
5 d`vxd - 4 itpi`2011 hqebe`a 16edylk aikxl qgia γ dliqn jxe`l) zeiliaxbhpi`l i`pz(γjziliaxbhpi` f f` ,Γ ewd lr dtivx 'wpet f : R
n → R ,Rna jxe` zlra dliqn γ m`:miiwzne γj aikx lkl qgia γ jxe`l

ˆ

γ

f (x) dxj =

ˆ b

a

f (γ (t)) · γ
′

j (t) dt,dliqnd jxe`l qgia dliqn jxe`l lxbhpi` lr liawnd htynl dne dgkedd:dgqepa miynzyn o`k xy`k
γj (d)− γj (c) =

ˆ d

c

γ
′

j (t) dt .(zetivxa dxifb γ xear)dnbe:zixehwe 'wpet ly 2 beqn izliqn lxbhpi` aygp
I =

ˆ

γ

−→
F
−→
dx xear

F (x, y, z) =
(

xy, xz2, xyz
)

γ (t) =
(

t, t2, t3
)

0 ≤ t ≤ 1

γ1 (t) = t; γ
′

1 (t) = 1

γ2 (t) = t2; γ
′

2 (t) = 2t

γ3 (t) = t3; γ
′

3 (t) = 3t2

1



:okl
I =

ˆ 1

0

f1 (γ (t)) γ
′

1 (t) dt+

+

ˆ 1

0

f2 (γ (t)) γ
′

2 (t) dt+

+

ˆ 1

0

f3 (γ (t)) γ
′

3 (t) dt

=

ˆ 1

0

t3 · 1dt+

ˆ 1

0

t7 · 2tdt+

ˆ 1

0

t6 · 3t2dt

=

ˆ 1

0

t3 + 5t8dt =
29

36 ilwifit meyiif` −→r xehwe jxe`l wiwlg fifn (−→F xehwe i"r bveiny) oeeikae leba reaw gk m`.−→F · −→r `id ziyrpy deard
γ dliqn jxe`l wiwlg fifn `ede ,oeeika mbe leba mb dpzyn gk −→

F m` dxwi dn?df dxwna deard didz dn ?(R3a e` R
2a)`ed gkd rlv lkae (zilpebilet dliqn) xeay ew `id dliqndy gipp ,oey`xd alya.(γ (ti)l γ (ti−1

) oia gkd `ed −→
F i) reaw:`id γ

(

ti
) 'wpl γ (ti−1

) 'wpdn wiwlgd zffda dkexky deard
−→
F i ·

(

γ
(

ti
)

− γ
(

ti−1
)):`id deard dliqnd lk jxe`l miwlgd z` fifdl ik

k
∑

i=1

F i
(

γ
(

ti
)

− γ
(

ti−1
))dpzyny ixehwe dy `edy F (−→x ) gke γ : [a, b] → R

3 dliqn epl yi m` ,zrk.x 'wpd itl.τ i ∈ [ti−1, ti
] gwipe P =

(

t0, ..., tk
) :[a, b] rhwd ly dwelg gwip.γ (t0) , ..., γ (tk) md eiewewy ilpebiletd ewd z` xevip:`id zllekd deard ,reaw gkd rlv lk jxe`ly dgpda

k
∑

i=1

−→
F
(

γ
(

τ i
))

·
(

γ
(

ti
)

− γ
(

ti−1
))deard z` xibp ,okl .γ jxe`l deard z` axwn l"pd mekqd ,witqn dpir P m`:jk γ jxe`l

ˆ

γ

−→
F
−→
dr = lim

λ(P )→0

k
∑

i=1

−→
F
(

γ
(

τ i
))

·
(

γ
(

ti
)

− γ
(

ti−1
))
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dnbe:ixehwed dyd i"r oezpd gka opeazp
F (x, y, z) = (y, x, z):dxebqd dliqnd jxe`l rp wiwlgdy gippe

γ (θ) = (cos θ, sin θ, 0)

