An Introduction to Linear Algebra
info(linalg)

Library 'linalg': the linear algebra package

pascal,
pseudoInverse,

Systems of linear equations
reset () :
equations := {

X - 2%y - 3%z + t =7,

Xx+y+z+t=1,

5*x - 3%y - 3%z = 2
{Sx-3y-3z=2i4x-2y-3z=Trsxsyrz=1}
solve (equations, {x,y,z})
150
5-4))
linsolve (equations, {x,y,z})

[ I5_5¢ 7|5,757]
R

8
linsolve (equations, [z,y,x]

51

linsolve (
{5*cos (x) +3*exp (x)
{cos(x), exp(x)}

1, cos(x)-2*exp(x) = 0},

3
linsolve ({5*x+3*y = 1, -2*x - 5*y = 0}, {(x,Y},
Domain = Dom::IntegerMod (7)

eq3 = 1:
linsolve ({eql,eq2,eq3}, {(x,y,z})

3]
7l

[N

// finding a point on each plane
solve (subs (eql, x=0, y=0), z)

8

solve (subs (eq2,x=0, y=0),z)

#

solve (subs (eq3,x=0, z=0),y)

{14

// declare planes and the point

A := plot::Plane([0,0,1/2],[1,0,2]):
B plot::Plane([0,0,7/4],[0,1,4]):
C := plot::Plane([0,1,0],[6,1,0]):

P := plot::Point3d([-1/2,4,3/4]):
plot (A, B,C,P)

X + 3%y + 2%z = 1:

2%x + 6%y + 4%z = T:

eqg3 : -xX - 3*y - 2%z = 3:
linsolve ({eql,eq2,eq3}, {x,v,z})
FAIL

Declarations of matrices

matrix(3, 3, [[0,1,2], [1,0,3], [4,5,01])

matrix(4, 4, [(0,1,2], [1,0,3], [4,5,0]])
(uxzj
1030
4500
0000,
matrix(4, 3, [(0,1,2], [1,0,3], [4,5,0]])
(ﬁ’é%)
450
000,
matrix::identity(4)
(|uuu)
0100
0010
0001
matrix (4, 5, [5,3,2,5,8], Diagonal)
(Souuﬁ
03000
00200
00050,
matrix (5, 5, [1,2,3,4,5,6,7,8,9], Banded
56789
(45@73
34567
23456
12345



matrix (5, 5, [5,3,3,5,8], Banded)
35800
33580
(s:zsx)
05335
00533,
matrix (4, 4, (n,m) -> exp(n + m))
el
R
SRR
matrix (4, 4, n -> exp(n), Diagonal)
€000
0e 00
00¢ 0
000¢
linalg::hilbert (5)
8
L1
T
FEE
T
Ly
T

linalg::randomMatrix (5, 5, Dom::Integer)
824 65 814 ~741 ~979
~764 216 663 850 916
617 -535 597 245 79
4T 477 -535 906 905
266 -8 765 448 34

linalg::randomMatrix (4, 4, Dom::Integer, 0..9)

linalg::randomMatrix (6, 6,Dom::Integer, 0..100, Diagonal

Visualization of matrices
B := linalg::randomMatrix (5,5, Dom::Integer, -10..10)

[7,6,01,108,0,31,06,1,911);
= matrix(3,3,[(9,7,0],[0,6,1],[0,0,811);
matrix(2,3,[(7,1,7],1(0,8,411);
matrix (3,2, ([(1,8],([7,51,(7,011);

*B // this operation can be done

3 85 6)

7256 24

513873

B*F // this operations can be done also

58 107
49 30
560

F*B // this operations cannot be done

Error: The dimensions do not match. [(Dom::Matrix(Dom::ExpressionField())):: mult2]

1

A" (-
T s
1

[,x TR
i

float (A" (-1))
(onamsoszw 0.1565217391 woszmw;m)

ey
=
= 3

01565217391 ~0.1826086957 0.06086956522
~0.0231884058 ~0.08405797101 01391304348

linalg::transpose (A)
(7 xh)

