
2 d`vxd - 4 itpi`2011 hqebe`a 3('eke gtp ,ghy ,jxe`) dveaw ly dlekzdxbd,1 ≤ i ≤ n lkle irah n lkl xy`k ,I1×I2× ...×In ⊆ Rn dxevdn dveaw `id daiz.Ra iteq rhw `ed Iidxbd:zeidl zxben T = [a1, b1]× ...× [an, bn] dxebq daiz ly dlekzd
V (T ) =

n
∏

i=1

(bi − ai) dxrd.zxnyp dlekzd ,migezt ivg e` migezt md mirhwdn wlg m` mb
Rna odylk zeneqg zeveawl dxbdd zagxd.Rna dneqg dveaw A idz:yi ǫ > 0 lkl m` V (A) dlekz mr ,dlekz zlra A ik xn`p. p

∑

i=1

V (Ti) > V (A)−ǫy jk (zebefa zexf) zekzgp opi`y T1, ..., Tp ⊆ A zeaiz .1. q
∑

i=1

V (Si) < V (A) + ǫ zeniiwnd A ⊆
q
⋃

i=1

Siy jk S1, ..., Sq ⊆ A zeaiz .2dxrd:lynl .dlekz `ll zeveaw yi R2a elit` .dlekz yi dveaw lkl `l
S =

{

(x, y) ∈ R2 | x, y ∈ [0, 1] ∩Q
}.zegtl 1 dlekz lra zeidl aiig S z` liknd (oaln) daiz lk ,o`k.0 `ed ozlekz mekqy zepeepn zeaiz wx likn S ,ipy vn.miiw `l V (S) ,okl
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dlekzl zxg` dxbd
T1, ..., Tp zeaiz yi ǫ > 0 lkl m` V (A) dlekz zlra `id A ⊆ Rn dneqg dveawmiiwzny jk ,A z` likn oegi`y S1, ..., Sq zeaize Aa zelkene zekzgp opi`y

q
∑

i=1

V (Si)−

p
∑

j=1

V (Tj) < 2ǫ 0 dlekz - ihxt dxwn-y jk S1, ..., Sp zeaiz yi ǫ > 0 lkl m` wxe m` 0 dlekz zlra `id A dveaw. p
∑

i=1

V (Si) < ǫ-e A ⊆
p
⋃

i=1

Sii`pzd) .dvxpy lkk dphw zllekd ozlekzy zeaiz zxfra A z` zeqkl ozip `"f.(`linn miiwzn ipyddnbe.0 dlekz zlra `id R2a zeewp ly ziteq dveaw lkdgked.zeewp N yi A dveaway gipp.√ ǫ
2N mdizerlv jxe`e l"pd zeewpa mdifkxny mireaix dpap .ǫ > 0 idi. ǫ

2N `ed reaix lk ghy .A z` miqkn dl` mireaix.0 dlekz zlra A okle ǫ
2 < ǫ `ed mireaixd ighy mekqdnbe.0 dlekz zlra dveaw `id R2a y xivl e` x xivl liawnd rhw lkdgkedohw oalnd ghy ,rhwd z` liknd ǫ

2L eagexe L ekxe`y oaln gwip L jxe`a rhwl.0 dlekz lra `ed rhwd okl ǫn?lreta dveaw zlekz miaygn ji`.lxbhpi` zervn`a dveaw ly dlekz miaygn
b́

a

f (x) dx mieqnd lxbhpi`d ,(I = [a, b] xy`k) f : I → R divwpet ozpiday xekfp.f ly sxbl zgzny ghyd z` ozep:xibp f : Rn → R xear ,dne ote`a
Of = {(x1, ..., xn+1) | 0 < xn+1 ≤ f (x1, .., xn)} ⊆ Rn+1 :Ra ,lynl

Of = {(x, y) | 0 < y ≤ f (x)}.meqg jnez f -l didiye ,dneqg didz fy yexl epilr ,dneqg didz Ofy ik:miiwzn x ∈ Rn lkly jk M ∈ R miiw xnelk dneqg f

|f (x)| ≤ M
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:y jk T ⊆ Rn daiz zniiw xnelk ,meqg jnez zlra f