0 ≤ θ ≤ 2π.xy xeyina digid lbrn dzpenzy dliqn ef:if`
γ

′

1 (θ) = − sin θ

γ
′

2 (θ) = cos θ

γ
′

3 (θ) = 0 :`id deard f`
ˆ

γ

−→
F
−→
dx =

ˆ 2π

0

f1 (γ (θ)) · γ
′

1 (θ) dθ

+

ˆ 2π

0

f2 (γ (θ)) · γ
′

2 (θ) dθ

+

ˆ 2π

0

f3 (γ (θ)) · γ
′

3 (θ) dθ

=

ˆ 2π

0

sin θ · (− sin θ) dθ

+

ˆ 2π

0

cos θ · cos θdθ + 0

=

ˆ 2π

0

cos2 θ − sin2 θdθ = 0 dxrdxear la` ,miiwzn ieqid htynd okl ,dnew 'wpet inz yi dtivx ziynn 'wpetl.dnew 'wpet `evnl ozip inz `l ,dtevx elit` ,zixehwe 'wpet:lynl
f : R

2 → R
2

f (x, y) =
(

y, x2
):(1, 0)a zeniizqne (0, 1)a zeligznd zeliqn izy γ, δ eidi

γ (t) = (t, 1− t) , t ∈ [0, 1]

δ (t) = (sin t, cos t) , t ∈
[

0,
π

2

]

3



:zrk
γ

′

(t) = (1, −1)

δ
′

(t) = (cos t, − sin t) :okl
ˆ

γ

−→
f
−→
dr =

ˆ 1

0

(

(1− t) · 1 + t2 · (−1)
)

dt =
1

6
ˆ

δ

−→
f
−→
dr =

ˆ π
2

0

cos2 t− sin3 tdt =
π

4
−

2

3odilr milxbhpi`d 'wp dze`a zeniizqne zeligzn zeliqnd izyy zexnl ,xnelk.fl dnew 'wpet oi`y xexa okle mipey2 beqn izliqnd lxbhpi`d zeixeaig.odl mini`znd mieewd Γ1

Γ2
eidi .Rna zeliqn γ : [a, b] → R

n

δ : [c, d] → R
n eidi.γ (b) = δ (c) xnelk ,δ dliqnd dligzn day 'wp dze`a zniizqn γ dliqndy gipp:jk α = γ + δ dliqnd z` xibp

α (t) =

{

γ (t) a ≤ t ≤ b

δ (t+ c− b) b ≤ y ≤ b+ d− c.[a, b+ d− c] rhwa zxbend dliqn idefozep [b, b+ d− c]l dnevnve γ z` ozep [a, b]l dnevnve ,dliqn okle ,dtivx α (t).δl dlewy dliqn:f` Γ1 ∪ Γ2 lr dtivx zixehwe 'wpet −→
f m` ,zrk

ˆ

α
b+d−c

b

−→
f ·

−→
dx =

ˆ

δ

−→
f
−→
dx

ˆ

αb
a

−→
f
−→
dx =

ˆ

γ

−→
f
−→
dx :la`

ˆ

α
b+d−c

b

−→
f ·

−→
dx+

ˆ

αb
a

−→
f
−→
dx =

ˆ

α

−→
f
−→
dx :htyn eplaiw oklhtynf` ,dligzn δ day 'wpa zniizqn γy jk ,Rna jxe` zelra zeliqn izy γ, δ m`:miiwzn Γ1 ∪ Γ2 lr dtivx −→

f xear
ˆ

γ+δ

−→
f
−→
dx =

ˆ

γ

−→
f
−→
dx+

ˆ

δ

−→
f
−→
dx
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dxbd.γ : [a, b] → R
n idz: t ∈ [a, b] lkl xibp

θ (t) = b+ a− t :γl zibpd dliqnd z` xibpe
−γ = γ ◦ θ:okle (zxei 'wpet mr γ ly dakxd xnelk) γl dlewy-ihp` `id −γ

ˆ

−γ

−→
f
−→
dx = −

ˆ

γ

−→
f
−→
dx htyn.dl mi`znd ewd Γ ,jxe` zlra dliqn γ idz .1ef 'wpet) Γ lr zetivxd zeixehwed 'wpetd zveaw lr ix`pil lpeivwpet `ed ´

γ.(xlwq dxifgne divwpet dkezl zlawnd dlert:xnelk
ˆ

γ

: CΓ → R.Γ lr zetivxd zeixehwed 'wpetd sqe` CΓ xy`k:zeix`pil lr xney `ed ik ix`pil `ed
ˆ

γ

−−−−−→
af + bg

−→
dx = a

ˆ

γ

−→
f
−→
dx + b

ˆ

−→g
−→
dx.L (γ) jxe` zlra dliqn γ idz .2:onqp −→f : Γ → R

n xear
M = max

{
∥

∥

∥

−→
f (x)