601

039,

g 1= x -> x*exp(-x*3);

xoxe

A := matrix([[7,6,0], [8,0,3], [6,1,9]1]):

map (A, g) //apply a function to all operands of an object
Tetge ™ 0

8 0 3¢

6e 1% o3 9ol

map (A, x -> x*exp (-x*3))
TeMge ™ 0
s 0 3e

6e-8 o3 9o

= (x,y) —> x*y:
zip (A, B, )

63420
00 3
00 72,



f = (x,y)->max(x,y):
zip (A, B, )
(970)
863
6109,
g = (x,y)->min(x,y):

zip(A,B,g)

i= (n,m) -> ged(n,m):

matrix(3,3,((3, 2, 5],[-1, 5, 31,[1, 2, -51])

linalg::det (&)

-132

Solving systems of linear equations in matrix form
equations := [7*x+6*y = 1, 8*x+3*z = 2, 6*x+y+3*z = 3]
[Tx+6y=1,8x+3z=26x+y+3z=3]

linalg::expr2Matrix (equations, [X,y,z])

e

601
032
133
:= linalg::col (AM, 4)

?
0
<

:= linalg::delCol (AM, 4)

60
03
13

wes

inalg::matlinsolve (A, B)

ECREN

solve (equations, {x,y,z} )

b= )

Gaussian elimination

reset () :
Matrix (Dom::Integer) ([[3, 2, 5, 4], [-1, 5, 3, -11, [1, 2, -5, 01]);
Matrix (Dol Rational) ([[3, 2, 5, 4], [-1, 5, 3, -11, [1, 2, -5, 0]1);
Matrix(Dom::Float) ([[3, 2, 5, 4], [-1, 5, 3, -1], [1, 2, =5, 0]])

1
3
-1

[t
(

2
5
2-50
2
5
2

1
30 20 50 40
“1050 30 -10
(BE5 D)
linalg::rank(A);
linalg::rank(B);
linalg::rank(C);
3
3
3
linalg::gaussElim (&) ;
linalg::gaussElim(B) ;
linalg::gaussElim(C)

32 05 4
007 i 1
00 -132 -24,

0 20 50 40
0 5.666666667 4.666666667 ammmz)
0o ~ 7764705852 1411764706

use (linalg, addRow, swapRow, multRow) :

A := matrix( 3, 4, I3, 2, 5, 4],[-1, 5, 3, -1],11, 2, -5, 0]])
325 4
153
12-50
addRow (A, 3, 2, 1) // addRow(A, rl, r2, sl) adds sl times row rl to row r2, in the matrix A.
325 4
(m,z,.
12-50
addRow (%, 3, 1, -3)

swapRow (%, 1, 3)

12 -50
07 -2-1
0-420 4

multRow (%, 3, 1/4)

addRow (%, 3, 2, 7)

12 -50
00 336
0-1 51

swapRow (%, 2, 3)

12 -50
0-1 51
00 336

multRow(%,2, -1) // remove -1

12-50
01 -5 -1
003 6

multRow (%, 3, 1/33) // remove 33
12-50
01 =5 -1
001 2

Minor expansion
reset():

use (linalg, nrows, ncols, delRow, delCol):
A := matrix([[3,2,5], [-1,5,3], [1,2,-51])

325
-15 3
12 -5,



minor := proc(a, i, Jj)
begin
B := delRow (A, i);
B := delCol(B,J);
return (hold(Det) (B))

end:
Det := proc(A)
local r, 3j;
begin

r := 0;

if (nrows(A) <> ncols(A)) then
error ("Wrong input matrix")
else
if nrows (A)=1 then
return(A[1,1])
else
for j from 1 to ncols(Ad) do
r:=r+(-1)"(1+j)*A[1,j]*minor (A, 1,3)

