) . . . (a − i + 1) =

Γ(a + 1)

Γ(a − i + 1)ilily mly `ed a m` .htynd ly drvend dxevd z` milawn i! = Γ(i+1) -e zeid.ef dgqepa ynzydl ozip `le Γ(a + 1− i) ly mbe Γ(a + 1) ly dx
bda dira didi
Γ(a− i+1) ,i > a xear la` Γ(a+1) ly d
bda dira oi` ,ilily `l mly `ed a m`

1
Γ(p)

= 0 -y mipiany i`pza dgqepa ynzydl ozip df dxwna ,ote` lka .x
ben epi`.p = 0,−1,−2, . . . xy`k (a)
Γ
(

1

2

)

=
∫

∞

0
t−1/2e−t dt milawn t = y2 miaivn m`

Γ
(

1

2

)

=
∫

∞

0
y−1e−y2

2y dy = 2
∫

∞

0
e−y2

dy =
∫

∞

−∞

e−y2

dy.e−y2 ly zeibef i
i lrmilawn t = − log z miaivn m`
Γ
(

1

2

)

=
∫ 0

1

1√
− log z

z

(

−1

z

)

dz =
∫ 1

0

dz√
− log z



lqa zeivwpetl diqxewxd iqgin gked .2
Jn+1(x) + Jn−1(x) =

2nJn(x)

x
Jn+1(x) − Jn−1(x) = −2J ′

n(x)lqa z`eeyn z` miiwn Jn(x) -y
x2J ′′

n(x) + xJ ′

n(x) + (x2 − n2)Jn(x) = 0 :zeiqxewxd yxtd(1) Jn−1(x) =
nJn(x)

x
+ J ′

n(x) lawl x i
i lr litkp(2) xJ ′

n(x) + nJn(x) = xJn−1(x) :(2) z` xefbp(3) xJ ′′

n(x) + (n + 1)J ′

n(x) = xJ ′

n−1(x) + Jn−1(x) :x i
i lr aey litkp(4) x2J ′′

n(x) + (n + 1)xJ ′

n(x) = x2J ′

n−1(x) + xJn−1(x):(2) d`eeyn letk n xqgpe(5) x2J ′′

n(x) + xJ ′

n(x) − n2Jn(x) = x2J ′

n−1(x) + x(1 − n)Jn−1(x)ozep zeiqxewxd izy mekq(6) Jn+1(x) =
nJn(x)

x
− J ′

n(x) lawl x i
i lr militkn(7) xJn+1(x) = nJn(x) − xJ ′

n(x)lawl n mewna n − 1 minyexe(8) xJn(x) = (n − 1)Jn−1(x) − xJ ′

n−1(x)okle .(8) ly oini 
v letk −x deey (5) ly oini 
vy mi`ex (8) -e (5) z` mieeyn m`(9) x2J ′′

n(x) + xJ ′

n(x) − n2Jn(x) = −x2Jn(x) .yx
pk



lqa zeivwpet ly ilxbhp`d beviidn lqa zeivwpetl diqxewxd iqgi z` gked .3
Jn(x) =

1

π

∫ π

0
cos (nθ − x sin θ) dθ epl yi ilxbhp`d beviidn

Jn+1(x) + Jn−1(x) =
1

π

∫ π

0
cos ((n + 1)θ − x sin θ) dθ +

1

π

∫ π

0
cos ((n − 1)θ − x sin θ) dθ

=
1

π

∫ π

0
(cos ((n + 1)θ − x sin θ) + cos ((n − 1)θ − x sin θ)) dθ

=
2

π

∫ π

0
cos (nθ − x sin θ) cos θ dθ

=
2

πx

∫ π

0
cos (nθ − x sin θ) (n + x cos θ − n) dθ

=
2

πx

∫ π

0

(

d

dθ
sin (nθ − x sin θ) − n cos (nθ − x sin θ)

)

dθ

=
2

πx
[sin (nθ − x sin θ)]π0 − 2n

πx
Jn(x)

= −2n

πx
Jn(x).cos(A + B) + cos(A − B) = 2 cosA cos B zedfa ,xzid oia ,epynzyd o`k:ok enk

Jn+1(x) − Jn−1(x) =
1

π

∫ π

0
cos ((n + 1)θ − x sin θ) dθ − 1

π

∫ π

0
cos ((n − 1)θ − x sin θ) dθ

=
1

π

∫ π

0
(cos ((n + 1)θ − x sin θ) − cos ((n − 1)θ − x sin θ)) dθ

= −2

π

∫ π

0
sin (nθ − x sin θ) sin θ dθ

= −2

π

∫ π

0

d

dx
(cos (nθ − x sin θ)) dθ

= −2
d

dx

(

1

π

∫ π

0
cos (nθ − x sin θ) dθ

)

