
ipyd l`ivpxticd
-ewpd lka zilia`ivpxtice (Ra mikxr mr)Rka D dgezt dveawa zxcben fy gipp

.D ly zec

df () : x ∈ D⊂Rk

→ df (x) ∈
(
Rk
)′ ↔ Rk

ly il`ecd agxnd `xwp ,Rk lr miix`pild mil`peivwpetd lk agxn `ed
(
Rk
)′
)

(Rkl (↔)itxenefi` `ede ,Rk

:mfitxenefi`d zxfra Rk mr
(
Rk
)′

z` zedfl gep

L ∈
(
Rk
)′ ↔ a ∈ Rk

Lh = ha ∀h ∈ Rk

(
ai + Lei

)

ha =
∑
i

hiai =
∑
i

hiLe
i = L

∑hie
0︸ ︷︷ ︸

h

 = Lh

(zixehwed)divwpetd m` .RklD ⊆ Rkn zixehwe divwpet `ed df () ,l"pd iedifd itl
x 'wpa dly l`ivpxticl `xwp ,D ly x znieqn 'wpa (dnvra)zilia`ivpxtic df ()

(d2f
∣∣
x
oneqnd)x .wpa f ly ipyd l`ivpxticd

d (df ())|x + d2f
∣∣
x

.Rkl Rkn zix`pil dwzrd `id d2f
∣∣
x

mr l"pd mfitxenefi`d i"r ddefy)∇f () ly miaikxd lk (!htyn)m"n` miiw `ed
.x 'wpa miilia`ivpxtic md (df ()

.x 'wpa zeilia`ivpxtic
∂f

∂xi
zexfbpd lk m"n` ,epiidc

,x ly daiaqa zeniiw
∂

∂xj

(
∂f

∂xi

)
zeiwlgd zexfbpdy `ed jkl witqn i`pz

x ∈ D lkl miiw d2f
∣∣
x
df dxwnae ,(Da C2 `id f m` miiwzn i`ce)x 'wpa zetivxe

d2f
∣∣
x
h = d



∇f
l︷︸︸︷

df ()



∣∣∣∣∣∣∣∣∣∣∣∣
x

h = h

(
∂ (∇f)

∂x

)
+ h

(
∂ (fx1 , ...fxk

)

∂ (x1, ...xk)

)
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o`iqdd `xwp H =
∂2f

∂xi∂xj

Rkl Rkn zix`pil dwzrd `id d2f
∣∣
x

u ∈ Rk

(
d2f
∣∣
x
h
)
u = hH|x u

t = uHht

zix`pil `idy ,Rka mixehwe ipy ly ziynn divwpet :epiidc)zix`pilia zipaz ef
.(mdn cg` lka

zenezqd zeivwpetd htyn

f : D ⊆ Rk × R → R

.f
(
x0, y0

)
zniieqn dcewpay gipp

zniieqn daiaqa (x ly divwpetk)y xear f (x, y) = 0 d`eeynd oexzt :dira(
x0, y0

)
'wpd ly

cigi oexzt mivex epgp` la` - y = ±
√
r2 − x2 .oezp r > 0 ,x2 + y2 = r2 dnbec

.inewn oexzt ytgl mivex epgp` !yl

(dfilp`a iyeniy ax ilk)zay zecewp
dxcbd

m` (contraction)ueeik z`xwp T : X → X dwzrd .ixhn agxn (X, d) idi •
∀x, y ∈ X d (Tx, Ty) ≤ qd (x, y)y jk 0 < q < 1 miiw

x, y ∈ X lkl f`e ,δ = ε xgap ,oezp ε > 0 m` ik ,X lr (y"na)sivx gxkda `ed ueeik
d (Tx, Ty) ≤ qd (x, y) < qδ < ε miiwzn d (x, y) < δ mxeary

Tx = x m` T ly zay zcewp z`xwp x ∈ X 'wp •

zay zecewp odizy x, x′ m` ik dcigi gxkda `id ,T ueeikl x zay 'wp zniiw m`
,T ly

d (x, x′) = d (Tx, Tx′) ≤ qd (x, x′) ⇒ 0 ≤ (1− q) d (x, x′) ≤ 0 ⇒ d (x, x′) = 0 ⇒ x = x′

(Banch)wpa ly zayd zcewp htyn
Xa dcigi zay zcewp Tl yi if` .X ly ueeik T idie ,mly ixhn agxn X idi
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(!epi`x xak zecigi !meiw)dgked

zedfd - T 0 .Tn+1 = T ◦ Tn n lkl :Tn z` iaihwecpi` ote`a xicbp
dxcq xicbpe ,X ly zizexixy 'wp x0 idz

xn = Tnx0 n = 0, 1, 2, ...

