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159. Find the sum of the cofactors of all elements of the de-
terminants:

160. Expand the following determinant by the elements of
the third row and evaluate:

1 0 -1 -1
0 -1 -1 1
a b ¢ d
-1 -1 1 0

|
I
|

161. Expand the determinant
2 1 1 x
1 2 1 y
11 2 =z
1 1 1 ¢
by the elements of the last column and evaluate.
162. Expand the determinant

1 1
0 1
1 1
1 0

QU O o9
»—-O—-A;—A

by the elements of the first column and evaluate.

Sec. 5. Computing Determinants
Compute the determinants:
*163. | 13547 13647 164. \ 246 427 327 ’

28423 28523 | ‘ 1014 543 443 |.
| —342 721 621’
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178.

*179.

*180.

*181.

*182.

*183.

2. 1215

CH. 2. EVALUATION OF DETERMINANTS

0 a b ¢

—a 0 d e

—b —d 0 f|

—¢c —e —-f 0

1 2 3...n

-1 0 3...n

-1 =2 0.

-1 -2 =3 0

1 & as u
1 a,+b, a, n
1 a, as+b, n
1 a as a,+b
1 % x Xp—1 Xn

I x X Xn-1 n

1 x =x Xp—1 Xn

1 % x x X,

1 x5 x Xpi X

1 2 3. n—1

1 3 3. n—1

1 2 5. n—1

1 2 3...2n-3 n
1 2 3. n—1 2n-1
1 2 2...2

2 2 2...2

2 2 3 ...2)|
2 2 2 n

33
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*184.

*185.

*186.

*187.

*188.

*189.

PART 1. PROBLEMS

1 & 0 0 0 0
-1 1=b, b O 0 0
0 —1 l—ba b3 . 0 0

-------------------------------

a a+h a+2h ... a+(n=1)h
—a a 0 ... 0

0 -a a 0

0 0 o ... a
a —(a+h) ... (—1yta+(@n—1)h]
a a 0
0 a 0
0 0 a
1 ¢ ¢ ¢ crr ocrtocn
1 ¢, Ci., Ci, S ¢l BV
1 Chp Ciy, Chos ciz3 0 0
1 ¢} C3 0 0 0 0
1 Cl 0 0 0 0 0
G 4 a; a ... Guy Gpy Gy
ay -1 0...0 0
a x -1 . 0 0
a, 0 x...0 0
Apy 0 0...x -1
a, 0 0...0 x

n n—1 n-2, 3 2 1
-1 x 0 0 0 0

0 -1 0 0 0

--------------------------
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*¥190. Compute the difference f{x+1) —f(x), where

1 0 0 0 ... 0 x
1 2 0 0 0 X2
3
rey=|t 300 oL
1 n cz ¢ ...Crly
1 n+l C2., C3.y ... Cogl xn¥?

Compute the determinants:

*191. | x a ay ... Gy 1 *192. | x
a x a a,_, |
a a Xx a,_, 1
o a; ag x 1 a a a X
a, dy as a, 1
193. x a a a
—a x a a
—a —a a a
—-a —a -—a —-a x
*194. | — a, 0 0 0
0 -—a a; . 0 0
0 0 —a, . 00
0 0 0 —a, a,
1 1 | S 11
*195. | a, —a, 0 ...0 0
0 a, —a; ... 0 0
0 0 a ... 0 0

----------------------

35
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*196.

*197.

*198.

*199.

*200.

*201.

PART 1. PROBLEMS
h -1 0 0 .0
hx h -1 0 .0
hx? hx h -1 .0
hx® hx"~l pxn—2 hxnd ., A
0 1 |
1 0 x. x
1 0.
1 .0 x
1 x x 0
0 1 1 1
1 0 a+a, a;+a,
l ay+a, 0 a,+a,
1 a,+a, a,+a, 0
1 2 3 ...n-1 n
| 1 1. 1 | -
1 1 1 l—n |
1 1—-n 1. 1 |
g 1L b gt
n n n
-L 9 -1 11
n n n
1L -1l 1 2
n n n
(order n+1)
1 a o a ar
xll 1 a LZ2 an—l
Xgy Xgg 1 @ an~?
xnl xn2 Xn3  Xna . 1
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*202. | 1 2 3 4 n
2 1 2 3 n-1
3 2 1 2 n—2 1,
4 3 2 1 n—-3
n n—1 n-2n-3 1
#203. | a, by 0 0 0 0
a; —b, b, O 0 0
a, 0 -5, b, 0 0
ay—1 0 0 0 —bn—z bn
a, 0 0 0 0 —b,_4
*204,
| a a2 0 0 0 0
1 2a+b (a+b)* 0 0 0
0 1 2a+3b (a+203? ... 0 0
0 0 0 0 veo 2a4+(2n-1)b (a+nbp?
0 0 0 0 1 2a4+(2n+1)b
*205. *206.
xy 0...00 I+xy l+xp, ... 1+xy,
0 x »p...00 Ttxepy 1+xps o0 143y, |,
0 0 O e X Y ‘ 1'l'xnyl l+xny2 L 1+xnyn
y 0 0.,,..0 x
207. al—bl al—bz al—b”
ay—by ay,—b, a,—b,
an_bl an_bB an_bn
*208. 1+al+x1 AG+Xy oae as+ x,
a+x; l+ag+x, ... ay+x, |,
a,+ Xy a,+x, V+a,+x,
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209. at—ao atl—a ... gt l—q
an+p —a an+p+1 - . an+2p—1 —a
an+p (- o an+p (p—1)41 _ o .. an+p“—1 —