end;
end;
end;
return(r)
end:
Det (&)
soaf (! ;))&n;«(("l }i)),mc.((; )
eval (%)
17 Det(( ~5)) - 14 Det((2)) - 19 Det(( 1))
eval (%)
R
B := Dom::Matrix (Dom::Integer) ( (c3,2,5,41, (2,5,3,8], [1,2,3,0], [2,3,4,5]1])
()
1230
2345
Det (B)
258 253 238 538
con{(110) -ooe((12]) =((310) - om((129)
eval (%)
avva((33)) - 90 (3 ) b (3 ) pe((3 ) 10w((3 ) veme((33))
eval (%)
36 Det(4)) - 20 Det((3)) - 68 Det((2)) + 16 Det((5))
eval (%)
28
Angle
2 -3).
We compute the angle between the two vectors 5 and 3 )
phi := linalg::angle(

matrix([2, 5]), matrix([-3, 3])
)
We give two further examples:

linalg::angle(
matrix([1, -1]), matrix([1l, 17)

linalg::angle(
matrix([1, 1]), matrix([-1, -1])

)
Trace
A Dom: :Matrix (Dom: :Integer)

Ol
3, (4, ) > 3% - 1) + )

linalg::tr(A)
1s

Determinant
A := matrix([[all, al2], [a21, a22]])
(s )
which gives us the well-known formula for the determinant of an arbitrary 2 x 2 matrix:
linalg::det (A)

all a22-al2a21
The standard algorithms for computing determinants suffer from extreme internal expression swell when many symbolic entries are involved. For this reason, the following computation takes some time:
A := matrix([[X, y, 2z, X, y, 2z, 0, 0, 0],

[0, %, vy, z, ¥, vy, z, 0, 0],

[o, o0, x, v, z, %, y, z, 01,

[0, 0, 0, x, y, z, x, y, 21,

lz, 0, 0, 0, %, vy, z, %, v,

ly, z, 0, 0, 0, %, vy, z, x],

[%x, vy, 2z, 0, O, 0, %, vy, 2],

[z, %, v, z, 0, 0, 0, x, yl,

ly, z, %, vy, z, 0, 0, 0, x

1)

tl := time((dl := linalg::det(A))) *msec:
tl, di
2184014 msee, 8 '+ 7240 =~ 240. PA-T2xy 248y 482

Eigenvalues

abs s
NN

):

A := matrix([[1, 4, 2], [1, 4, 2], [2, 5, 3]1]):
linalg::eigenvalues (&)
{0.4- V15, V5 +4}

1
We compute the eigenvalues of the matrix A = (;

If we consider the matrix over the domain Dom: : Float, then the call of 1inalg: :eigenvalues (A) results in a numerical computation of the eigenvalues of A via numeric::eigenvalues:

B := Dom::Matrix (Dom::Float) (A):
linalg::eigenvalues (B)
{-1370431546 101, 01270166538, 7.872983346}

With the option Multiple we get the information about the algebraic multiplicity of each eigenvalue:
C := Dom::Matrix(Dom::Rational) (4, 4, [[-3], [0, 6]])



linalg::eigenvalues (C, Multiple)
0. 2], [6. 1]]

Eigenvectors
1-33
We compute the eigenvalues and the eigenvectors of the matrix A= | 6 —10 6
6 6 4
A := Dom::Matrix (Dom::Rational) (

(L, -3, 31, (e, -10, 61, [6, 6, 4]]
)

Ev:= linalg::eigenvectors (A)

ol )]

The matrix 2 is diagonalizable. Hence, we extract the eigenvectors and combine them to a matrix P such that p~-1 * & * P is the diagonal matrix whose diagonal entries are given by the corresponding
eigenvalues:

81

Eigenvectors:= Ev[1][3][1], Ev[2][3][1], Ev[3][3][1]

[

P:= Eigenvectors[l].Eigenvectors[2].Eigenvectors[3]