= −2J ′

n(x).cos(A + B) + cos(A − B) = −2 sin A sin B zedfa ,xzid oia ,epynzyd o`k



lqa z`eeyn ly oexzt lk aezkl ozipy gked ,ilily `l mly n ,ν = n + 1
2
xy`k .4

x2J ′′

ν (x) + xJ ′

ν(x) + (x2 − ν2)Jν(x) = 0 dxeva
Jν(x) =

√

2x

π
jn(x) d`eeynd z` xzet jn(x) xy`k

x2j′′n(x) + 2xj′n(x) +
(

x2 − n(n + 1)
)

jn(x) = 0-y gked (.zeixe
k lqa zeivwpet jn(x) zeivwpetl mi`xew)
jn(x) = (−x)n

(

1

x

d

dx

)n
sin x

x.j0, j1, j2 z` yxetna `vne ,ef d`eeyn ly oexzt `edm`
Jν(x) =

√

2x

π
jn(x) if`

J ′

ν(x) =

√

2

π

(√
xj′n(x) +

1

2
√

x
jn(x)

) -e
J ′′

ν (x) =

√

2

π

(√
xj′′n(x) +

1√
x
j′n(x) − 1

4x3/2
jn(x)

) okle
0 = x2J ′′

ν (x) + xJ ′

ν(x) + (x2 − ν2)Jν(x)

= x2

(√
xj′′n(x) +

1√
x
j′n(x) − 1

4x3/2
jn(x)

)

+ x

(√
xj′n(x) +

1

2
√

x
jn(x)

)

+

(

x2 −
(

n +
1

2

)2
)√

xjn(x)

= x2j′′n(x) + 2xj′n(x) +
(

x2 − n(n + 1)
)

jn(x) (∗)dxey oia xarnae √ 2
π

ly szeyn mxeb izhnyd diipyl dpey`xd dxeyd oia xarna. √x ly szeyn mxeb izhnyd ziyilyl diipydyex
l yi if` .jn(x) = xnfn(x) dxeva jn(x) -l d`eeynd ly oexzt ytgp
x2
(

xnf ′′

n + 2nxn−1f ′

n + n(n − 1)xn−2fn

)

+2x
(

xnf ′

n + nxn−1fn

)

+
(

x2 − n(n + 1)
)

xnfn = 0xnelk
xf ′′

n + 2(n + 1)f ′

n + xfn = 0 (∗∗)



-y jk y = 1
2
x2 xi
bp

dfn

dx
=

dy

dx

dfn

dy
= x

dfn

dy -e
d2fn

dx2
=

dfn

dy
+ x

d2fn

dy2

dy

dx
=

dfn

dy
+ x2 d2fn

dy2 zpzep d`eeynd
x

(

dfn

dy
+ x2 d2fn

dy2

)

+ 2(n + 1)x
dfn

dy
+ xfn = 0 xnelk

2y
d2fn

dy2
+ (2n + 3)

dfn

dy
+ fn = 0 (∗ ∗ ∗)jk f0 mir
ei epgp` xnelk ,n = 0 dxwna z`fd d`eeynd ly oexzt epl yiy gipp eiykr-y

2y
d2f0

dy2
+ 3

df0

dy
+ f0 = 0 :minrt n xefbp

2

(

y
dn+2f0

dyn+2
+ n

dn+1f0

dyn+1

)

+ 3
dn+1f0

dyn+1
+

dnf0

dyn
= 0divwpetle dhpi
xe`ewl mixfeg m` .(∗∗∗) d`eeynd ly oe`zt `ed fn = dnf0

dyn
-y mi`ex-y mi`ex ,zixewnd

fn(x) =

(

1

x

d

dx

)n

f0(x)-ye ,n = 0 dxwna oexzt `ed f0 m` (∗∗) ly oe`zt `ed
jn(x) = xn

(

1

x

d

dx

)n

j0(x).n = 0 dxwna oexzt `ed j0 m` (∗) ly oexzt `ed
(xj0)

′′ = -y xnelk ,xj′′0 + 2j′0 + xj′0 = 0 ly oexzt `ed j0(x) = sinx
x

-y we
al x`yp wx.sin′′(x) = − sin x -e zeid ,il`iaixh dfy , −xj0

j0(x) =
sin x

x

j1(x) =
sin x

x2
− cos x

x

j2(x) =
(

3

x2
− 1

)

sin x

x
− 3 cosx

x2



x
p'fl inepiletl diqxewxd iqgin gked .5
(n + 1)Pn+1(x) = (2n + 1)xPn(x) − nPn−1(x) n = 1, 2, . . .