∀x /∈ T f (x) = 0.meqg jnez zelrae zeneqg zeivwpet xear wx lxbhpi`d z` xibp ep`:jk f ly ililyd wlgd z`e iaeigd wlgd z` xibp ,f : Rn → R divwpet ozpida
f+ (x) = max {0, f (x)}

f− (x) = max {0, −f (x)} :miiwzny ze`xl lw
f = f+ − f−:Rna f ly lxbhpi` xibp Rna meqg jnez zlra dneqg f xear

ˆ

Rn

f = V
(

Of+

)

− F
(

Of−

).ilily didi lxbhpi`dy okziiy al eniylrne f ly sxbl zgzn `vnpd Rn+1a megzd ly gtpd `ed ´
Rn

f f` ,ziaeig f m`.Rn.mini`znd miwlgd ly migtpd yxtd `ed ´
Rn

f ,zxg`:zipiite` 'wpeta ynzyp ,A ⊂ Rn dveaw lr lxbhpi` xibdl ik
ϕA (x) =

{

1 x ∈ A

0 x /∈ A :xibp
ˆ

A

f =

ˆ

Rn

f · ϕA.3 itpi`n xkend daexnd lxbhpi`d edfdprh
ˆ

Rn

ϕA = V (A).(f = 1 lxbhpi`d zxbda migwel `"f)dgkedzeaiz {Sj}
q

j=1e Rna zebefa zexf zeaiz {Ti}
p
i=1 xy`k p

⋃

i=1

Ti ⊆ A ⊆
q
⋃

j=1

Sjy gipp:miiwzny jk ,Rna
q

∑

j=1

V (Sj) < V (A) + ǫ

p
∑

i=1

V (Ti) > V (A)− ǫ
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:xibp
S

′

j = Sj × [0, 1] ⊆ Rn+1

T
′

i = Ti × (0, 1] ⊆ Rn+1 if`
p
⋃

i=1

T
′

i ⊆ OϕA
⊆

q
⋃

j=1

Sj :miiwzn oiire
p

∑

i=1

V
(

T
′

i

)

> V (A)− ǫ

q
∑

j=1

V
(

S
′

j

)

< V (A) + ǫ :okl
ˆ

Rn

ϕA = V (OϕA
) = V (A)zix`pil dwzrd i"r dlekz iepiyji` .zix`pil dwzrd T : Rn → Rny gippe ,dlekz zlra dveaw A ⊆ Rn m`?T (A) ly dlekzd d`xizzxekfz

B = b1, .., bn ∈ Rne ,ihxphq qiqa E = e1, ..., en ∈ Rny gipp - bevii zvixhn:jk [T ]
E
B zbviin dvixhn xibp f` ,edylk qiqa

[T ]EB =





| | · · · |
T (b1) T (b2) · · · T (bn)

| | · · · |



 dnbezix`pil dwzrd gwip
T (x, y) = (x+ y, x− 2y) :miqiqae
B = {(1, 1) , (2, 3)}

E = {(1, 0) , (0, 1)} :aygp
T (b1) = (2, −1)

T (b2) = (5, −4)

[T ]EB =

(

2 5
−1 −4

)
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htyn:if` dlekz zlra A ⊆ Rn idze zix`pil dwzrd T : Rn → Rn idz
V (T (A)) = |det (T )| · V (A) .det (T ) = det [T ]

E
E xy`kdgked-hqd qiqad itl) [T ]EE zbviind dvixhnd ly zeenrd f` det (T ) = 0 m` ,dligz.zix`pil zeielz (geeha mbe megza mb ihxpzz ly dlekze ,Rn ly ynn agxn zz `id T ly dpenzdy `id xad zernyn.miiwzn htynd f`e ,(!egiked) 0 `id Rn ly ynn agxn.det (T ) 6= 0y dzrn gipdl lkep okl:zeixhpnl` zevixhn ly dltknk [T ] z` bivdl lkep df dxwna

[T ] = A1 · ... ·Ak.(dxey ztqede dxey zltkd ,dxey ztlgd zebviin) zeixhpnl` zevixhn Ak xy`k.T1, ..., Tk zeixhpnl` zelert ly dakxd `id T xnelkzniiwn E zixhpnl` dwzrd lky d`xp
V (EB) = |det (E)| · V (B) :lawp o`kn

V (T (B)) = V ((T1 ◦ T2 ◦ ... ◦ Tk)B)

= V (T1 (T2 ◦ ... ◦ Tk)B)

= |detT1|V ((T2 ◦ ... ◦ Tk)B)