∥

∥

∥
| x ∈ Γ

} :if`
∣

∣

∣

∣

ˆ

γ

−→
f (−→x )

−→
dx

∣

∣

∣

∣

≤M · L (γ).(onix lxbhpi` zkxrdl dnea ,lxbhpi`d zkxrd htyn df)xnyn dy ,dliqna 2 beqn izliqn lxbhpi` zielz i`:`ed ilxbhpi`d oeaygd ly ieqid htynd ze`qxbn zg`
ˆ b

a

f (ϕ (t)) · ϕ
′

(t) dt = F (ϕ (b))− F (ϕ (a)).[a, b]a dxifb ϕ ,(f ly dnew F ) F ′

(x) = f (x)e dxifb F (x) xy`k:d`ad dllkdd z` epl yi o`k
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htyn.U ⊆ R
n megza zxbend R

nl R
nn 'wpet −→

f = (f1, ..., fn) idz
j = 1, ..., n lkl zniiwne Da zetivxa dxifb `idy F : D → R 'wpet zniiwy gipp:x ∈ D lkl

∂F

∂xj
(−→x ) = fj (

−→x ) :xnelk
−−→
∇F =

−→
f:if` ,miwlgl dwlg γ : [a, b] → D idz

ˆ

γ

−→
f
−→
dx = F (γ (b))− F (γ (a)) dgked:onqp
γ = (γ1, ..., γn) :f`

ˆ

γ

−→
f
−→
dx =

n
∑

j=1

ˆ b

a

fj (γ (t)) · γ
′

j (t) dt

=

ˆ b

a

n
∑

j=1

fj (γ (t)) · γ
′

j (t) dt

=

ˆ b

a

n
∑

j=1

∂F

∂xj
(γ (t)) · γ

′

j (t) dt

=

ˆ b

a

d

dt
F (γ (t)) dt

= F (γ (b))− F (γ (a)) zexrdiaikx ly zexfbpd ,df yeniy wivdl ik .ieqid htynae zxyxyd llka epynzydmiwlgl dwlg `id m`) htyna dwlg dliqn epyx okl ,zetivx zeidl zeaiig γ′

j ,γ.(zeiaihi`a miynzyne m`zda dze` miwlgnzelra wx `l` zewlg opi`y zeliqn xear mb df htyn gikedl ozip ipexwr ote`a.jaeqn xzei daxd df j` ,jxe`xnyn dy - dxbd
−−→
∇F =y jk ,zetivxa dxifb F : D → R dnew 'wpet yi dxeary f zixehwe 'wpet.Da l`ivphet dy e` Da xnyn ixehwe dy z`xwp −→f.Da f ly l`ivphetd mi`xew l"pd F 'wpetl
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dnbe:dreawd 'wpetl
−→
f (−→x ) = −→c = (c1, ..., cn) :l`ivphet yi

F (−→x ) =

n
∑

i=1

cixi dxrdzeligzny D megza γ1, γ2 oirhewnl zewlg zeliqn 2 lkl f` xnyn dy −→
f m`:miiwzn ,'wp dze`a zeniizqne

ˆ

γ1

−→
f
−→
dx =

ˆ

γ2

−→
f
−→
dx .zelewy `l γ1, γ2 m` mbdliqna zelz-i` ly zilwifitd zernynd,enewina ielzy gk wiwlgd lr lret B 'wpl A 'wpn wiwlg mixiarn xy`k m`.2 beqn izliqn lxbhpi` i"r dpezp deardy xak epi`xyxtd `id `l` ,xgapy dliqna dielz dpi` deard f` ,xnyn `ed dyd m`.mil`ivphetdhtynmilxbhpi`d m` .D ⊆ R

na dtivxe zxbend ,zixehwe 'wpet f : D → R
n idz

f f` ,odizevwa wx `l` ,(jxe` zelra) zeliqna miielz mpi` f ly miizliqnd.xnyndgkeddxiywe dgezt D) idylk −→x ∈ D idze Da (dreaw) zniieqn 'wp −→x0 ∈ D idz.(megz dzeidadliqn γ ,−→x0 onfd lk ziy`xd 'wp) ala −→x a ielz ´
γ
f (−→x )

−→
dx lxbhpi`dy oeeik:lawp −→x z` dpypyk okl (−→x l −→x0n

F (−→x ) =

ˆ

γ

−→
f
−→
dx .−→x l −→x0a dliqn γ xy`k

−→x ∈ D lkly ze`xdl epilr xnelk ,−→f ly l`ivphetd `id ef F ik ze`xdl xzep:miiwzn j = 1, ..., n lkle
∂F