x2 − 1

n
P ′

n(x) = xPn(x) − Pn−1(x) x
p'fl z`eeyn z` miiwn Pn(x) -y
(1 − x2)P ′′

n (x) − 2xP ′

n(x) + n(n + 1)Pn(x) = 0:diipyd diqxewxdn
(1 − x2)P ′

n(x) = n (Pn−1(x) − xPn(x)) (∗) lawl mixfeb
(1 − x2)P ′′

n (x) − 2xP ′

n(x) = n
(

P ′

n−1(x) − xP ′

n(x) − Pn(x)
)

(∗∗)

(∗) -n
(1 − x2)

(

P ′

n−1(x) − xP ′

n(x)
)

= (n − 1) (Pn−2(x) − xPn−1(x)) − xn (Pn−1(x) − xPn(x))

= (n − 1)Pn−2(x) − x(2n − 1)Pn−1(x) + nx2Pn(x)

n − 1 -l slged n mr ,oey`xd diqxewxd qgin la`
nPn(x) = (2n − 1)xPn−1(x) − (n − 1)Pn−2(x) okle

(1 − x2)
(

P ′

n−1(x) − xP ′

n(x)
)

= −nPn(x) + nx2Pn(x) = −n(1 − x2)Pn(x) e`
P ′

n−1(x) − xP ′

n(x) = −nPn(x)milawn (∗∗) -a dpexg`d d`eeyna miynzyn m`
(1 − x2)P ′′

n (x) − 2xP ′

n(x) = n (−nPn(x) − Pn(x)) = −n(n + 1)Pn(x) xnelk
(1 − x2)P ′′

n (x) − 2xP ′

n(x) + n(n + 1)Pn(x) = 0 .yx
pk



.n = 0, 1, 2, . . . ,Pn(0) z` `evnl x
p'fl inepilet ly zxveid divwpeta xfrd (`) .6.n = 0, 1, 2, . . . ,Pn(0) z` `evnl qbix
ex zgqepa xfrd (a).n = 0, 1, 2, . . . ,Pn(0) z` `evnl x
p'fl inepilet ly oey`xd diqxewxd qgia xfrd (b):x = 0 mr diqxewxd zgqen (`)
1√

1 + t2
=

∞
∑

n=0

Pn(0)tn :mepiad htyna ynzyp
∞
∑

n=0

(

−1
2

) (

−3
2

)

. . .
(

1
2
− n

)

n!
t2n =

∞
∑

n=0

Pn(0)tn-e .ibef i` n m` Pn(0) = 0 y 
in mi`ex
P2n(0) =

(

−1
2

) (

−3
2

)

. . .
(

1
2
− n

)

n!
= (−1)n 1 · 3 · . . . · (2n − 1)

2nn!
= (−1)n (2n − 1)!!

2nn!aezkl ozip mbe zeid
(2n − 1)!! =

(2n)!

(2n)!!
=

(2n)!

2nn! aezkl mb xyt`
P2n(0) =

(−1)n(2n)!

22n(n!)2 :fbix
ex zgqep (a)
Pn(x) =

1

2nn!

(

d

dx

)n

(x2−1)n =
(−1)n

2nn!

(

d

dx

)n n
∑

i=0

n(n − 1) . . . (n − i + 1)

i!

(

−x2
)imixfeb xy`k ,ibef i` `ed n m` .miibef mixai` wx yi xeha .mepiad htyn i
i lr,ibef `ed n xy`k .0 lawp x = 0 aivp k"g` xy`k okle ,miibef-i` mixai` wx eidixy`k minlrp dfn ohw i mr mixai`d lk) .i = n

2
mr df `ed mexziy 
igid xai`d,zexfbpd ixg` 0-n le
b x ly dwfg mixi`yn dfn le
b i mr mixai`d lk .mixfebyi ibef n xiar okle .( .x = 0 miaivn xy`k miqt`zn okle

Pn(0) =
(−1)n/2

2nn!

n(n − 1) . . .
(

n
2

+ 1
)

(

n
2

)

!
n!:n = 2m aezkp (.zexfbpdn n! ly oexg`d mxebd)

P2m(0) =
(−1)m

22m

2m(2m − 1) . . . (m + 1)

m!
=

(−1)m(2m)!

22m(m!)2



`ed x = 0 xy`k dpey`xd diqxewxd (b)
Pn+1(0) =

−n

n + 1
Pn−1(0).ibef i` `ed n xy`k Pn(0) = 0 -y xexa 
in .P1(0) = 0 -e P0(0) = 1 -y re
iepl yi ibef n xy`k

P2m(0) =
−(2m − 1)

2m
P2m−2(0)

=
−(2m − 1)

2m

−(2m − 3)

2m − 2
P2m−4(0)

= . . .

= (−1)m (2m − 1)!!

(2m)!! okle
P2m(0) = (−1)m (2m)!

((2m)!!)2 = (−1)m (2m)!

(2mm!)2 =
(−1)m(2m)!

22m(m!)2


