
mihilp` mincwn mr zeix`pil ze`eeyn
:`id n xcqn zix`pil d`eeyn

an (x) y
(n) + an−1 (x) y

(n−1) + ...+ a1 (x) y
′ + a0 (x) y = b (x)

-xcqd lkl mixifb a0 (x) , ...an (x) m` mihilp` mincwn mr `id d`eeyndy mixne`
.0n lecb zeqpkzd qeicx mr xeliih xeh mr mi

|x| < R m` qpkzn xezdy jk R miiw :
∞∑

n=0
anx

n ly zeqpkzd qeicx :zxekfz

.|x| > R m` xcazne

R = 1 ,
1

1 + x
= 1− x+ x2 − x3 + ... :dnbec

:n = 2 lr wx lkzqp

y′′ + P (x) y +Q (x) y = 0

(0l aiaqn)R1 zeqpkzd qeicx mr ihilp` P (x)
(0l aiaqn)R2 zeqpkzd qeicx mr ihilp` Q (x)

(gikep `l)htyn
min (R1, R2) zegtl zeqpkzd qeicx mr l"za miihilp` zepexzt ipy miniiw

ze`nbec
y′′ + y = 0 (1)

∞ zeqpkzd qeicx - y = C1 cosx+ C2 sinx :illk oexzt

y =
∞∑

n=0
anx

n dxeva oexzt ytgp .y′′ + xy′ + 2y = 0 (2)

y′ =
∞∑

n=0(n=1)

nanx
n−1

y′′ =
∞∑

n=0(n=2)

n (n− 1) anx
n−2

∞∑
n=2

n (n− 1) anx
n−2 +

∞∑
n=1

nanx
n +

∞∑
n=0

2anx
n = 0

.0 `ed mcwn lk m"n` 0 deey zewfg xeh
2a2 + 2a0 = 0 :x0 ly mcwn
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6a3 + 3a1 = 0 :x1 ly mcwn
12a4 + 4a2 = 0 :x2 ly mcwn

(m+ 2) (m+ 1) am+2 + (m+ 2) am = 0 :xn ly mcwn

mi`ven a0, a1 ozpida - miiyteg a0, a1 .dbiqp llk - am+2 =
− am

m+ 1

.dbiqpd llk jxc mincwnd x`y lk z`
.l"za zepexzt izy mivex ep` okl ,2 dlrnn x"cn idef

a1 = a3 = a5 = ... = 0 - cg` oexzt ozep a0 = 1, a1 = 0

a2 = −1, a4 =
1

3
, a6 =

− 1

3 · 5
, a8=

1

3 · 5 · 7
a0 = a2 = a4 = ... = 0 :ipy oexzt ozep a0 = 0, a1 = 1

a1 = 1, a3 = −
1

2
, a5 =

1

2 · 4
, a7 =

− 1

2 · 4 · 6
, ...

(ipyd oexztd xear)illk ote`a

a2p+1 =
(−1)

p

2pp!

y =
∞∑
p=0

(−1)
p
x2p+1

2pp!

okl .∞ zeqpkzd qeicx wecal ozip

yo =
∞∑
p=0

(−1)
p
x2p+1

2pp!
= x

∞∑
p=0

1

p!

(
− x2

2

)p

= xe
−x2/2

(mekqd z` aygl ozipy otec `vei dxwnd)

.yo = xe
−x2/2 `ed ibef i`d oexztd okl

:ibefd oexztd xear

a2p = (−1)
p 2pp!

(2p)!

ye =
∞∑
p=0

(−1)
p
2pp!x2p

(2p)!

∞ zeqpkzd qeicx
yee yo ly ix`il sexiv - illk oexzt

:lnxpp .reaw C ,
(
1− x2

)
y′′ − 2xy′ + Cy = 0 (3)

y′′ −
2x

1− x2
y′ +

C

1− x2
y = 0

2



y =
∞∑

n=0
anx

n dxeva oexzt ytgp .1 `ed mincwnd ly zeqpkzd qeicx

y′ =
∞∑

n=1

nanx
n−1

y′′ =
∞∑

n=2

n (n− 1) anx
n−2

(1− x2a weligd iptl)d`eeynd ly zixewnd dxevl xefgp

(
1− x2

) ∞∑
n=2

= n (n− 1) anx
n−2 − 2

∞∑
n=0

nanx
n +

∞∑
n=0

Canx
n = 0

∞∑
n=2

n (n− 1) anx
n−2 +

∞∑
n=0

anx
n (−n (n− 1)− 2n+ C) = 0

(m = 0, 1, 2, ...) xm ly mcwn lr lkzqp

(m+ 2) (m+ 1) am+2 −
(
m2 +m− C

)
am = 0

am+2 =
m2 +m− C

(m+ 1) (m+ 2)
am

a0 = 0, a1 = gwip m`e ye ibef oexzt xvppi a0 = 1, a1 = 0 gwip m` dt mb
yo ibef i` oexzt xviip 1

