
jynd - cinynd zhiy 6.1

libxz
:ze`ad zeivwpetd z` (qt`n)cinynd A w"nlc` `vn

x3e2x−1 .`

e−x sin 3x .a

x5
(
x3 + x

)
ex .b

1 + x+ x2 .c

oexzt

.e2x·e−1 = e2x−1 z` mb qt`nD−2 okle ,reaw e−1 .D−2 qt`n e2x z` .`
okl .4 didi λ = 2 yxeyd ieaixy dvxpy jk lr cirn x3a ltkd

⇒ A = (D − 2)
4

λ1,2,3,4 = 2, 2, 2, 2

y = C1e
2x + C2xe

2x + C3x
2e2x + C4x

3e2x

−1± 3i eidi ipiite`d mepiletd ly miyxeydy mivex .e−x sin 3x .a

A = (D − (−1 + 3i)) (D − (−1− 3i)) = D2 + 2D + 10

λ2 + 2λ+ 10, λ1,2 =
− 2±

√
−36

2
=

− 2± 6i

2
= −1± 3i

:?Ay = 0 izn ?oekp df dnl(
D2 + 2D + 10

)
y = 0

y′′ + 2y′ + 10y = 0

:λ2 + 2λ+ 10 = 0 :zpiit`n .n

λ1,2 = −1± 3i

⇒ y = C1e
−x cos 3x+ C2e

−x sin 3x
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."mdil` lbxzn heyt dz` ,mixac oian `l dz` dwihnzna" :oniep oet oe'b

qt`n (D − 1)
9 okle ,λ = 1 yxeyd ly 9 ieaix lr cirn x8ex .x8ex+x6ex .b

oi`e A = (D − 1)
9 xegal witqn .λ = 1 ly 7 ieaix lr cirn x6ex .eze`

.mdipy z` litkdl jxev

qt`n A = D3 .D3 i"r qt`zn x2e ,D2 i"r qt`zn x ,D i"r qt`zn 1 .c
.mlek ly mekqd z`

libxz
:ze`ad ze`eeynd ly illkd oexztd z` `vn

d3u

dt3
+

d2u

dt2
− 2u = 0 .`

oexzt

:minepilet welig rvap .yxey λ1 = 1y ze`xl lw .λ3 + λ2 − 2 = 0 :zipiite` .n

λ3 − λ2 − 2

λ− 1
=

λ3 − λ2 + 2λ2 − 2

λ− 1
=

λ2 (λ− 1) + 2λ2 − 2λ+ 2λ− 2

λ− 1

= λ2 +
2λ (λ− 1) + 2 (λ− 1)

λ− 1
= λ2 + 2λ+ 2

λ2,3 =
− 2±

√
−4

2
=

− 2± 2i

2
= −1± i

⇒ u (t) = C1e
t + C2e

−t cos t+ C3e
−t sin t

y(4) + y′′′ + y′′ = 0 .a

oexzt

λ4 + λ3 + λ2 = 0 :zipiite` .n

λ2
(
λ2 + λ+ 1

)
= 0

(λ− 0) (λ− 0)
(
λ2 + λ+ 1

)
= 0

λ1,2 = 0

λ3,4 =
− 1±

√
−3

2
=

− 1± i
√
3

2
= −

1

2
±

√
3

2
i

2



y (x) = C1e
0x + C2xe

0x + e−
1
2x

[
C3 cos

(√
3

2
x

)
+ C4 sin

(√
3

2
x

)]

d5u

dr5
+ 5

d4u

dr4
− 2

d3u

dr3
− 10

d2u

dr2
+

du

dr
+ 5u = 0 .b

oexzt

weliga .(!dcaer)yxey λ1 = 1 .λ5 + 5λ4 − 2λ3 − 10λ2 + λ + 5 = 0 :zipiite` .n
l ribp minepilet

⇒ λ5 + 5λ4 − 2λ3 − 10λ2 + λ+ 5 = (λ− 1)
(
λ4 + 6λ3 + 4λ2 − 6λ− 5

)
`ed ipiite`d mepiletdy milawn xac ly eteqae ,wlgl mikiynn

(λ− 1)
2
(λ+ 1)

2
(λ+ 5)

⇒ u (r) = C1e
r + C2re

r + C3e
−r + C4re

−r + C5e
−5r

(`"ryz 'a cren)ogann dl`y
y′′′′′ − 3y′′′ − 4y′ = 0 d`eeynd ly illkd oexztd z` `vn (`)

oexzt el yiy mireaw miiynn mincwn mr zil`ivpxtic d`eeyn `vn (a)
.z`vny d`eeynd ly illkd oexztd z` aezke

