
mfitxenenede mixcq - 4 xeriy

libxz
mr itivtq xai` ly mixeaig ici lr zxvep=)zilwiv dpi` Zn ×Zn dxeagdy e`xd

minrt xtqn envr

oexzt

if` 〈g〉 = Zn × Zny jk g ∈ Zn × Zn xai` miiw m` xnelk .|Zn × Zn| = n2

g = (a, b) ∈ Zn × Zn edylk xai` gwip .o (g) = n2

n times︷ ︸︸ ︷
g + ...+ g =

n times︷ ︸︸ ︷
(a, b) + ...+ (a, b) = (na, nb) = (0, 0) = e

⇒ o (g) ≤ n ⇒ o (g) 6= n2

.zilwiv `l Zn × Zn⇐

libxz
o (g) | n if` gn = e miiwn g ∈ G m` G dxeag lka

oexzt

0 ≤ r < o (g)y jk n = ao (g) + r zix`y mr o (g)a n z` wlgp

e = gn = gao(g)+r = gao(g)gr =
(
go(g)

)a

gr = eagr = egr = gr

o (g) | n ⇐ r = 0 okle gx = e exeary ilnipind `ed o (g) = x la`

zeilwiv zexeag ly iceqid htynd
.zilwiv ok mb `id zilwiv dxeag ly dxeag zz lk .1

ly xcqd z` wlgn dxeag zz ly xcqd (zeilwiv `l zexeagl mb oekp) .2
.dxeagd

G ly dxeag zz zniiw k n ly wlgn lkl if` n xcqn zilwiv dxeag G m` .3
.k xcqn

dpwqn

k | n xy`k kZn od Zn ly zecigid zexeag zzd

[
n

k
:daeyz ?kZn ly xcqd dn - dl`y]

k | n xy`k
n

k
Zn od Zn ly zecigid zexeag zzd

1



dnbec
:od Z6 ly zexeagd zz okle ,1,2,3,6 md 6 ly miwlgnd ,n = 6

6Z6 = {0} , 3Z6 = {0, 3} , 2Z6 = {0, 2, 4} , 1Z6 = Z6

zia libxz

o
(
gk

)
=

|G|
gcd (k, |G|)

miiwzn ,G = 〈g〉 zilwiv daexgay e`xd

libxz
.iteq xcqn ok mb ab if` iteq xcqn mixai` a, b ∈ G m` :jxtd e` gked

oexzt

:gikep zila` G m` •
o (a) = n, o (b) = m onqp

(ab)
nm

= abab...ab = anmbnm = (an)
m
(bm)

n
= emen = e

iteq xcqd ⇐ o (ab) ≤ nm < ∞

:jixtp f` zila` `l G m` •

a =

(
0 −1
1 0

)
, b =

(
0 1
−1 −1

)
.o (b) = 3 ik mcew epi`x

a4 =

(
1 0
0 1

)
= e

o (a) = 4

la`

ab =

(
1 1
0 1

)

(ab)
n
=

(
1 n
0 1

)
o (ab) = ∞ ⇐ (ab)

n 6= e miiwzn 1 ≤ n lkl xnelk
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libxz
miiw ik gked xnelk]Ga 2 xcqn xai` miiw ik gked .ibef iteq xcqn dxeag G idz

[g2 = e miiwzny jk g ∈ G

oexzt

:`ad ote`a zexf zeveaw zzl G z` wlgp .2 xcqn xai` miiw `l ik dlilya gipp

G = {e} ∪
{
a1, a

−1
1

}
∪
{
a2, a

−1
2

}
∪ ...

ik gipdl xyt` okl
{
ak, a

−1
k

}
=

{
an, a

−1
n

}
if` ∅ 6=

{
an, a

−1
n

}
∩
{
ak, a

−1
k

}
m`

.zexf zeveawd
.ibef i` |G|⇐|G| = 1+2+ ...+2 = 2m+1 miiwzn zexf zeveawdy llba ,zrk

zia libxz
.o (g) = n, o (h) = k onqp .mitlgzn mixai` g, h ∈ G .dxeag G

o (gh) = o (g) o (h)y e`xd .gcd (k, n) = 1

dxcbd
dxeag zzd `id A i"r zxvepd G ly dxeag-zzd .dveaw zz A ⊆ G ,dxeag G

〈A〉 dze` mipnqne A z` dliknd zilnipind

htyn
〈A〉 =

⋂
M ≤ G
A ⊆ M

M .1

〈A〉 =
{
xm1
1 · ... · xmk

k

∣∣∣∣ x1, ...xk ∈ A
m1, ...mk ∈ Z

}
.2

dnbec

Z12

〈4, 6〉 = 〈2〉 = 2Z12

dxcbd
mfitxenened z`xwp ϕ : G → H divwpet .(H,∆, I) ,(G, ∗, e) zexeag izy zepezp

a, b ∈ G lkl ϕ (a ∗ b) = ϕ (a)∆ϕ (b) m`
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zepekz

ϕ (e) = I .1

ϕ
(
x−1

)
= (ϕ (x))

−1 .2

ϕ (xn) = (ϕ (x))
n .3

zexcbd

.lr mfitxenened = mfitxenit` •

.r"gg mfitxenened = mfitxenepen •

.mfitxenepen+mfitxenit` = mfitxenefi` •

libxz
.zila` H if` zila` G m`y e`xd .mfitxenit` f : G → H

oexzt

:miiwzn .f
(
b̄
)
= b, f (ā) = ay jk ā, b̄ ∈ G miniiw okl ,lr f .a, b ∈ H eidi

ab = f (ā) f
(
b̄
)
= f

(
āb̄
)
= f

(
b̄ā
)
= f

(
b̄
)
f (ā) = ba

.zila` H okl

zia libxz
:if` mfitxenefi` f : G → H m` ik e`xd

zilwiv H ⇔ zilwiv G

libxz
oH (f (x)) | oG (x)y e`xd .mfitxenened f : G → H

oexzt

(f (x))
oG(x)

= f (x) ...f (x) = f
(
xoG(x)

)
= f (e) = e ⇒ o (f (x)) | o (x)
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