
miveli` mr oeviw zeira
(miigxkd i`pz)('fpxbl iltek lr)htyn

G : Ω×Rs → ,(
(
x0, y0

)
ly daiaq Ω)C2 'gnn ziynn F : Ω ⊆ Rk ×Rs → R idz

.C1 dwlgnn ziynn Rs

.miveli`d ody zeiynn ze`eeyn s (∗)G (x, y) = 0
,(∗) ueli`d zgz ,F ly oeviw 'wp `id

(
x0, y0

)
y gipp

-ynl
(
x0, y0

)
aiaq zinewn lewy G (x, y) = 0 :xnelk]

∂ (G1, ...Gs)

∂ (y1, ...ys)

∣∣∣∣∣
(x0,y0)

e` ilnipin F (x, ϕ (x)) ,zenezqd zeiwvpetd 'tyn itl ,y = ϕ (x) zyxetnd d`ee
[.x0 ly U daiaqa zinewn x0 'wna ilniqwn

∇ (F − cG)|(x0,y0) = 0y jk c = (c1, ...cs) reaw xehwe miiw if`

∇

F −
s∑

j=1

cjGj

∣∣∣∣∣∣
(x0,y0)

= 0

mikxrd .
x0
1, ...x

0
k

y01 , ...y
0
s

c1, ...cs

:minlrp k + 2sa ze`eeyn k + 2s o`k yi G
(
x0, y0

)
mr cgi

('fpxbl iltek" mi`xwp c1, ...cj

dnbec

(A=)dpezp ezthrn ghy xy`k ilniqwnd gtpd lra icnin zlzd `zd z` `vn

F (x, y, z) = xyz

xy + xz + yz −
A

2︸ ︷︷ ︸
G(x,y,z)

= 0

k = 2, s = 1

x+y = `ed o`iaewrid lr i`pzd .oeviw 'wpa ∇ (F − cG) = 0 :cg` 'fpxbl ltek yi

∂G

∂z

∣∣∣∣∣ 6= 0

F − cG ≡ xyz − c

(
xy + xz + yz −

A

2

)

1





∂

∂x
(...) = yz − c (y + z) = 0

∂

∂y
(...) = xz − c (x+ 2) = 0

xy − c (x+ y) = 0

xy + xz + yz =
A

2

xyz − cx (y + z) = 0

xyz − cy (x+ z) = 0

c (y − x) z = 0

okle dpey`x d`eeyn xzeq zxg`)c 6= 0

y = x

,diaew `ed `zd `"f .x = y = z lawp zepexg`d ze`eeynd izy mr jxc dze`a
:zerlvd z` weica milawn ueli`d jezne

3x2 =
A

2
⇒ x =

√
A

6
= y = z

htynd zgked

.F (x, ϕ (x)) divwpetd ly oeviw 'wp `evnl `id dirad

∂

∂xi
F (x, ϕ (x))

∣∣∣∣∣
x0

= 0 i = 1, ...k

:zxyxyd llk itl
∂F

∂xi

∣∣∣∣∣
(x0,y0)

+
s∑

j=0

∂F

∂yj

∣∣∣∣∣
(x0y0)

∂ϕj

∂xi

∣∣∣∣∣
x0

= 0

∂Gi

∂xi

∣∣∣∣∣
(x0,y0)

+
s∑

j=0

∂Gi

∂yj

∣∣∣∣∣
(x0,y0)

∂ϕj

∂xi

∣∣∣∣∣
x0

= 0

∂ (G1, ...Gs)

∂ (y1, ...ys)

∣∣∣∣∣ 6= 0

2



.dkitd A +
∂ (G1, ...Gs)

∂ (y1, ...ys)

∣∣∣∣∣
(x0,y0)

,x0 ly daiaqa G (x, ϕ (x)) = 0 ⇐

milawn .F mr ze`eeyna miaivne


∂ϕ1

∂xi
.
.
.

∂ϕs

∂xi

 minlrpd xear mixzet ,oezp i lkl

(...oeayg)dprhay ze`eeynd z` weica

qgia o`iaewrid zvixhn ly dpekz
zewzrd zakxdl

U⊂Rk F−→ V ⊂Rl G−→ Rm

x → y = F (x) → z = G (F (x))

(G ◦ F ) (x) + G (F (x))

(
∂ (z1, ...zm)

∂ (x1, ...xk)

)
=

(
∂ (z1, ...zm)

∂ (y1, ...yl)

)(
∂ (y1, ...yl)

∂ (x1, ...xk)

)
od)zexcben odly zehppinxhcd okle ,zeireaix zevixhnd ,k = l = m xy`k cgeina
'xhcd zltknl deey zexihvn zltkn ly 'xhc ,recike ,(mini`znd mip`iaewrid

milawn ok lre ,odly

∂ (z1, ...zk)

∂ (x1, ...xk)
=

∂ (z1, ...zk)

∂ (y1, ...yk)

∂ (y1, ...yk)

∂ (x1, ...xk)

(mevniv "eli`k")

-iwy xne` (eizegpda)dketdd dwzrdd htyn ,0 6=
∂ (y1, ...yk)

∂ (x1, ...xk)

∣∣∣∣∣
x0

m` cgeina

y = F (x) ly x = G (y) (inewn ote`a)dketdd dwzrdd zni

dnbec

 x = F1 (r, ϕ, θ) = r cosϕ sin θ
y = F2 (r, ϕ, θ) = r sinϕ sin θ

z = F3 (r, ϕ, θ) = r cos θ

3



.agxna zeixeck zehpicxe`ew od el`

(r, ϕ, θ) ∈ [0,∞)× [0, 2π]× [0, π] ⊂ R3 → (x, y, z)R3

∂ (x, y, z)

∂ (r, ϕ, θ)
=

 cosϕ sin θ sinϕ sin θ cos θ
−r sinϕ sin θ r cosϕ sin θ 0
r cosϕ cos θ r sinϕ cos θ −r sin θ



o`iaewrid

:oexg`d cenrd itl 'xhcd z` gztp

r2
[

cos θ
{
− sin2 ϕ sin θ cos θ − cos2 ϕ sin θ cos θ

}
1

− sin θ
{
cos2 ϕ sin2 θ + sin2 ϕ sin2 θ

}
2

]
= ...

{}1 = − sin θ cos θ
(
sin2 ϕ+ cos2 ϕ

)
{}2 = sin2 θ

(
cos2 ϕ+ sin2 ϕ

)
... = r2

[
cos θ (− sin θ cos θ)− sin3 θ

]
=

= sin θ
(
cos2 θ + sin2 θ

)
= r2 sin v

4