∂xj
= fj (

−→x )
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.j = 1 xear .k.d.a gikep:gikedl epilr ,okae
lim
h→0

F (x1 + h, x2, ..., xn)− F (x1, .., xn)

h
= f1 (x1, ..., xn) : xibp

−→
h = h · e1 = (h, 0, ..., 0) :if`

F (x1 + h, x2, ..., xn)− F (x1, .., xn) = F
(

−→x +
−→
h
)

− F (−→x ).(−→x ∈ D ik) Da elek `vnp −−−→x+ hl −→x oia xagnd rhwd if` ,ei ohw |h| m`:dliqn ly dpenzk df rhw aezkp
γ1 (t) = (x1 + th, x2, .., xn) , t ∈ [0, 1]:okl −−−→
x+ ha zniizqne −→x a dligzny ,jxe` zlra i`eea γ1 f`e

F
(

−→x +
−→
h
)

=

ˆ

γ+γ1

−→
f
−→
dx.xa dielze −−−→x+ ha zniizqne x0a dligzny Da dliqn `id γ + γ1:zrk

F
(−−−→
x+ h

)

− F (−→x ) =

ˆ

γ+γ1

−→
f
−→
dx−

ˆ

γ

−→
f
−→
dx

=

ˆ

γ1

−→
f
−→
dx

=

ˆ 1

0

f (γ1 (t)) · γ
′

1 (t) dt

γ
′

1 (t) =
−→
h

F
(−−−→
x+ h

)

− F (−→x ) = h ·

ˆ 1

0

f1 (γ1 (t)) dt

= h · f1 (γ1 (θ)).0 ≤ θ ≤ 1 ,lxbhpi`d rvennd jxrd htyn itl `ed oexg`d xarnd:o`kn
F
(

−→x +
−→
h
)

− F (−→x )

h
= f1 (γ1 (θ))

= f1 (x1 + θh, x2, ..., xn):raep f zetivx itle θh→ 0 f` h→ 0 xy`ke
lim
h→0

f1 (x1 + θh, x2, .., xn) = f1 (x1, .., xn) = f1 (
−→x ):miiwzn ik f ly dnewd F ok`y eplaiw okle

∂F

∂x1
= f18



1 libxzdliqna ielz epi` f ly lxbhpi`d .D ⊆ R
n megza dtivx 'wpet f : D → R

n idz.´
γ

−→
f
−→
dx miiwzn ,Da jxe` zlra γ dxebq dliqn lkl ⇐⇒2 libxz

1 ≤ lkl f` ,xnyn dy `id −→
f e ,D ⊆ R

na zetivxa dxifb zixehwe 'wpet −→
f m`:miiwzn −→x ∈ D lkle i, j ≤ n

∂fi

∂xj
(−→x ) =

∂fj

∂xi
(−→x ) .(witqn `l j` igxkd i`pz)oixb htynl zepkdlr dlhdl ozip=) (dneqge dxebq 'aw) xd xivl qgia ilnxep `xwp R2a xebq megz:miiwzny jkϕ1, ϕ2 : R → R 'wpet yi m` (x xiv

D = {(x, y) | a ≤ x ≤ b, ϕ1 (x) ≤ y ≤ ϕ2 (x)}jk ψ1, ψ2 yi m` (y xiv lr dlhdl ozip) y xivl qgia ilnxep `ed D ,dne ote`a:miiwzny
D = {(x, y) | c ≤ y ≤ d, ψ1 (y) ≤ x ≤ ψ2 (y)}mipzipy minegz ly iteq xtqn ly egi` `ed m` "gep" megz `ed D ik xn`p`l zenewr ly iteq 'qn ly egi` `id eztye y xiv lr mbe x xiv lr dlhdlz` d`ex iaeigd oeeika mwzndy jk dtyd ieew z` mipeekn ep` .(zebefa) zekzgp.(oeryd oeeik bp) el`nyn megzdxear letk 'hpi` eilr xibdl ozip okl ,ghy lra `ed xeyina dlhdl ozipd megz lk.ekeza zxbend dtivx 'wpet lk.dtyd ieew lr izliqn 'hpi` xibdl ozip dtivx zixehwe 'wpet lkl ,sqepa(gep megz lr) illk oixb htyn:f` Da dtivx f = (f1, f2) idze gep megz D idi