y al miyl yi

lim
m→∞

∣∣∣∣∣am+2

am

∣∣∣∣∣ = lim
m→∞

∣∣∣∣∣ m2 +m− C

(m+ 1) (m+ 2)

∣∣∣∣∣ = 1

C = p (p+ 1) gipp !otec `vei dxwn yi la` .1 zoeqpkzdd qeicxy fnxn
mly p xy`k

am+2 =
m (m+ 1)− p (p+ 1)

(m+ 1) (m+ 2)
am =

(m− p) (m+ p+ 1)

(m+ 1) (m+ 2)
am

.p xcqn inepilet oexzt yi C = p (p+ 1))df dxwna

.(p = 0, 1, 2, ...) .p dbxcn xcp'fl z`eeyn z`xwp
(
1− x2

)
y′′−2xy′+p (p+ 1) y = 0

p dbxcn xcp'fl mepilet `xwp ef d`eeyn ly p dbxcn inepiletd oexztd

P0 (x) = 1

P1 (x) = x

3



P2 (x) =
3

2
x2 −

1

2

...

y′′ + exy = 0 (4)

y =
∞∑

n=0
anx

n dxeva oexzt miytgn

∞∑
n=2

n (n− 1) anx
n−2 +

( ∞∑
r=0

xr

r!

)( ∞∑
n=0

anx
n

)
= 0

:xm ly mcwnd lr lkzqp

(m+ 2) (m+ 1) am+2 +

m∑
r=0

am−r

r!
= 0

m = 0 2a2 + a0 = 0

m = 1 6a3 + a1 + a0 = 0

m = 2 12a4 + a2 + a1 +
a0

2
= 0

.l"za zepexzt ipy xviil

{
a0 = 1, a1 = 0
a0 = 0, a1 = 1

xegal ozip .miiyteg a0, a1

.miibef i`e miibef zepexztl dwelg oi` df dxwna
.ze`xdl dyw - ∞ zeqpkzd dqeicx o`k mb

xliie` z`eeyn
2 xcqn xliie` z`eeyn

αx2y′′ + βxy′ + γy = 0

a2 (x) y
′′ + a1 (x) y

′ + a0 (x) y = 0 :2 xcqn zillk d`eeyn • zxekfz

.mireaw a0, a1, a2 - mireaw mincwn •
(reaw)a0 (x) = γ ,a1 (x) = βx ,a2 (x) = αx2 :xliie` •
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.reaw λ ,y = xλ dqpp ?mixzet ji`

y′ = λxλ−1

y′′ = λ (λ− 1)xλ−2

αλ (λ− 1)xλ + βλxλ + γxλ = 0

αλ (λ− 1) + βλ+ γ = 0y jk λ xegal yi

y = C1x
λ1 + C2x

λ2 :illk oexzt .λ1, λ2 miiynn zepexzt ipy yi m` .1

:illk oexzt .p± iq micenv miakexn zepexzt ipy yi m` .2

y = Cxp+iq + Cxp−iq = xp
(
Cxiq + Cx−iq

)
= xp

(
Cxiq + Cx−iq

)
= xp

(
Ceiq ln x + Ce−iq ln x

)
= xp (D1 cos (q lnx) +D2 sin (q lnx))

(akexn reaw C ,miiynn mireaw D1, D2)

illk oexzt xcq zcxed i"r xeztl ozip .letk λ oexzt .3

y = xλ (C1 + C2 lnx)

n xcqn xliie` z`eeyn

αnx
ny(n) + αn−1x

n−1y(n−1) + ...+ α1xy
′ + α0y = 0

.λl zeiexyt` n (cr) mi`ven ,y = xλ dxeva zepexzt miytgn

al miy

dxeva aezkl ozip xliie` z`eeyn

y′′ +
β

α

y′

x
+

γ

α

y

x2
= 0

y′′ = P (x) y′ +Q (x) y = 0

.x = 0a zeihilp` `l -


P (x) =

β

α

1

x

Q (x) =
γ

α

1

x2
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dxcbd
ordinary)zixpicxe` dcewp `id x = ay mixne` y′′+P (x) y′+Q (x) y = 0 d`eeynl
(singularzixlebpiq dcewp `id x = ay mixne` zxg` .aa zetivxQ (x) ,P (x) m` (point