210. Prove that the determinant
Hla) fi@) ... fila,)
fala) fa(as) ... fa(ay)

Jal@) fa(a) ... fu(a)

is equal to zero if f;(x), fo(x), ..., f,(x) are polynomials in x, each
of degree not exceeding n—2, and the numbers a,, a,, ..., a, are
arbitrary.

Compute the determinants:

*211. 1 2 3 4...n-1 n
-1 x 0 0. 0 0
0 0 0 0. x 0
0 0 0 0. -1 x
*212- a1+ xl az aa o .. an—] an
—x x 0 0 0
0 —X; Xy 0 0
0 0 0 —Xp—1 X
*213. *214
ay a, a, a,_, a, 0 1 1 .1
- X1 0 0 0 1 ay 0 0
0 —Y: X 0 0 1 0 as 0
0 0 0 =X Xn 1 0 0 @y
*215. | pla, (n—1)a, (n—2)la, ... a,)
—-n x 0 . 0
0 —(n-1) X . 0



CH. 2. EVALUATION OF DETERMINANTS

216. |1 O O O 1
l ¢ 0 0 O :
it.
11 o 0 0
1 0 1 a O
1 0 0 1 gq
Compute the determinants:
217.
a+fB  of 0 0 0
1 a+f  of 0 0
0 1 a+p 0 0

.......................

*219. | 2cos 0 1 0...0
1 2cos0 1 0
0 0 0 1
220. | cos® 1 0
1 2cos0 1 .
0 1 2cos9 ...
0 0 0
*221 *222
x 10 0 X1Y1 X1 )a
I x 1 0 X1Ys X2 )2
01 x 0 X1YVs X2 Y3
0 0 0 . X xlyn x2yn
*223. | 144, 1 1
1 1+a, 1
1 1 l+a,
1 1 1

218.

ooooo

...................

39

Write an nth-order determinant
of this structure and compute



40 PART 1. PROBLEMS

224. ] ] 1 a+1]
1 1 a,+ 1 1
1 a,_,+1 | 1
a,+1 1 1 1
*25. | g, x x ... x
a, x x
X a, X
x x x a,
*226. *227
X1 4y 4 Ap_1 Gy X3 agby, azby
4, Xy as Ap-1 Gy arby, x, azb,
a, ay X An_1 4y arby ay by  x,
a, a; a, Xp-1 @y ab, ayb, ayb,
a4 4 43 ... Gy n
*228. | x;—m  x, Xg Xn
X1 Xpg—m X Xy
X1 Xy X3—m Xy
Xy Xy Xq X,—m

229. Solve the equation

a as ... a, a,—x, X
I a, Apo1— &Xpy X a, =0
aQ—oy X dy ... a,_, a,
Compute the determinants:
*230. |a O 0 ... 0 O b
0 a O 0 b O
0 0 a...5 00
. (of order 2n).
0 0b...a 0O
0 b 0...0 a O
b 0 0...0 0 «a




*231.

*232.

*233.

*234.

*235.

