
g"cnl dxvw dncwd
mixqn

!g"cn xeztl x"cn jixv •

!d`eeyn lk oiadl zeqpl yi •

?g"cn df dn
.dly zeiwlgd zexfbpde mipzyn dnk ly divwpet oia xyw df g"cn

dnbecl
u (x, y) .1

∂u

∂x
+ zniiwny u divwpet `evnl miqnpe

{
b (x, y)
c (x, y)

zeivwpet izy zepezp

.b (x, y)
∂u

∂y
= c (x, y)

zix`ipil ,oey`x xcqn

u (x, y, z) .2

∇2u = `ed o`iqltld .∇u =


∂u

∂x
∂u

∂y
∂u

∂z

 `ed hp`iic`xbd . o`iqltl)∇2u = 0

(
∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2

∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2
= 0

zix`ipil ,ipy xcqn

u (x, y) .3
∂u

∂t
= −

∂3u

∂x3
+ 3u

∂u

∂x

"u
∂u

∂x
"d llba zix`ipil `l ,iyily xcqn

illk ote`a
zeivwpet yi - miiyteg mireaw wx `l .zepexzt daxd mig"cnl yi illk ote`a

.zeiyteg

iyteg reaw - u (x) = C ⇐
∂u

∂x
= 0 ,u (x) •

1



ziyteg divwpet - u (x, y) = C (y) ⇐
∂u

∂x
= 0 ,u (x, y) •

ipya ziyteg divwpet - u (x, y, z) = C (y, z) ⇐
∂u

∂x
= 0 ,u (x, y, z) •

mipzyn

oexzt reawl ick (dty i`pz ,dlgzd i`pz)mitqep mi`pza jxev yi d`eeyn lkl
.cigi

zix`ipil g"cn
.ix`ipil ote`a zeriten dizexfbp lke dreci `ld divwpetd

zihnznd dwiqitd ly ze`eeynd
qltl z`eeyn .1

:micnind xtqn `ed mipzynd xtqn

∂2u

∂x2
+
∂2u

∂y2
= 0 ,u (x, y) - micnin ipy •

∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2
,u (x, y, z) - micnin dyely •

∇2u = 0 - illk ote`a •

(di�usion)difeticd z`eeyn/megd z`eeyn .2
(cxtp `ed onfd cnin)cg` iagxn cnin

reaw k ,
∂u

∂t
= k

∂2u

∂x2
,u (x, t) - 1 cnin •

∂u

∂t
= k

(
∂2u

∂x2
+
∂2u

∂y2

)
,u (x, y, t) - micnin 2 •

∂u

∂t
= k∇2u - illk ote`a •

cvik ,zniieqn dcewpa xcga megd zcicn xg`l - megd z`eeyn zernyn
?onfd mr xcga hytzi megd

lka dkn zeawra lb ly dcepz ccen .(reaw c)
∂2u

∂t2
= c2∇2u milbd z`eeyn .3

.onfl m`zda dcewp

-ifit zertez daxda jynzn avn zx`zn 1 ∇2u = 0 qltl z`eeyn ,illk ote`a
(cere dwihpbnexhwl` ,divhiaxb)ezeilw

zehpicxe`ew iepiy i"r biydl ozip reaw i"r dltkdd z`1
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-yn) .dreci divwpet f (x, y) xy`k ∇2u = f (x, y) (Poisson)oeq`et z`eeyn .4
(zipbened `l qltl z`ee

akexn ψ ,ψ (x, y, z, t) (Schrodinger)xbpicexy z`eeyn .5

i~
∂ψ

∂t
= −

~2

2m
∇2ψ + v (x, y, z)ψ

.Planck's constant wplt reaw ~ ,dqn m ,dreci divwpet v xy`k

g"cn oexztl zehiy
reaixd lr qltl z`eeyn .1

y jk u (x, y) `vn

∇2u =
∂2u

∂x2
+
∂2u

∂y2
= 0

0 ≤ x, y ≤ 1

u (0, y) = 0

u (1, y) = 0

u (x, 0) = 0

u (x, 1) = f (0) (∗)
.dreci divwpet f (x) xy`k

oexztd zhiy

- mi`pzd x`y lkl .ipbened epi`y cigid i`pzd `edy (∗) i`pzdn gkyp lk mcew
.oexzt cer `evnl zix`ipil mze` sxvl ozip zepexzt yi m`