(
x2 + 1

)
e2x cos 4x

oexzt

λ5 − 3λ3 − 4λ = 0 zipiite`d d`eeynd (`)

λ
(
λ4 − 3λ2 − 4

)
= 0

:λ2 = µ onqp - zireaix ec d`eeyn ef ipyd wlgd .λ1 = 0

µ2 − 3µ− 4 = 0

µ1,2 =
3±

√
25

2
=

3± 5

2
= 4,−1

λ2,3 = ±2 ⇐ λ2 = µ = 4 m`
λ4,5 = ±i ⇐ λ2 = µ = −1 m`

y = C1 + C2e
2x + C3e

−2x + C4 cosx+ C5 sinx
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okle ,3 ieaix didi 2±4i miyxeyly jxhvp .x2e2x cos 4x z` qt`l mivex (a)

L = [(D − (2 + 4i)) (D − (2− 4i))]
3
=
[
D2 − 4D + 20

]
= D6 − 12D5 + 108D4 − 544D3 + 2160D2 − 4800D + 8000

`id d`eeynd

y(6) − 12y(5) + 108y(4) − 544y(3) − 12690y′′ − 4800y′ + 8000y = 0

:(diipad itl)`ed d`eeynd oexzt

y = C1e
2x cos 4x+C2e

2x sin 4x+C3xe
2x cos 4x+C4xe

2x sin 4x+C5x
2e2x cos 4x+C6x

5e2x sin 4x

dywzn did L = [D − (2 + di)] [D − (2− 4i)]
4 z` gwel didy in :aeyg

.oexzta

libxz
ω0 > 0 ,y′′ + ω2

0y = cos (ω0t) d`eeynd ly illkd oexztd z` `vn .`

,ω > 0 ,ω0 > 0 ,y′′+ω2
0y = cos (ωt) d`eeynd ly illkd oexztd z` `vn .a

ω0 6= ω

ω → ω0 xy`k leabd aeyig i"r ` sirq ly daeyzd z` lawl ozipy gked .b
.a sirqa daeyzd ly

oexzt

`id d`eeynd .cinynd zhiya ynzyp .`(
D2 + ω2

0

)
y = cosω0t

(
D2 + ω2

0

)2
y = 0

.cg` lk 2 ieaixa ”0”± iω :ipiite`d mepiletd iyxey

⇒ y = C1 cosω0t+ C2 sinω0t+ C3t cosω0t+ C4t sinω0t

:illk

y = yc + yp

yp = y − yc

y′p = C3 cosω0t− ω0t sinω0t · C3 + C4 sinω0t+ C4ω0t cosω0t
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y′′ =
−ω0C3 sinω0t− ω0C3 sinω0t− C3ω

2
0t cosω0t

−C4ω0 cosω0t+ C4ω0 cosω0t− ω2
0C4t sinω

2
0t

:zixewnd x"cna aivp

(−2ω0C3) sinω0t+ (2ω0C4) cosω0t = 1 · cosω0t+ 0 · sinω0t


−2ω0C3 = 0 ⇒ C3 = 0

2ω0C4 = 1 ⇒ C4 =
1

2ω0

⇒ y = C1 cosω0t+ C2 sinω0t+
t sinω0t

2ω0(
D2 + ω2

) (
D2 + ω2

)
y = 0 milawn D2 + ω2 zlrtd xg`l .a

λ1,2,3,4 = ±iω,±iω0

⇒ y = C1 cosω0t+ C2 sinω0t+ C3 cosωt+ C4 sinωt

y = C1 cosω0t+ C2 sinω0t+
cosωt

ω2
0 − ω2

"zvw xcqp" !ω → ω0 ciin si`ydl xyt` i` .b

y =

(
C1 −

1

ω2
0 − ω2

+
1

ω2
0 − ω2

)
cosω0t+ C2 sinω0t+

cosωt

ω2
0 − ω2

=

(
C1 +

1

ω2
0 − ω2

)
cosω0t+ C2 sinω0t+

cosωt

ω2
0 − ω2

y = A1 cosω0t+A2 sinω0t+
cosωt− cosω0t

ω2
0 − ω2

lim
ω→ω0

y = A1 cosω0t+A2 sinω0t+ lim
ω→ω0

cosωt− cosω0

ω2
0 − ω2

= A1 cosω0t+A2 sinω0t+ lim
ω→ω0

d

dω
(cosωt− cosω0t)

d

dω
(ω2

0 − ω2)

A1 cosω0t+A2 sinω0t+
t sinω0t

2ω0
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