
(p"gz)zilnxep dxeag zz

zxekfz

H E G :oeniq .∀g ∈ GgH = Hg m` p"gz `id H ≤ G

ze`nbec

.{e} E Ge G E G :zeil`ieeixh p"gz izy G 'ag lkl .1

.zilnxep `id g"z lk - zila` G m` .2

SLn (F) E GLn (F) .3

.Z (G) E G G 'ag lkl .4

dcaer

∀g ∈ GgHg−1 = H m"n` H E G

dgked

H E G

⇔ ∀g ∈ GgH = Hg

⇔ ∀g ∈ GhHh−1 = Hgg−1 = H

dxcbd

(zexeag ly)'ned ϕ : G → L idi .'ag G,L dpiidz
kerϕ := {g ∈ G : ϕ (g) = eL} :ϕ ly oirxb

Im ϕ := {x ∈ L : ∃g ∈ Gϕ (g) = x} :ϕ ly dpenz

dprh

if` 'ned ϕ : G → L m`

kerϕ E G i

Im ≤ L ii
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dgked

(ϕ (eG) = eL ϕ zgz xewn el yi ik)eL ∈ Im ϕ cinz ii
ltk zgl zexibq ze`xdl xzep g"z Im ϕy gikedl ick .Im ϕ 6= ∅ o`kn

.iktde
xnelk .dn`zda g1, g2 ∈ G zexewn yi x1, x2 ∈ Imϕ lkl ,ok`

ϕ (g1) = x1

ϕ (g2) = x2

f`e

x1x2 = ϕ (g1)ϕ (g2) = ϕ (g1g2)

.x1x2 ∈ Imϕ o`kn
okle ϕ (g) = x f`e g ∈ G xewn yi ∀x ∈ Imϕ :ikted zgz zexibq

x−1 ∈ Imϕ okle 'ned ϕ ik x−1 = ϕ (g)
−1

= ϕ
(
g−1

)
okle ϕ (eG) = eL ik kerϕ 6= ∅ ziy`x .kerϕ ≤ G ik d`xp ziy`x i

.eG ∈ kerϕ
g1, g2 ∈ kerϕ lkl ik ltk zgz xebq oirxbd

ϕ (g1g2) = ϕ (g1)ϕ (g2) = eLeL = eL ⇒ g1g2 ∈ kerϕ

:∀g ∈ kerϕ - iktd zgz xebq oirxbd

ϕ
(
g−1

)
= ϕ (g)

−1
= e−1

L = eL ⇒ g−1 ∈ kerϕ

.p"gz oirxbdy d`xp zrk .kerϕ ≤ G ep`xd
∀g ∈ Gg (kerϕ) g−1 = kerϕ ze`xdl xzep xeriyd zligzn dcaer itl

gKg−1 = K l"v .K := kerϕ onqp
k ∈ K lkl

ϕ
(
gkg−1

)
= ϕ (g)ϕ (k) = ϕ

(
g−1

)
= ϕ (g) eLϕ

(
g−1

)
= ϕ (g)ϕ

(
g−1

)
= ϕ

(
gg−1

)
= ϕ (eG) eL ⇒ ∀k ∈ K gkg−1 ∈ K

K ≤ gKg−1 ze`xdl xzep .gKg−1 ≤ K o`kn

⇔ g−1Kg ⊆ g−1gKg−1g = K

⇔ ∀k ∈ k g−1kg ∈ K

∀k ∈ K ,ok`

ϕ
(
g−1kg

)
= ϕ

(
g−1

)
ϕ (k)ϕ (g) = ϕ

(
g−1

)
eLϕ (g)

= ϕ
(
g−1

)
ϕ (g) = ϕ

(
g−1g

)
= ϕ (eG) = eL

⇒ ∀k ∈ K g−1kg ∈ K
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dnbec

df dxwna .ϕ (A) = detA i"r xcbend ϕ : GLn (F) → F∗ (1

kerϕ = {A ∈ GLn (F) : ϕ (A) = 1} = {A ∈ GLn (F) : detA = 1} = SLn (F)

SLn (F) E GLn (F) :dpwqn

'ned ϕ .ϕ (k) = k mod n ,ϕ : Z → Zn ,G = Z (2

kerϕ = {k ∈ Z : ϕ (k) = 0} = nZ

nZ E Z :dpwqn

(zexenzd zxeag e` ,zixhniqd dxeagd)G = Sn (3
-1 ,ibef xcq zextd 'qn xear 1 lawn .dwzrdd ly oniqd - sign (π)

i < j, π (i) > π (j) - xcq zxtd .ibef i` xcq zextd 'qn xear
ϕ (π) := signπ i"r (F∗