(∗) hrnl mi`pzd lk ly zepexzt daxd `evnl •
(∗) miiwnd cgein ix`ipil sexiv `evnl •

u (x, y) = X (x)Y (y) dxeva zepexzt ytgp :oey`xd alyl

X ′′ (x)Y (y) +X (x)Y ′′ (y) = 0

X ′′ (X)

X (x)
= −

Y ′′ (y)

Y (y)
= −c

3



.zereaw od m"m` y ly divwpetl deey x ly divwpet xnelk

X (1) = 0 X (0) = 0 X ′′ = −cX

Y (0) = 0 Y ′′ = cY

:Y iabl •
λ = ±

√
c ,iaeig c gipp .λ2 = c

Y = C1e
√
cy + C2e

−
√
cy

Y (y) = C1

(
e
√
cy − e−

√
cy
)
⇐ Y (0) = 0

:X iabl •
λ = ±i

√
c ,λ2 = −c

X = C1 cos
√
cx+ C2 sin

√
cx

XC2 sin
√
cx⇐C1 = 0⇐X (0) = 0

C2 sin
√
c = 0⇐X (1) = 0

n = 1, 2, ... ,X (x) = C2 sin (nπx) ,
√
c = nπ gwip

:(∗) hrnl mi`pzd lk ly mi`ad zepexztd z` ep`vn

u (x, y) = X (x)Y (y) = Kn sin (nπx)
(
enπy − e−nπy

)
, n = 1, 2, 3, ...

.n lkl dpey ile` ,reaw Kn xy`k
ix`ipil sexiv zeyrl x`yp

(∗∗) u (x, y) =
∞∑

n=1

Kn sin (nπx)
(
enπy − e−nπy

)
.u (x, 1) = f (x) oexg`d i`pzd z` miiwlK1,K2,K3, ... mireawd z` xegal yi

∞∑
n=1

Kn

(
enπ − e−nπ

)
sinnπx = f (x)

zeivwpetd ly (iteqpi`)ix`pil sexivk f (x) divwpet xegal ji` cnlp `ad xhqnqa

sinπx, sin 2πx, sin 3πx, ...

(∗∗) dxeva g"cnl oexzt yi okle !!!ok zeyrl ozip
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(Helmoltz)uenld z`eeyn .2
{
(x, y) : x2 + y2 < 1

}
lbrna (

∂2u

∂x2
+
∂2u

∂y2
)∇2u = −u ,u (x, y)

