
.B (x, r) ,Rka x 'wp ly daiaqa zxcbend f divwpet
.oezp dcigi xehwe u

x+ tu ,t ∈ R
‖ (x+ tu)− x = ‖ = ‖tu‖ = |t| < r ,|t| < r

F (t) = f (x+ tu) ,|t| < r

.dpzyn t wx ,mipezp x, u

Rk 3 y 6= 0

u =
1

‖y‖
y

‖u‖ =
1

‖y‖
‖y‖ = 1

,zniiw x dcewpa f ly zipeeikd zxfbpdy xn`p ,t = 0 dcewpa dxifb F m`

∂f

∂u

∣∣∣∣∣
x

= Duf (x) + F ′ (0) :F ′ (0) `ed dkxre

xnelk

∂f

∂u

∣∣∣∣∣
x

= F ′ (0) + lim
0 6=t→0

F (t)− F (0)

t
= lim

0 6=t→0

f (x+ tu)− f (x)

t

ihxt dxwn
(j = 1, ...k) ,u = ej(

∂f

∂xj
(x) =

)
∂f

∂xj

∣∣∣∣∣
x

=
∂f

∂ej

∣∣∣∣∣
x

lim
t→0

f
(
x+ tej

)
− f (x)

t
= lim

t→0

f (x1, ...xj + t, ...xk)− f (x1, ...xk)

t

dxcbd
zexfbpd zeniiw Da x dcewp lkae ,zniieqn D ⊆ Rk dveawa x z` dpyp m`

.mipzynd lk itl Da dxifb fy xn`p ,
∂f

∂xj

∣∣∣∣∣
x

zeiwlgd

(j = 1, ...k) .Da f ly zeiwlgd zexfbpd ze`xwp
∂f

∂xj
: D → R zeivwpetd

,f ly hpiixcbd z`xwp

(
∂f

∂x1
, ...

∂f

∂xk

)
: D⊆Rk → Rk zixehwed divwpetd

.(∇f) (x) e` ∇f |x e` grad f |x zpneqnd
(hpicxb e`)dlap :∇
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R2a dnbec

f (x, y) = arctan

(
y

x

)

D = {(x, y)|x 6= 0}

∂f

∂x
=

1

1 +

(
y

x

)2

(
−

y

x2

)
= −

y

x2 + y2

∂f

∂y
=

1

1 +

(
y

x

)2

1

x
=

x

x2 + y2

∇f =
1

x2 + y2
(−y, x) : D → R2

.x+h 'wpl mixaer xy`k (!dreaw)x 'wpa divwpetd ly iepiy - f (x+ h)−f (x)
‖ (x+ h)− x‖ = ‖h‖ < r

:"zix`pil" L : Rk → R :l"pd iepiyd ly (ha)ix`pil aexiwa mipiipern

λ ∈ R, u, v ∈ Rk : L (u+ λv) = Lu+ λLv

:x =
k∑

i=1

xie
i ,edylk x ∈ Rk x ear

Lx = L

(
k∑

i=1

xie
i

)
=

k∑
i=1

xiLe
i

Lei + ai ∈ R

Lx =

k∑
i=1

xiai = a · x

-pet ly zillkd dxevd :`"f .ix`pil l`peivwpet `ed x → x · a lpeivwpetd ,jkitl
(mini`zn a ∈ Rk xear)x → x · a `id Rk lr ix`pil lpeivw
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dxcbd

ϕ (h) + [f (x+ h)− f (x)]− Lh

.xi`pild aexwa d`ibyd z` ccen

dxcbd
m` x dcewpa zilia`ivpxtic fy xn`p .Rka x ly B (x, r) daiaqa zxcben f idz

(lirl mipeniqa)y jk L ix`pil lpeivwpet miiw

(h 6= 0) ,
ϕ (h)

‖h‖
−−−→
h→0

0 (∗)

mixne` (h = 0 zaiaqa zxcbend)idylk divwpet xear miiwzn (*) xy`k :oeniq
.ϕ (h) = o (‖h‖) miazeke ‖h‖ ly "ohw e`" `id ϕy

lynl

h2 = o (|h|)

h2

|h|
= |h| −−−→

h→0
0

h 6= o (|h|)

|h|1+ε
= o (|h|)

jci`n

minyexe ‖h‖ ly "lecb e`" `id g (h)y mixne` ,0 ly daiaqa
|g (h)|
‖h‖

≤ M m`

g (h) = O (‖h‖)

dnbecl

o ⇒ O
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:‖h‖ ly O `ed Lh = L (h) ix`pil lpeivwpet lk

|Lh| = |h · a| ≤ ‖h‖‖a‖

|Lh|
‖h‖

≤ ‖a‖

(reaw ‖a‖)