3 = {1,−1} ∼= Z2)ϕ : Sn → F∗
3 dwzrd xicbp

htyn

.'ned `id sign : Sn → F∗
3

dgked

.qxewd jynda

dpwqn

.Sna p"gz ker sign = {π ∈ Sn : sign (π) = 1}

dpn zexeag

dxcbd

.A,B ⊆ G ,dxeag G `dz

AB := {ab : a ∈ A, b ∈ B}

1 dprh

.H E G `dz

∀a, b ∈ GaH · bH = abH
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dgked

(aH) (bH) = a ((Hb)H) = a ((bH)H) = (ab) (HH) = abH

dpwqn

.ziyily dwlgnl deey p"gz ly zewlgn izy ltk

dxrd

.dpekp didz `l dpwqnd zilnxep dpi`y g"z H m`

:zxne` dpwqnd zexg` milina

.zexibq miiwn zewlgn ltk H E G m`

dxcbd

.zeveaw ltk mr Ga N ly zewlgnd ly dveawd z` G/Na onqp .N E G `dz

2 dprh

.dxeag G/N f` N E G m`

dgked

zeneiqw`d z` wecap

(lirl 1 dprh)epgked - ltkl qgia zexibq .1

aN, bN, cN ∈ G/N zewlgn yely lkl .veq` .2

(aNbN) cN = abNcN = (ab) cN = a (bc)N = aNbcN = aN (bNcN)

.dcigi xa` meiw .3
aN ∈ G/N lkl ,ok` .dcigi xa` N = eN

aNeN = aeN = aN

eNaN = eaN = aN
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aN ∈ G/N lkl :iktd meiw .4

a−1NaN = a−1aN = eN

aNa−1N = aa−1N = eN

(aN)
−1

= a−1N okl

dpn zexeagl ze`nbec

G/G ∼= {e} ,G E G .1

(mlyd :dgked)G/{e} ∼= G ,{e} E G .2

.nZ E Z .3

Z/nZ = {0 + nZ, 1 + nZ, ... (n− 1) + nZ}

a+ nZ, b+ nZ zewlgn izy lkl

(a+ nZ) + (b+ nZ) = a+ b+ nZ = (a+ b) mod n+ nZ

dprh

Z/nZ ∼= Z

dgked

mihxt mlyd

zxekfz

'ned `id ϕ ϕ (k) = k mod n i"r dpezpd ϕ : Z → nZn dwzrd ozpda

kerϕ = nZ

Imϕ = Zn

Z/kerϕ ∼= Imϕ .'ned ϕ : Z → Zn df dxwna eplaw

dnbec cer

.'ned det : GLn (R) → R∗

ker det = SLn(R)

Imdet = R∗

.gked :libxz .GLn(R)/SLn(R) miiwzn
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Id 'fi`d htyn

G/kerϕ ∼= Imϕ if` ,'ned ϕ : G → L .'ag G,L dpiidz

dgked

ϕ̄ (gK) := ϕ (g) i"r ϕ̄ : G/K → Imϕ dwzrd xicbp .K := kerϕ onqp
.dlert zxney ,lr ,r"gg ,ahid zxcben ϕ̄ :l"v

:ok`

.g1K = g2K ⇒ ϕ̄ (g1K) = ϕ̄ (g2K) l"v :ahid zxcben ϕ̄ (`)
:ok`

g1K = g2K

⇔ g−1
2 g1 ∈ K

⇔ ϕ
(
g−1
2 g1

)
= eL

⇔ ϕ
(
g−1
2

)
ϕ (g1) = eL

⇔ ϕ (g2)
−1

ϕ (g1) = eL

∀g ∈ Gϕ
(
g−1

)
= ϕ (g)

−1 f` Gn 'ned ϕ :libxz :dxrd

⇔ ϕ (g1) = ϕ (g2)

⇔ ϕ̄ (g1K) = ϕ̄ (g2K)

(`)a z`f epgked .ϕ̄ (g1K) = ϕ̄ (g2K) ⇒ g1K = g2K l"v xnelk ,r"gg ϕ̄ (a)

ϕ̄ (gK) = x f`e ,ϕ (g) = xy jk g ∈ G xewn yi x ∈ Imϕ lkl ok` .lr ϕ̄ (b)

:g1, g2 ∈ G/K ,G/Ka mixai` bef lkl ,ok` .'ned ϕ̄ (c)

ϕ̄ (g1K) ϕ̄ (g2K) = ϕ (g1)ϕ (g2) = ϕ (g1g2) = ϕ̄ (g1g2K) = ϕ̄ (g1Kg2K)
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