A more skillful way of extracting the above eigenvectors from the output generated by 1inalg: :eigenvectors is the following:
map (Ev, op@op, 3)

i

If we consider the matrix A over the domain Dom: : Float, the call of 1inalg: :eigenvectors (A) results in a numerical computation of the eigenvalues and the eigenvectors of & via the function
numeric::eigenvectors:

B := Dom::Matrix(Dom::Float) (A):
linalg::eigenvectors (B)

595067 0.7071067812 03218603429
80,1, 844; 20,1, 0.0 10,1, | 08276408818
0.8994; 8, ~0.7071067812, —0.4598004899,

Characteristic polynomial
We define a matrix over the rational numbers:

A := Dom::Matrix (Dom::Real) ([[1, 2], [3, 4]])
(33)
Then the characteristic polynomial p,(x) is given by:

linalg::charpoly (A, x)

P52

B := matrix(3,3,[[1, 2, -1], [-1,-1,4],[3, 4, -51])

solve (linalg::charpoly (B, x),Xx)

M := matrix([[a, b], [c, d]]):
norm(M)=norm (M, Infinity);
norm(M, 1);

norm(M, 2)=norm(M, Spectral);
norm(M, Frobenius);

max(lal + b1, ici + 1dl) = max(ial + Ibl, 1ci + 1dl)

max(ial + fel, 1bl + Idl)

where

0= \fmax([o + oy 0+ 03— 0. [0+ 0 + 0+ 03+ 03])

Pl rabcd i s2abed o2 WP rabed a4

SR EWE Frabedl riabed WP 2abed bl

b+ 1P+ 1P

M := matrix([a, b,c, d]):
norm(M, Infinity);

norm (M, 1);

Simplify (norm(M, 2));
norm(M, Spectral)

max(ial, 181, el ld1)

a1 + 11+ 1¢1 + Id1

\1al + 162 + 107 + 1P
3 —14
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reset () :
use (linalg) :

dentifier ' It is not exported. [use]

dentifier 'vectorPotential' already has
dentifier 'curl' already has a value. It is not exported. [use]
dentifier 'gradient' already has a value. It is not exported. [use]

=charpoly (A, x)

Fo100+45) x 427 +3 74 +621-54

t_opt:=solve (Simplify (subs (expr (CharPoly),x=7)),t)
22
Al:=subs (A, t=-2)

302 4
-2 6 -2
(553)
We have got a non symmetric matrix
A2:=subs (A, t=2)

( 3 -2 4)

262

4 23

We have got a symmetric matrix, thus t=2.
eigenvalues (A2, Multiple)
21,021

N2'9N N¥MLNAN 1291 01X DPARYN DDWNN TN X
EigenV:= Simplify(linalg::eigenvectors (A2))

(=10l

EigenVMatrix:= EigenV[1][3][1].EigenV[2][3][1].EigenV[2][3][2]

“1-k
Lo
10

det (EigenVMatrix)
-2

-2

b
N2 NAITY NMIDDYX N¥MLA &1 1991 NDON
EigenVMatrix”-1 * A2 * EigenVMatrix

200
070
007,

n¥I0NY NATT N¥NMLN RYN (% i)

reset () :
use (linalg) :

: Identifier 'laplacian' already has a value. It is not exported. [use]
: Identifier 'h

dentifier 'n
dentifier *
dentifier '3
dentifier '
dentifier '
dentifier '

" already has a value.
dentifier 'det' already has a value. It is not exported. [usel
dentifier 'divergence' already has a value. It is not exported.

Ar=matrix([[1,2],[3,4]1]1):
B:=matrix([[a,b], [c,d]]):

Exprl:=det (A)=det (B);

tr(A)=tr(B);

Expr3:=subs ({Exprl, Expr2}, {b=2,c=1})

{5=a+d, -2=ad-2}

solve (Expr3, {a,d})
{la=0,d=5][a=5,d=0]}

B:=subs (B, {a=0,d=5,b=2,c=1});
(1)
addRow (multRow (swapRow (gaussElim(A),1,2),1,-1),1,2,1.5)

(14