:ϕ (h)l xefgp

f (x+ h)− f (x) = Lh︸︷︷︸
O

+ ϕ (h)︸ ︷︷ ︸
o

htyn
ote`a rawp dxcbda L (l"t)ix`pild lpeivwpetd if` ,x 'wpa zilia`ivpxtic f m`

.cigi

dgked

f (x+ h)− f (x) = L′h+ ϕ̃ (h) .(lirl mipeniqa) f (x+ h)− f (x) = Lh+ ϕ (h)

o = Lh− L′h+ [ϕ (h)− ϕ̃ (h)]

L′h− Lh = h · a′ − h · a = o (h)

h (a′ − a) = ϕ∗ (h)

∀h, ‖r‖ < r

h = t (a′ − a) 0 < t < r

:aivp

t (a′ − a) (a′ − a) = ϕ∗ (h)

t‖a′ − a‖2 = ϕ∗ (h)

t‖a′ − a‖2

t‖a′ − a‖
=

ϕ∗ (h)

‖h‖

‖a′ − a‖ =
ϕ∗ (h)

‖h‖
−−−→
t→0

0

a′ = a `"f ‖a′ − a‖ = 0 okl .t → 0 xy`k 0l s`ey oini cve ,ta ielz `l l`ny cv
.zecklzn L′, L zeivwpetd xnelk ,Rka y lkl L′y = Ly okle
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l`ivpxtic - dxcbd
df (x)a oneqne ,x 'wpa f ly l`ivpxticd `xwp l"pk L cigid ix`pild lpeivwpetd

(ohw d mewna lecb Da ynzydl mb xyt`)df |x e`
zedfd dpyi ,df dxwna

f (x+ h)− f (x) = df (x)h+ ϕ (h)

ϕ (h) = o (‖h‖) mr

zilia`ivpxtic divwpet ly zepekz

1 dpekz
'wpa dtivx `id if` ,x 'wpa zilia`ivpxtic (Rka x 'wp ly daiaqa zxcbend)f m`

.x

dgked

:ϕ (h) = o (‖h‖) mr f (x+ h)− f (x) = df |x h+ ϕ (h)

|df |x h| = |h · a| ≤≤ ‖h‖‖a‖ −−−→
h→0

0

ϕ (h) =
ϕ (h)

‖h‖
‖h‖ −−−→

h→0
0

f (x+ h)− f (x) −−−→
x→0

0

f (x+ h) −−−→
x→0

f (x)

.x dcewpa dtivx f :`"f

2 dpekz
x 'wpa zeniiw dly zeipeeikd zexfbpd lk if` ,x 'wpa zilia`ivpxtic (l"pk)f m`

:dgqepd zniiwzne

∂f

∂u

∣∣∣∣∣
x

= df |x u
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dgked

F (t) = f (x+ tu)

F (t)− F (0)

t
=

f (x+ tu)− f (x)

t∣∣∣∣∣F (t)− F (0)

t
− df |x u

∣∣∣∣∣ =
∣∣∣∣∣ [f (x+ tu)− dfx (tu)]

t

∣∣∣∣∣ =
∣∣∣∣∣ϕ (tu)

t

∣∣∣∣∣ = |ϕ (tu)|
‖tu‖

−−−→
t→0

0

`"f

∃ lim
t→0

F (t)− F (0)

t
= df |x u

∃F ′ (0) = ...

l"yn

cgeina
∂f

∂xj

∣∣∣∣∣
x

zeiwlgd zexfbpd lk if` ,x 'wpa zilia`ivpxtic f m`y milawn u = ej m`

zeniiw

∂f

∂xj

∣∣∣∣∣
x

= df |x e
j + aj

zxekfz
Lh = h · a if` ,Lej = aj mipnqn m`

h =
∑

hje
j

h =
∑

hhLe
j = ha
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d`vez
,x 'wpa zilia`ivpxtic f m`

∂f

∂u

∣∣∣∣∣
x

= u ∇f |x

∣∣∣∣∣ ∂f∂x
∣∣∣∣∣
x

∣∣∣∣∣ = |u · ∇f |x| ≤ ‖u‖‖ ∇f |x ‖∣∣∣∣∣ ∂f∂u
∣∣∣∣∣
x

∣∣∣∣∣ ≤ ‖ ∇f |x ‖ xnelk

.hpiicxbd oeeika dcigi xehwe `ed u∗ =
∇f |x

‖ ∇f |x ‖
,∇f |x 6= 0 m`

∂f

∂u∗

∣∣∣∣∣
x

= u∗ · ∇f |x =
∇f |x · ∇f |x
‖ ∇f |x ‖

= ‖ ∇f |x ‖

max
u

∣∣∣∣∣∂f∂u (x)

∣∣∣∣∣ = ∂f

∂u∗

∣∣∣∣∣
x

= ‖ ∇f |x ‖
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