.point)

if` ,miniiw
lim
x→a

(x− a)P (x)

lim
x→a

(x− a)
2
Q (x)

zeleabd la` zixlebpiq dcewp `id x = a m`

`l dcewp `id zxg` (regular singuler point)zixlebpiq zixlebx dcewp `id x = a
(irregular singular point)zixlebpiq zixlebx

oexztd if` ,x = aa miihilp` P,Q m`y epcnl xeriyd ly dpey`xd zivgna
.x = aa miihilp` xcnd ly

Frobenius qeipiaext htyn
(x− a)

2
Q (x)e (x− a)P (x) zeivwpetde ,zixlebpiq zixlebx dcewp `id x = a m`

dxeva x"cnd ly cg` oexzt zegtl miiw if` zeihilp` od

y = (x− a)
α

∞∑
n=0

an (x− a)
n

(iynn elit` e` !mly gxkda `l α).mireaw α, a0, a1, a2, ...

zeixlebpiq zeixlebx zecewp ly ze`nbec

.xliie` 'yn - y′′ +
β

α

y′

x
+

γ

α

y

x2
= 0 .1

.bpiq .bx .wp x = 0

P (x) =
β

α

1

x
,Q (x) =

γ

α

1

x2

lim
x→0

xP (x) =
β

α

lim
x→0

x2Q (x) =
γ

α

y′′ +
2

x
y′ +

3

(x− 1)
3
x
y = 0 .2

x = 0, 1 zixlebpiq .wp
.bpiq .bx .wp x = 0

.bpiq .bx `l .wp x = 1

6



n xcql

an (x) y
(n) + an−1 (x) y

(n−1) + ...+ a1 (x) y
′ + a0 (x) y = 0

zeleab ly meiw jixv .bpiq .bx .wpl

lim
x→a

an−1 (x)

an (x)
(x− a)

lim
x→a

an−2 (x)

an (x)
(x− a)

2

...

lim
x→a

a0 (x)

an (x)
(x− a)

n

qeipiaext htynl dnbec

9x2y′′ + (x+ 2) y = 0

.bpiq .bx .wp x = 0
dxeva oexzt ytgp

y = xα
∞∑

n=0

anx
n =

∞∑
n=0

anx
n+α

(dpey`xd dwfgd didz xαy ick)a0 6= 0 xy`k

y′ =
∞∑

n=0

(n+ α) anx
n+α−1

y′′ =
∞∑

n=0

(n+ α) (n+ α− 1) anx
n+α−2

9x2y′′︷ ︸︸ ︷
∞∑

n=0

9 (n+ α) (n+ α− 1) anx
n+α +

xy︷ ︸︸ ︷
∞∑

n=0

anx
n+α+1 +

2y︷ ︸︸ ︷
∞∑

n=0

2anx
n+α = 0

iyilye oey`x minekq sxvpe ,xα mvnvp

∞∑
n=0

[9 (n+ α) (n+ α+ 1) + 2] anx
n +

∞∑
n=0

anx
n+1 = 0

7



cala oey`xd mekqdn - x0 ly mcwn •

[9α (α− 1) + 2] a0 = 0

`ide ,α z` zraewy d`eeynd z`f .α2 − α +
2

9
= 0 okle a0 6= 0y mircei

(The indicial equation)zpiivnd d`eeynd z`xwp

.oexzt ozi cg` lk lfn zvw mr .α =
2

3
, α =

1

3
:αl zeiexyt` izy

(m = 1, 2, 3, ...) xm ly mcwn •

[9 (m+ α) (m+ α− 1) + 2] am + am−1 = 0

α =
1

3
–[

9

(
m+

1

3

)(
m−

2

3

)
+ 2

]
am + am−1 = 0

(
9m2 − 3m

)
am + am−1 = 0

am =
− am−1

3m (3m− 1)

a =
2

3
–[

9

(
m+

2

3

)(
m−

1

3

)
+ 2

]
am + am−1 = 0

(
9m2 + 3m

)
am + am−1 = 0

am =
− am−1

3m (3m+ 1)

dxevdn oexztd ...,a0 = 1n oexzt mixwnd ipya migwel

xα
∞∑

n=0

anx
n

.ix`pil sexiv - seqa
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