CH. 2. EVALUATION OF DETERMINANTS
1 -b -b —=b —b
1 na -2 -3 ... —(n=-1)>d
i1 (n—1a a -3 ... —-(n=1)b
i1 (n-2)a a a... —(n=1)b
1 2a a a a
(x—a)* a a;
a (x —ay)? az
a a3 (x —a,)
(x— a,)? a,d, a; a,
a; ds (x — ay)? aq ay
a, a, a, a, (x—a,)?
l - bl b2 O 0 0
-1 l-b, b, 0 . 0
0 -1 1—-b, b, 0
0 0 0 0 1-5,
0 a a aq y-1 4,
b 0 a3 a a,., a,
by by 0 aq, a, ., a,
b, b, by b, 0 a,
b, by by b, ... b, O
*237,
3 4 5 n 1 2 3 4., n
2 3 4 -1 x 1 2 3. -1
1 2 3 -2, |x x 1 2.
x 1 2 -3 x x x 1. -3
X x x 1 X X x x 1

41



42 PART | PROBLEMS

*238. | a,.." a, A" @ x"t? Ll a,_ x a,
Qg X by 0 0 0
ay X2 a, x b, 0 0

............................

QX" apxt? o ogxt® ... b, O

@y X" a x"t @y x"T? L. a,.x b,
%239, Prove that the determinant

oo X" Aoy X" 71 @ X" ... dg, ] l Qoo @y s - - - Gon |
Ay X an 0 0 ap ay 0. 0
Qg X Qg X Qo 0 = Qoo Qg1 G2 0
Ao X" Ay X" @ X" .. a,, uo Apa ng - - . Qpy
Compute the determinants:

*240. ' *241.

1 1 | R 1 1 1

1 ¢ ¢ ... C Crn Chi Chntn
1 3 ci ... Cial’ Ciyi Chlyg ... Chynts
1 cit s SR 61 i Chin Chn o Chipon
*242, *243,

1 1 0 0 0 Ch, CuH Cit

1 ¢, ¢c3 0 ... 0 Chyr CHHY Crin

| ) , N

RN I R K S =

1 ¢t ¢z cd crt

* m m
244. Ck+m Ck+m+1 v CZ!"I-Qm

m m m
Climt1 Clymrz « oo Clioms

Cirom Cliomir «o Cllysm
*245.11 0 0 ... 0 1

1 ¢} 0...0 x

1 ¢ccg...0 x|

LR I S A IR TN S P S

1 cicE...col oy
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*246. |1 O 0
1 It 0
1 2 21
1 3 3.2
l » nn-1

*247,

o o493 o423

o 20438 Jo 433

o doutd 604438

................

*248.

-------------

*252.

A a a a...a
b o« B B ... B
b B a B...B1 .
b B B a...B
b B p B x

0 1
0 x
0 x%
3! x3
) n(n—-1)(n-2) x|
o+ 33 a+(m—1)3
4+ 63 Cle+C23
100("‘108 [ C,21+1OC+C2+18 )

..........................

Bato o+ Ch, o8
*249,

.............

¢ a a 1
b ¢ 1
b b ¢ 1
b b b cn 1
1 1 1 0|
253,
’123.;1}
234.1{
3 45..2 |
n 12 ... 1]
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*254. a at+th a+2h ... a+(n—-1)h
a+h a+2h  a+3h ... a
a+2h a+3h  a+4h ... a+h )
a+(m—1)h a a+h a+(n——2)h’

255. 1 x x2 ... xeot *256. (¢ b ¢ d
x1 1 x xn—2 b a d c
----------------- c d a b
X x2 X3 1 dc b a

257. *258.

a b ¢c de f g h X a a a,

b a d ¢ f e h g a x a s

c d a b g h e f 4 a a .

d ¢ b a h g [ e

e fgh ab c d|

f e h g b a d c

g h e f cd abd

h g f e d c b a

*259, | cos""lg; cos""%¢; ... cosgp, 1
cos” 1o, cos”"2q, cosg, |

cos" g, cos"%2g, ... cosg, 1

260. 1 1 - 1
sin ¢, sing, ... sing,
sin®¢, sin®¢, ... sin®g,

sin""te; sin®e, sin"~l¢

261. | g»  (a—1y ... (a—n)y




CH. 2. EVALUATION OF DETERMINANTS 45
262. | (ay+x)" (@ +xp? atx 1 I
(a4 x) (@ +x)r1 a+x 1],
(an+1+x)" (an+1+x)n_1 . an+1+x 1 1
263. | (2n—1) (2n—2)" n* (2n)y
@n—1y"t (2n—=2p"* ... nn1 2y
2n—1 2n -2 n 2n
1 1 1 1
*264. | wy, a, a} ... at”!
wy, a, a§ ... a”!
w, a, a: ... a7}
*265.
1 1 1 |
x 41 Xp+ 1 xg+1 x,+1
X3+ %, X3+ X, X3+ Xy x2+x,
K e xp? TN xgT? xgT exg? LLL x xn?
266.
1 1 1
1 +sin ¢ 1 +sin g, 1 +sineg,
sin ¢, + sin® ¢, sin @, +sin? ¢, sin ¢, +sin? ¢,

sin" 2@, + sin""t¢, sin"~2@,+sin""l¢, ... sin""2q, +sin* 1o,

267. 1 1 1
?1 (1) @1 (x2) ®1 (xn)
P2 (1) Pz (%) ®2 (%)
Ppe1 (%) Pu1 (X2) oo Puo1 ()

where @, (x) =x*+ay X+ ... +ay.