epiidc{
x0, Tx0, T

2x0, ...
}

n ≥ 0 lkl d (xn, xn+1) ≤ qnd (x0, x1) dprh

:n lr divwecpi`a dgked

il`ieixh :n = 0
:n+ 1 xear gikepe n xear oeieeyd i` zepekp gipp

d (xn+1, xn+2) = d (Txn, Txn+1)

:ueeik dfy llba

≤ qd (xn, xn+1)

divwecpi`d zgpd itle

≤ vqqnd (x0, x1) = qn+1d (x0, x1)

:(zncewd dprhd wefig) dprh

d (xn, xm) ≤
(
qn + ...+ qm−1

)
d (x0, x1) ,m > n lkl

.(edylk oezp n xear)m lr divwecpi`a dgked

dxcbdd itl oekp df m = n+ 1 xear ,m = n+ 1a dligznd divwecpi`
.{xn} ly

:m+ 1 xear gikepe ,mieqn ml gipp
yleynd oeieey i` itl

d (xn, xm+1) ≤ d (xn, xm) + d (xm, xm+1)

divwecpi`d zgpd itl

≤
(
qn + ...+ qm−1

)
d (x0, x1)+qmd (x0, x1) =

(
qn + ...+ qm−1, qm

)
d (x0, x1)

xfr zprh lyn

eplaiw l"pd zeprhdn

0 ≤ d (xn, xm) ≤
(
qn + qn+1 + ...

)
d (x0, x1) = qn (1 + q + ...) d (x0, x1)
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=
qn

1− q
d (x0, x1) −−−−→

n→∞
0

(q < 1 ik)
:ok lr

d (xn, xm) −−−→
m>n

0

x + lim
n→∞

xn ∈ X leabd miiw ,mly Xy oeeike ,xa iyew zxcq {xn} `"f

T ly zay 'wp x dprh

Tx = T
(
lim
n

xn

)
:T ueeikd ly zetivxd llbae

= lim
n

Txn = lim
n

Xn+1 = x

l"yn

dxrd

lim
n→∞

xn ∈ X gxkda `l zxg` ,mly zeidl aiig ixhnd agxnd

?wpa htyn lrtei eay ixhnd agxnd edn
zeiynnd zeivwpetd lk agxn z` onqi C (Z) .edylk ihwtnew ixhn agxn Z idi

Z lre zetivxd
Z ihwtntewd agxnd lr dneqg okle Z lr dtivx |f | ⇐ f ∈ C (Z)

sup
Z

|f | < ∞

(!meniqwn df)

.C (Z) lr dnxep zn`a ef - ‖f‖ + sup
Z

|f | xicbp

(R lrn)lr inxep agxn `ed Z

htyn
(mly p"n :xnelk)jpa agxn `ed C (Z)
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dgked

‖fn − f‖ −−−−→
n→∞

0y jk f ∈ C (Z) miiwy :d"lv .C (Z)a iyew zxcq {fn} idz

m,n > n (ε) lkl ‖fn − fm‖y jk n (ε) ∈ N miiw ,oezp ε > 0 m` :iyew

.(zizexixy)x ∈ Z idz

|fn (x)− fm (x)| ≤
∑
x∈Z

|fn (x)− fm (x)| + ‖fn − fm‖

.∃ lim
n→∞

fn (x) ,mly Ry oeeik .Ra iyew zxcq{fn (x)} `"f .n,m > n (ε) lkl

(x ∈ Z lkl)f (x) + lim
n→∞

fn (x) xicbp

f ∈ C (Z)y d`xp

okle ‖fn − fm‖ <
ε

3
miiwzn m > n > n

(
ε

3

)
xear ,izexixy oezp ε > 0l

.x ∈ Z lkl |fn (x)− fm (x)| <
ε

3

:lawp n

(
ε

3

)
n lecbd edylk oezp n xear)m → ∞ glyp

|fn (x)− f (x)| ≤
ε

3
∀n > n

(
ε

3

)
∀x ∈ Z

.odylk x, y ∈ Z dpiidz

|f (x)− f (y)| ≤ |f (x)− fn (x)|+ |fn (x)− fn (y)|+ |fn (y)− f (y)|

.
ε

3
mieey e` miphw iyilyde oey`xd xaegnd ,n > n

(
ε

3

)
lkl

|f (x)− f (y)| ≤
2ε

3
+ |fn (x)− fn (y)|

jk δ > 0 miiw (ihwtnew Z ik ,y"na)Z lr dtivx fny oeeik .l"pk n rawp

d (x, y) < δy jkZa x, y lkl |fn (x)− fn (y)| <
ε

3
y
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