= |detT1| · |detT2| · ... · |detTk| · V (B)

= |det (T1 · ... · Tk)|V (B)

= |det (T )|V (B)dgqepd z` zniiwn zixhpnl` dlerty ze`xdl xzep
V (EB) = |det (E)|V (B):efk divhenxt zvixhn lynl ,zexey ztlgdl dni`zny dwzrd E gwip lynl

E =





0 0 1
0 1 0
1 0 0



dpyn `l zehpixe`ewd ztlgdy oeeik ,dlekzd z` dpyn `l dfe ,|detE| = 1 o`k.dlekzd z`:lynl ,zehpixe`ewd zg`aλ xlwqa dltkdl dni`zn E m`
E =





1 0 0
0 2 0
0 0 1





5



okle λ it lb mikxe`d g` ,daiz `id B m`
V (E (B)) = |λ|V (B)

= |det (E)| · V (B).V (E (B)) = |λ|V (B) oiir ik raep dlekzd zxbd itl ,daiz `wee e`l B m`:dvixhnd mr zewzrda opeazdl xzep
E =













1 0 · · · 0

0
. . . ∗

...
... 0

. . . 0
0 · · · 0 1











.0-n dpey 'qn yi eay oeqkl`l uegn g` mewn yi xnelk.daiz ly gtp lr zxney Ey d`xp dligz:xibp
I =

[

ā, b̄
]

= {x ∈ Rn | xi ∈ [a1, bi] , 1 ≤ i ≤ n}:zeillkd zlabd ila gipp
E =

















1 1 0 · · · 0
0 1 0 · · · 0
... 0

. . . 0
...

...
... 0

. . . 0
0 0 0 · · · 1















 :miiwzn if`
E (x1, .., xn) = (x1 + x2, x2, .., xn):if` ,I ′′

⊆ Rn−2e I ′

⊆ R2 xy`k I = I
′

× I
′′ aezkp

E (I) = I∗ × I
′′:okl deey x`yp ely ghyd j` ,ziliawnl jted I

′ oalnd ?I∗ lawzn ji`
V (E (I)) = V

(

I∗ × I
′′

)

= V (I∗) · V
(

I
′′

)

= V
(

I
′

)

· V
(

I
′′

)

= V (I) .daiz gtp lr xney E okllr zqqazn zwien dgked .zixhne`b divi`ehpi` `l` zwien dgked `l ef).(milxbhpi`zeaiz I1, .., Ip gwipe edylk ǫ > 0 gwip ,daiz `wee e`l la` dlekz zlra B m`
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miiwzny jk ,zeaiz J1, .., Jqe zebefa zexf
p
⋃

i=1

Ii ⊆ B ⊆

q
⋃

j=1

Jj

p
∑

i=1

V (Ii) > V (B)− ǫ

q
∑

j=1

V (Jj) < V (B) + ǫlawp okl daiz gtp lr zxney zixhpnl`d dlertd
p
⋃

i=1

E (Ii) ⊆ E (B) ⊆

q
⋃

j=1

E (Jj)

p
∑

i=1

V (E (Ii)) = V (Ii) > V (B)− ǫ

q
∑

j=1

V (E (Jj)) = V (Jj) < V (B) + ǫ.daiz dpi`y dveaw gtp lr mb zxney E okl:zeniiwn zeixhpnl` zelerty epgked
V (E (B)) = |det (E)| · V (B) .miiwzn htynd okle.gikep owlg z` ,zepwqn dnk wiqdl lkep df htynn(zillk mipzyn ztlgd zgqep) htyn.Q zaiaqa dkitde zetivxa dxifb dwzrd T : Rn → Rn idze Rna megz Q idi:miiwzne ziliaxbhpi` mb f ◦ T f` ziliaxbhpi` f : Rn → R m`
ˆ

T (Q)

f =

ˆ

Q

f ◦ T · |JT | .dwzrdd o`iawri JT xy`k.(df htyn gikep `l)dnbe:zrahd ghy z` aygp
D =

