
(1931)Godel ly zenlyd i` htyn
.dwihnzna zeyrl - xyt` i`e - xyt`y dn lr xacn lcb ly zenlyd i` htyn
epl zpzep ,dly dpand zpigan ,zihnznd dhiydy dziid htynd itl deewzd
,zepekp ody zeprh opyi gxkday d`xn lcb .mipekpd mixacd lk z` gikedl zexyt`

.oze` gikedl xyt`n `l zihnznd dgkedd dpan la`
dnbec .'eke mihwicxt ,mixehxte`a ynzyn zihnznd dgkedd ly dpand

:(miirah mixtqna)jixtdl\gikedl xyt`y zeprhl

∀x∃y y > x
√

∀x∃y y < x χ

∀x∀y∃z xy = z
√

∀x∀y∃z x− y = z χ

∀x∃y 2y = x χ

mb - zn` didi odly jxrd zeavdd lkly wx `l ,zepekpk zepneqny zeprhd
eidi od davd lkly zeprh yiy d`xn zenlyd i` htyn .zibel oze` gikedl xyt`

.df z` gikedl xyt` i` la` - zepekp

dgked ly mipiit`n

.(zfexgn=)iteq a"` lrn iteq hwiiae` .1

.zihnehe` dxeva dwical zpzip .2

.(zeze`p)mipekp mixac wx gikedl ozip .3

Godel htyn

.dgked odl oi`y mixtqnd zxeza zepekp zeprh opyi

dipy dqxib

.ozlily z` `le oze` gikedl oi`y mixtqnd zxeza zeprh opyi

?zelewy ze`qxbd dnl

`l ¬Ψ ⇐ (dpekp Ψ ik)dpekp `l ¬Ψ .dgkedl zpzip `l j` dpekp Ψ gipp ⇓
.(zepekp zeprh wx gikedl ozip ik)dgkedl zpzip

e` gxkda .zepekp `l ¬Ψ mbe Ψ m`y jk mixtqnd zxeza dprh Ψ idz ⇑
.dgiki dly dpekp dprh dpyi ⇐ zepekp ¬Ψ e` Ψ
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htynd zgked

mixtqnd zxeza zepekpd zeprhd zveawk TH z` xicbp

xfr zprh

.Godel htyn z` gikep .xfrd zprh z` epgkedy gipp .drixk `l TH
rixkdl cvik d`xp .¬Ψ z` e` Ψ z` e` gikedl ozip Ψ dprh lky gipp ,dlilya

TH z`

mzixebl`d

.diipnd xcq itl zg` zg` P zeixyt`d zegkedd lk z` xevip .1
:P dgked lkl

.xevrpe P xifgp ,ok m` .Ψl dgked P m`d wecap .`

.xevrpe `l xifgp ,ok m` .¬Ψl dgked P m`d wecap .a

.xcq itl zg` zg` zegkedd lk z` xeivl ok` ozip zegked ly (1) oiit`n it lr

.drixk dwicad xnelk - zihnehe` dxeva dgkedd z` wecal ozip (2) oiit`n itl
.zepekp zegked wx xifgp ,(3) oiit`n itl

dprh

drixk `l TH

dgked

eay k × k reaixa T ly xyk sevix miiwy jk 2BTile ⊆ {(T, t0, t1)}n divwecxa
.t1 mbe t0 mb miriten

mivex

2BTile 3 m"m` dpekp Ψy jk mixtqnd zxeza Ψ dprh zepal (T, t0, t1) ozpda
(T, t0, t1)

:dnbecl .mixtqn i"r xeviil (T, t0, t) dirad z` xinp
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.1 xtqnd z` lawn t1e 0 xtqnd z` lawn t0y jk irah xtqn ozip gix` lkl
:zikp`e ziwte` mixzen zebefl wlgp

miiwte` mixzen zebef - H = {(0, 1) (1, 1) (2, 2)} ⊆ N ×N

.zikp` mixzend zebef - V =

{(
0
1

)
,

(
1
0

)
,

(
2
0

)}
⊆ N ×N
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H,V ⊆ N ×Ny jk 2BTile = {(V,H)} :dirad z` ycgn xicbdl ozip ,xnelk
.1e 0 miriten eae V,H millkd z` miiwny k × k reaixa sevix yi ,miiteq

(V,H) ∈ m"m` dpekpΨV,Hy jk mixtqnd zxeza dprhΨV,H xevip ,V,H ozpida
2BTile

:dvixhn zervn`a sevix bviil zrk ozip

3 2 0 1
0 0 2 2
2 3 3 0
0 2 0 2

,xtqnl jetkp dxey lky jka ligzp .ccea xtqnl dvixhnd z` jetdl dvxp
,dvixhnd itl dwfga mz`lrd ,mipey`xd miipey`xd mixtqnd k zxiga ici lr

:zewfgd zltkde

3 2 0 1 → 23325071 = 504

0 0 2 2 → 20305272 = 1, 225

2 3 3 0 → 22335370 = 13, 500

0 2 0 2 → 20325072 = 441

mivex epiid el .dxcqd jxe` ick cr ikxr cg cg `ed ,"lceb ceciw" `xwp ,dfd ceciwd
z` ccewl liaya 2 ly jixrna ynzydl mileki epiid ,dxcqd jxe` z` mb ccewl

.jxev dfa oi` o`k la` ,jxe`d
- lceb ceciw mr ccewl ozip dze` mbe - (dxey lk xear xai`)dxcq eplaiw

2441313500512257504

:miirah mixtqn lr zeivwpet izy zelawzn

:bviin n xtqndy dxcqa x mewina jxrd - l-cell (n, x) •

l-cell (441, 2) = 2

.bviin n xtqndy dvixhna x, y mewina jxrd - m-cell (n, x, y) •

.miirah mixtqn ly zeivwpet el`
meyxl ozip zrk

KosherV,H (n, k) =

∀1 ≤ x ≤ y, ∀1 ≤ y ≤ k

 ∨
(i,j)∈H

(m-cell (n, x, y) = i ∧m-cell (n, x+ 1, y) = j)


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∧

∀1 ≤ x ≤ y, ∀1 ≤ y ≤ k

 ∨
(i,j)∈H

(m-cell (n, x, y) = i ∧m-cell (n, x, y + 1) = j)


∧ [∃1 ≤ x ≤ k,∃1 ≤ y ≤ k m-cell (n, x, y) = 0]

∧ [∃1 ≤ x ≤ k,∃1 ≤ y ≤ k m-cell (n, x, y) = 1]

:xeza Ψ dprhd z` aezkl xyt` okle !mixtqnd zxeza dprh idef

ΨV,H = ∃k,∃n KosherV,H (n, k)

⇐ THl 2BTilen divwecx eplaiw .(V,H) ∈ 2BTile m"m` dpekp ΨV,H dipad t"r
� .drixk `l TH

dly yetigd agxny diral dnbec
dze` rixkdl xyt` i` la` ,iteq

:oekp `l df .zeiteqpi` zeira cinz od drxkdl zepzip opi`y zeiray myexd lawzn

epinecd ygp ziira

dl`yd .agxna zecewp p0, p1 ,epinec igix` zveaw CT xy`k (CT, p0, p1) :hlw
?odipia xagny iweg ygp yi m`d `id

milkzqn m` la` ,drixk dirad f` elek xeyina ynzydl xzen m`y xxazn
.drixk `l dirad - xeyind ivg lr wx

.drixk `l dirad - xeyina mewn edyfi`n cg` reaix mi`iven m` - efn dxzi
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