.θ ly divwpetk u oezp x2 + y2 = 1 lr

oexztd zhiy{
x = r cos θ
y = r sin θ

zeiahew zehpicxe`ewl xearl jixv

∂u

∂r
=
∂x

∂r

∂u

∂x
+
∂y

∂r

∂u

∂y
= cos θ

∂u

∂x
+ sin θ

∂u

∂y

∂u

∂θ
=
∂x

∂θ

∂u

∂x
+
∂y

∂θ

∂u

∂y
= −r sin θ

∂u

∂x
+ r cos θ

∂u

∂y

∂2u

∂r2
= cos θ

(
∂x

∂r

∂2u

∂x2
+
∂y

∂r

∂2u

∂x∂y

)
+ sin θ

(
∂x

∂r

∂2u

∂x∂y
+
∂y

∂r

∂2u

∂y2

)
=

= cos2 θ
∂2u

∂x2
+ 2 cos θ sin θ

∂2u

∂x∂y
+ sin2 θ

∂2u

∂y2

∂2u

∂θ2
= −r cos θ

∂u

∂x
−r sin θ

∂u

∂y
−sin θ

(
∂x

∂θ

∂2u

∂x2
+
∂y

∂θ

∂2u

∂x∂y

)
+r cos

(
∂x

∂θ

∂2u

∂x∂y
+
∂y

∂θ

∂2u

∂y2

)
=

= −r cos θ
∂u

∂x
− r sin θ

∂u

∂y
+ r2 sin2 θ

∂2u

∂x2
− 2r2 cos θ sin θ

∂2u

∂x∂y
+ r2 cos2 θ

∂2u

∂y2

∂2u

∂r2
+

1

r2
∂2u

∂θ2
= −

1

r

∂u

∂r
+
∂2u

∂x2
+
∂2u

∂y2

`ed zeiahew zehpixce`ewa o`iqltldy lawpe df z` xcqp

∂2u

∂x2
+
∂2u

∂y2
=
∂2u

∂r2
+

1

r2
∂2u

∂θ2
+

1

r

∂u

∂r

yi zeiahew zehpicxe`ewa

∂2u

∂r2
+

1

r2
∂2u

∂θ2
+

1

r

∂u

∂r
= −u u (r, θ)

.u (1, θ) oezp .r < 1 megza
dxeva d`eeynd ly zepexzt ytgp

u (r, θ) = R (r)T (θ)
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R′′ (r)T (θ) +
1

r2
R (t)T ′′ (θ) +

1

r
R′ (r)T (θ) = −R (r)T (θ)

.
r2

R (r)T (θ)
i"r litkp

r2R′′ (r)

R (r)
+
T ′′ (θ)

T (θ)
+
rR′ (r)

R (r)
= −r2

⇒


(1)

T ′′ (θ)

T (θ)
= −c

(2)
r2R′′ (r)

R (r)
− c+

rR′ (r)

R (r)
= −r2

:z`eeynd z` xeztp

T (θ) = `ed oexztd .2π xefgn mr ixefgn oexzt miytgn .T ′′ = −cT (1)
n = 1, 2, 3, ... ,

√
c = n ⇐ C1 cos (

√
cθ) + C2 sin (

√
cθ)

r2R′′ + rR′ +
(
r2 − n2

)
R = 0 (2)

[mly ν ,"x2y′′ + xy′ +
(
x2 − ν2

)
y = 0"]lqa z`eeyn idef

(oniep ziivwpet Yne lqa ziivwpet Jn xy`k)R (r) = C1Jn (r)+C2Yn (r)
r = 0 xy`k xcazn Yn (r) ik C2 = 0 zgwl yi

zepexzt k"dq

u (r, θ) = R (r)T (θ) = Jn (r) (Kn cosnθ + Ln sinnθ)

.mireaw Kn, Ln xy`k
."dpezp u (1, θ)" i`pzd z` miiwl zix`ipil sxvl yi

.3

(!i`pz cer jixv) .zepezp zeivwpet

{
b (x, y)
c (x, y)

,
∂u

∂x
+ b (x, y)

∂u

∂y
= c (x, y)

oexztd zhiy

?x"cn jxc `evnl ozip dnewrd lr oexztdy jk (zenewr e`)dnewr `evznl ozip ile`{
x = x (t)
y = y (t)

t ly divwpet `id u = u (x (t) , y (t)) dnewrd lr

u′ (t) =
∂u

∂x
x′ +

∂u

∂y
y′

u′ = c (x, y) if` .dlgzd zcewp hrnl dnewr xicbn df -

{
x′ = 1

y′ = b (x, y)
xgap

6



.
b (x, y) = y − x
c (x, y) = 2x

:zihxwpew dnbec •

x (t) = x (0) + t⇐x′ = 1
davd dyrp ... y′ = y − (x (0) + t)

y (t) = z (t) et

z′et + zet = zet − (x (0) + t)

z′ = − (x (0) + t) e−t

z = (x (0) + 1 + t) e−t + C

y = x (0) + 1 + t+ Cet = x (0) + 1 + t+ (y (0)− 1− x (0)) et

od zenewrd{
x (t) = x (0) + t

y (t) = x (0) + 1 + t+ (y (0)− 1− x (0)) et

u′ = c (x, y) = 2x = 2 (x (0) + t)
u (t) = t2 + 2x (0) t+ u (0)

jxc u `evnl ozip dnewr lk lr

dnewrd ly dcewp lba `evnl ozip dnewr lc zg` dcwepa u oezp m`
.dnewr lk ly zg` dcewp u zzl yi g"cnd z` xeztl ick

jk dnewr] - characteristic courses "zepiit`n zenewr" ze`xwp dl`d zenewrd
[x"cn ici lr dnewrd lr g"cnd z` xeztl ozipy
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