ˆ

∂D

−→
f
−→
dr =

¨

D

(

∂f2

∂x
−
∂f1

∂y

)

dxdy dgked.mixivd ipy lr dlhdl ozip Dj lky jk Dj miiwlg minegzl D z` wxtpmipeeika mipeekn minegz zz ipyl mitzeyny dtyd iwlg ,oeeikd zxbd it lrz` df milhan okle dl` minegz ipyl ´
Dj

−→
f
−→
dr miizliqnd milxbhpi`a mibepn:mekqa df

A =

n
∑

j=1

ˆ

Dj

−→
f
−→
dr
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-iyy miDjd ly dtyd iwlg lr miizliqn miilxbhpi` ly mekq mvra `ed A ,okl:okle ∂D `ed megi`y dtyd iwlg weia md dl`e ,miDjd g`l wx miki
A =

ˆ

∂D

−→
f
−→
dr:letkd lxbhpi`d zepekz itl ,`ed oixb htyna letkd lxbhpi`d ly wlgd ,ipy vn

n
∑

j=1

¨

D

(

∂f2

∂x
−
∂f1

∂y

)

dxdy.mixivd ipy lr dlhdl ozipd ,D megz xear oixb zgqep z` gikedl witqn okl`lle) mixivd ipy lr dlhdl ozipd megz xear oixb htyn(mixeg-ne ,mixeg `lle mixivd ipy lr dlhdl ozipd D megz lr zetivx 'wpet P, Q eidi:if` ,zetivx ∂P
∂y
, ∂Q

∂x
mby miiwz

ˆ

∂D

P (x, y) dx+Q (x, y) dy =

¨

D

(

∂Q

∂x
−
∂P

∂y

)

dxdy dgked:x xiv lr dlhdl ozipd megzn migzp
D = {(x, y) | a ≤ x ≤ b, y1 (x) ≤ y ≤ y2 (x)}:D ly mirhwd z` onqp

AB =
−−−−−−−−→
y2 (a) y1 (a)

BC =
−−−−−−−−→
y1 (a) y1 (b)

CE =
−−−−−−−→
y1 (b) y2 (b)

EB =
−−−−−−−−→
y2 (b) y2 (a):z` dligz aygpe ∂P

∂y
e P (x, y) zetivxd 'wpeta opeazp

¨

D

∂P

∂y
dxdy =

ˆ b

a

(

ˆ y2(x)

y1(x)

∂P

∂y
dy

)

dx

=

ˆ b

a

P (x, y2 (x))− P (x, y1 (x)) dx

=

ˆ b

a

P (x, y2 (x)) dx−

ˆ b

a

P (x, y1 (x)) dx

= −

ˆ

EB

P (x, y) dx−

ˆ

AC

P (x, y) dx− 0− 0

= −

ˆ

EB

P (x, y) dx−

ˆ

BA

P (x, y) dx−

ˆ

AC

P (x, y) dx−

ˆ

CE

P (x, y) dx

= −

ˆ

∂D

P (x, y)dx

10



:lawp y xiv lr dlhdl ozip D m` ibelp` ote`a
¨

D

∂Q

∂x
dxdy =

ˆ

∂D

Qdy:lawp mipeieeyd xeqig ii lr lawp k"dqae
¨

D

∂Q

∂x
−
∂P

∂y
dxdy =

ˆ

∂D

Pdx+Qdy.oixb htyn weia dfednbe:lxbhpi`d z` ayg
I =

ˆ

L

(ex sin y − y + 1)dx+ (ex cos y − 1) dylbrn ivg `ed L xy`k
x2 + y2 = 2x

y ≥ 0 .(0, 0) 'wpl (2, 0) 'wpdnoexzt.e`n jaeqn `ed divfixhnxt i"r xiyi aeyig ,g` vn.eze` xebql jixv ,xebq epi` L ewdy oeeikn ,oixba ynzydl ik ,ipy vn.xebq L ∪ L1 ,zrk .(2, 0)l (0, 0)n xyid ewd `edy L1 ewd z` siqep.Da zetivx P, Q, ∂P
∂y
, ∂Q

∂x
y xexa:oixb itl

˛

L∪L1

Pdx+Qdy =

¨

D

dxdy =
π

2:lawp L1 ly divfixhnxt i"r
ˆ

L1

Pdx+Qdy = 2 :o`kne
ˆ

L

Pdx+Qdy =
π

2
− 2
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