
zexcq

.ixhn agxn (X, d)

dxcbd
n = 1, 2, ... lkl x (n) + xn ∈ X :gep oeniq .x (·) : N → X divwpet `id Xa dxcq

dxcbd
.{xn} = {x1, x2, ...} ⊆ X dxcqd ly geehd

.geehd = {x} ,n ∈ N lkl xn = x ∈ X - dreaw dxcq
{1,−1}= geehd - xn = (−1)

n ∈ R

dxcbd
d (xn, x) −−−−→

n→∞
0y jk x ∈ X miiw m` Xa zqpkzn{xn} dxcqd

.n > n (ε) lkl d (xn, x) < εy jk irah n = n (ε) miiw ε > 0 lkl :xnelk
.zxcazn dxcq z`xwp zqpkzn `l dxcq

dnbec
lkl oekp k"nk .(d (xn, x) = 0 → 0 ik)xl zqpkzn (∀n, xn = x) Xa dreaw dxcq

.miieqn qwcpi`n lgd dxcq

zniiwn x′ ∈ X mb m` ik ,cigi ote`a rawp dxcbda ”x”d if` ,zqpkzn xn m`
xcbda i`pzd z`

0 ≤ d (x, x′) ≤ d (x, xn) + d (xn, x
′)

d (x, x′) = 0

x = x′

dxcbd
xn :ixw)xn → x e` x = limxn mipnqne ,l"pd ly leabd z`xwp (l"pd)x dcewpd

(xl s`ey
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zeleab ly zepekz
d (xn, yn) → d (x, y) if` ,xn → x, yn → y m` (`

:dgked

d (xn, yn) ≤ d (xn, x
′) + d (x, yn)

d (xn, yn)− d (x, y)

(∗) d (xn, yn)− d (x, y) ≤ d (x, xn)− d (y, yn) :dprh

d (xn, yn) ≤ d (xn, x) + d (x, yn) ≤ d (xn, x) + d (y, x) + :dgked
d (y, yn)

0 ≤ m|d (xn, yn − d (x, y)) ≤ d (x, xn) + d (y, yn)

d (xn, a) → d (x, a) if` ,xn → x m` .(dreaw dxcq)yn = a ihxt dxwn

dprh
.dlewy dwixhnl xarn iabl aivi (leabde)zeqpkzdd byen

,d′ dlewy dwixhnl ziqgi xn → x if` ,d dwixhnl ziqgi xn → x m` xnelk
.jtdle

dgked

d (xn, x) → 0 ⇔ (dl ziqgi)xn → x

0 ≤ d′ (xn, x) ≤ Md (xnx) → 0

d′ (xn, x) → 0

.zeliwy i`pz ly zeixhniqdn raep jtdde

zepekz jynd
xn + yn → x+ y if` yn → ye xn → xe inxep agxn X m` (a

λnxn → λx if` (mixlwq)λn → λe xn → x m` mb oke

dgked

d (xn + yn, x+ y) = ‖ (xn + yn)−(x+ y) ‖ = ‖m (xn − x)+(yn − y) ‖

≤ ‖xn − x‖+ ‖yn − y‖ −−−−→
n→∞

0
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d (xn + yn, x+ y) → 0

:xlwqa ltk iable

d (λnxn, λx) = ‖λnxn − λx‖ = ‖ (λn − λ)xn + λ (xn − x) ‖

≤ |λn − λ| ‖xn‖+ |λ| ‖xn − x‖

Rka - 'c dpekz
.xn · yn → x · y if` yn → ye xn → x m`

x ∈ Rk

x · y =
k∑

i=1

xi · yi ,i ly yd aikxd yi ,x ly id aikxd xi

|xnyn − xy| = |xn (yn − y) + (xn − x) · y| ≤ |xn · (yn − y)|+ |(xn − x) y|

≤ ‖xn‖2‖yn − y‖2 + ‖xn − x‖2‖y‖2
xnyn → xy `"f

dxcbd
.X ixhn agxna dxcq {xn} idz

1 ≤ n1 < :mixecq nj miqwcpi`dy mewna ,
{
xnj

}
dxcq `id dly dxcq zz

.n2 < ...

xn = (−1)
n

1 ≤ 2 < 4 < 6 < ... ⇒ {x2k} = {1} → 1

1 < 3 < 5 < 7 < ... ⇒ {x2k−1} = {−1} → −1

.(j lr divwecpi`a)nj ≥ j

htyn
.dxcq zz lkl xnj → x if` xn → x m`
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dgked

.n > n (ε) lkl d (xn, x) < εy jk irah n (ε) miiw .edylk ε > 0 idi :zn`a
nj ≥ j > n (ε) miiwzn j > n (ε) lkl :okl

(j > n (ε) lkl):d
(
xnj , x

)
< ε

xnj → x

d`vez

zexcq iczz izy dl yiy e` zxcazn dxcq-zz dl yiy Xa dxcq {xn} m`
.zxcazn {xn} if` ,mipey zeleabl zeqpkznd

htyn
.zqpkzn dxcq zz yi Rka dneqg dxcq lkl

dgked

.Rka dneqg dxcq{xn} idz

iteq dly geehd ` dxwn{
a1, a2, ...am

}
⊆ Rk

A1 =
{
n ∈ N

∣∣xn = a1
}
⊆ N

A2 =
{
n
∣∣xn = a2

}
⊆ N

Aj = {n1, n2, ..} .ziteqpi` `id Aj zeveawd zg` zegtl okl ,
m⋃
j=1

Aj = N

zqpkzn okle dreaw dxcq zz `id
{
xnj

}
.1 ≤ n1 < n2 < ... xy`k

.ajl

.(F=geehd)iteq oi` `ed {xn} ly geehd a dxwn
zcewp Fl yi ,qxhyxiee epvlea itl .dneqge ziteqpi` dveaw `id F if`

.x leab
.F ly zecewp seq oi` likn B (x, r) xeck lk :xnelk

xn1 ∈y jk 1 ≤ n1 `eti` miiw .F ly zecewp seqpi` likn B (x, 1)
.B (x, 1)

xn2 ∈ B

(
x,

1

2

)
y jk n1 < n2 okl miiw .F ly 'wp ∞ likn B

(
x,

1

2

)
jk 1 ≤ n1 < n2 < ... miirah mixtqn ly dxcq lawp ,illk ote`a

.xnj ∈ B

(
x,

1

j

)
y

.xnj → x `"f 0 ≤ d (xnj , x) <
1

j
−−−→
j→∞

0 `"f

.xl zqpkznd {xnj} dxcq zz zniiwy `"f
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