268. 1 1 |
Fi (cos ¢y) Fy (cos @) Fy (cos ¢,)
Fy(cos ) F; (cos ¢,) F, (cos ¢,)

Fn-—l (COS (Pl) Fn—l (COS (PZ) e F,,_l’(COS (Pn)
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where F, (x)=ay, x*+ay, x* 1+ ... +ay.
*269. 1 1 oo ]
Xy Xy Xy
1 1 e 1
X1 Xo Xp
2 2 .. 2
X1 Xa Xn
n—1 n—1 n—1
x(x—1) ... (x—k+1)
where { )= -2 .. k&
*270. Prove that the value of the determinant
1 a a4 a1
1 7] a% ag_l
2 ~1
l a, da at
is divisible by 1771272 .., (n—1) for integral ay, g, ..., 4,
Compute the determinants:
*271. *272.
1 2 3 n X Xy _Xn
1 9 33 n =1 x—1 Xp—1
.................. : X Xy X,
2n—1 2n—1 2n~1 2 9 2
xpmt xgd xp1
*273. | af  ai~'by At ih? a, b1 ?
@ @ @B .. aby b
- —2p2 -1 :
aipi Gnyibaer aniibig a,1b3T1 Dhy
274.
sin"~ Yo, sin" 2oy cosay ... sino,cos" 2o, cos"lay
in*~loysin®2a,cos0y ... Sinoycos” 2o, cos*la,
sin*~1 o, sin"~2 ,, cos o, sin o, cos” 2o, cos*lo,
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*275.
a*+1 g '+a, o'+ Lat et ap
a'+1  a '+a, a3 % +ad ati et af
ai+1 a'i'ta, @ tany ... afl+arl aly
*276. | 1 cosq, cos 2, . cos(n—1)q,

1 cosep,  cos2qp . cos(n—1)op,
1 coseq,; cos2p,.y ... cos(n—1)e,_,

*277. | sin(n+ 1) oy sinne, ... sin g

sin(p+1)oy sinme; ... siney
sin(n+1)a, sinne, ... sino
*278. 1 1 1
Xy (x,— 1) Xg (xp— 1) X (x,— 1)
Fm=1)  xB0n-1) xa (3, — 1)
-1 B e-1) Lo T (k1)
*279. 1 1 | 11 *280. 1 1.1
x x5 ... x X1 Xg Xn
x X ... x x? x5 X
X X3 ... xP xp~? xgm? x5 2
x? x5 x!

281. *282,

1 1 ... 1 T+x 145 ... 1457
Xy X X, I+x, 1453 ... T4+x3],

9 2 I R R
AR " L+, 142 ... 1+
xlv—l x§—l Xf,_l
x7+l x§+l x;v’+l
XX Xn

47
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283. 284.
1 x x2? x3 1 x x? x3 x2
x3 x? x 1 1 2x 3x2 4x* bxt
1 2x  3x® 43| I 4x 9x* 16x3 25xt
4x* 3x?  2x 1 1y » » »
1 2y 3y* 4° 5
*285, | 1 x X2 ... X"
1 2x 3x2 ... (m+D)x
1 22x 3Ex ... (m+1)Ex
l 2n-—1 x 3n-1 x2 .. (n+ ])n—lxn
Iy » ... y
*286. | | x x ... xt1
1 2x 3x2 nxn—1
1 22 x 32 x2 nZ xn-—l
| . .2.k._; x .3.k;£ ,.Cz ..... n.k._l. ).cn._.l
I o» i !
1 Y2 Y 5!
1 Yot yz—k yﬁzlir
*287. | 1 x x® xr-1
0 1 Cix Cl_ xm—2
0 0 1 C2_ x3
00 O . Ck=lxn-k
1 ¥y y2 . yn—-l
0 I Ciy ... Ci_,y?
00 O . Crzk-lyk

288.
(a) Write the expansion of a fourth-order determinant in terms

of the minors of the first two rows.