{

(x, y) ∈ R2 | 2 <
√

x2 + y2 < 3
}
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oexzt:zeixlet zehpixe`ewl jetdp
x = r cos θ

y = r sin θ

J = r

2 < r < 3

0 ≤ θ ≤ 2π

D∗ = {(r, θ) | 2 < r < 3, 0 ≤ θ ≤ 2π} onqp:`ed zrahd ghy
V (D) =

ˆ

D

1dxdy

=

ˆ

D∗

rdrdθ

=

3̂

2

rdr

2π̂

0

dθ

= 2π ·

[

r2

2

]3

2

= 5π (oeliawn) dxbd:zeidl inin-kd oeliawnd z` xibp .v1, .., vk ∈ Rn eidi
P =

{

x ∈ Rn | x =

k
∑

i=1

tivi, ti ∈ [0, 1]

}

dxrd
|v1 × v2| = dzlekz ,miyxet mdy ziliawnd ,l"za mixehwe v1, v2 mipezp m` ,R3a.∣∣∣∣

∣

∣

det





−→
i

−→
j

−→
k

v1x v1y v1z
v2x v2y v2z





∣

∣

∣

∣

∣

∣,xeyina dly ghyd lr mixan R3a ziliawn ly dlekz lr mixanyk - al eniy).(0 `id dlekzd ik R3a dly dlekzl `lhtyn:if` ,Rna n ninn oeliawn P (v1, .., vn) idi
V (P ) = |det (A)|.v1, .., vn od dizeenry dvixhnd `id A xy`k
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dgked:onqp
Q = P (e1, .., en).digid zaiz idef ixdy ,V (Q) = 1y xexa.P l` Q z` dwizrn T (ei) = vi zix`pild dwzrdd ,zrk:epgkedy htynd itl

V (P ) = |det (T )| · V (Q) = |det (T )|okl ,A weia efe ,[T ]EE zbviind dvixhnd ly dhppinxhd `id det (T ) xy`k:eplaiw
V (P ) = |det (A)| dxrd.0 oaenk `id Rna (k < n) mixehwe k i"r yxtpd oeliawn ly dlekzd,zyxtpd (nn ohw ninn oeliawn) ziliawn ly ghyl zernyn yi ,z`f lka la`z` aygle miyxet mdy xeyind lr lkzqdl lkep oky ,R3a mixehwe 2 i"r ,lynl.ekezay ghyd-xehwe k ii lr yxtpd Rna oeliawn ly zinin k dlekz lr xal lkep ,ote` eze`a.midxbd.(k < n) Rna V inin k agxn zz ly dveaw zz B idz.b1, ..., bk :V xear ilnxepezxe` qiqa xgap:zix`pil dwzrd xibp
T : V → Rk

T (bi) = ei

1 ≤ i ≤ k :didi B ly inin k-d ghyd
Vk (B) = V (T (B)) libxz.b1, .., bk ilnxepezxe`d qiqaa dielz dpi` l"pd dxbddy egikedhtyn:if` (k < n) Rna oeliawn P = P (v1, .., vk) m`
Vk (P ) =

√

det (AtA).v1, ..., vk mixehwed od dizeenry n× k xqn dvixhnd `id A xy`k`eaz ely zxeqnd dgkeddy ,Cauchy-Binet htyn lr zqqean htynd zgked.(zeil`ivpxti zeipaz zervn`a) qxewd jynda
9



dxrd:miiwzne zireaix A f`y oeeik ,mewd htynl mixfeg ep` f` n = k m`
√

det (AtA) =
√

det (At) det (A)

=

√

det (A)
2
= |det (A)| oeniq

{1, .., n} jezn mixtqn k ly dxq I = (i1, .., ik)-e n × k xqn dvixhn A m`.A ly ird dxeyd `id dly r-d dxeydy jk k × k dvixhnd `id AI f`dnbelynl gwip
A =









5 6 7
1 2 3
8 9 10
11 12 13









I = (4, 2, 1) :if`
AI =





11 12 13
1 2 3
5 6 7



(dgked `ll) Cauchy-Binet htyn:f` k ≤ n xy`k ,n× k xqn dvixhn Be k × n xqn dvixhn A m`
det (A · B) =

∑

[I]

det
(

At
I

)

det (BI).{1, ..., n} jezn zei-k ly ynn zelerd zexqd lk lr ux [I] xy`kdnbe:B3×2e A2×3 gwip
A =

(

1 2 3
4 5 6

)

B =





7 8
9 10
11 12





AB =

(

58 64
139 154

)

|AB| = 36
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:{1, 2, 3} jezn zebef ly zelerd zexqd od [I]

[I] = {(1, 2) , (1, 3) , (2, 3)}.al zeyrl - aeyigd jynd z`
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