
zenezq zeivwpet jynd

m` ik xary xeriy epi`x

f (~p) = 0 .1∣∣∣∣∣∂fi∂yi
(p)

∣∣∣∣∣
i=1,...n

6= 0 .2

zeivwpetk y1, ...yn z` bivdl ozip a = (a1, ...an) cv dcewp ly daiaq zniiw f`
x1, ...xm ly zenezq

yj = gj (x1, ...xm) `"f(
∂yi

∂xj
(a)

)
i = 1, ...n
j = 1, ...m

= −

(
∂fi

∂yj

)−1

·

(
∂fi

∂xj

)
miiwzn sqepae

1 dnbec

xear f = (f1, f2) ,f : R3 → R2 idz

f1 (x, y, z) = x2 +
1

2
y2 + z3 − z2 −

3

2

f2 (x, y, z) = x3 + y3 − 3y + z + 3

aiaq y = g1 (x) , z = g2 (x) xnelk .x ly divwpetk y, z z` bivdl ozipy e`xd
(−1, 1, 0) dcewpd

oexzt

:f (~p) = 0 miiwnzy wecap dligz

f = (f1 (−1,+1, 0) , f2 (−1, 1, 0)) = (0, 0)

(mepilet lr xaecn ik)zetivx zeiwlgd dizexfbp lke fy xexa
zeiwlgd zexfbpd z` aygp

f ′
1x = 2x, f ′

1y = y, f ′
1z = 3z2 − 2z

f ′
2x = 3x2, f ′

2y = 3y2 − 3, f ′
2z = 1

(f ∈ C1
(
R3
)
ze`xl lw)

:dievxd dhppinxhcd z` aygp
:okle x ly divwpetk ze y mivex∣∣∣∣f ′

1y (−1, 1, 0) f ′
1z (−1, 1, 0)

f ′
2y (−1, 1, 0) f ′

2z (−1, 1, 0)

∣∣∣∣ = ∣∣∣∣ 1 3 · 02 − 2 · 0
3 · 12 − 3

∣∣∣∣ = 1 6= 0

xnelk ,x ly divwpetk y, z z` bivdl ozip dnezqd divwpetd htyn itl okle
.(−1, 1, 0) dcewpd zaiaqa y = g1 (x) ,z = g2 (x)
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2 dnbec

f (x1, x2, y1, y2) = (x1y2 + x2y1 − 1, x1x2 − y1y2) idz

divwpetk y1, y2 z` dxicbn f (x1, x2, y1, y2) = (0, 0) d`eeynd ik egiked (`)
p = (1, 0, 0, 1) dcewpd zaiaqa x1, x2 ly dnezq

a = (1, 0) xear 1 ≤ i ,j ≤ 2 ,
∂yi

∂xj
(a) z` eayg (a)

oexzt

:htynl mipeixhixwd miniiwzn ik d`xp

`"f ,f (~p) = ~0y wecap I

f (~p) = f (1, 0, 0, 1) = (1 · 1 + 0− 1, 0− 0) = (0, 0)
√

:zeiwlg zexfbp `vnp

f ′
x1

= (y2, x2) f ′
x2

= (y1, x1)

f ′
y1

= (x2,−y2) f ′
y2

= (x1,−y1)

dhppinxhcd z` wecal x`yp .f ∈ C1e zetivx zeiwgld zexfbpd lk ik xexa
:dyexcd

onqp ,y2e y1 ly zexfbpd z` wx xgap htynd itl

f ′
y1

=
(
f ′
1y1

, f ′
2y1

)
dnec ote`a

f ′
y2

=
(
f ′
1y2

, f ′
2y2

)
dvixhna z`f meyxp∣∣∣∣f ′

1y1
(~p) f ′

1y2
(~p)

f ′
2y1

(~p) f ′
2y2

(~p)

∣∣∣∣ = ∣∣∣∣ 0 +1
−1 0

∣∣∣∣ = 1 6= 0

f (x1, x2, y1, y2) = d`eeynd da ~p dcewpl daiaq zniiw dnezqd divwpetd htyn t"r okl
x1, x2 ly dnezq divwpetk y2e y1 z` dxicbn 0

:zxekfz .htynd ly oexg`d wlga xfrp (a)
∂y1

∂x1

∂y1

∂x2
∂y2

∂x1

∂y2

∂x2

 =


∂f1

∂y1

∂f1

∂y2
∂f2

∂y1

∂f2

∂y2


−1

∂f1

∂x1

∂f1

∂x2
∂f2

∂x1

∂f2

∂x2


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(d`eeynd ly oini cvay)cxtpa zevixhndn zg` lk `vnp

A =


∂f1

∂y1
(p)

∂f1

∂y2
(~p)

∂f2

∂y1
(p)

∂f2

∂y2
(~p)

 =

(
0 1
−1 0

)

(iptl qepin miyp)ziktedd dvixhnd z` `vnp

−A−1 = −
(
0 −1
1 0

)
=

(
0 1
−1 0

)
a (1, 0, 0, 1) dcewpd z` aivp

∂f1

∂x1

∂f1

∂x2
∂f2

∂x1

∂f2

∂x2

 =

(
1 0
0 1

)

lawp

−A−1B =

(
0 1
−1 0

)(
1 0
0 1

)
=

(
0 1
−1 0

)

⇐wiqp okle
∂y1

∂x1

∂y1

∂x2
∂y2

∂x1

∂y2

∂x2

 =

(
0 1
−1 0

)

:lawpe miaikx deeyp

∂y1

∂x1
= 0

∂y1

∂x2
= 1

∂y2

∂x1
= −1

∂y2

∂x2
= 0

!zyweand dbvdd ok` idefy

dnbec

divwpetk u z` dxicbn u3 + 2u + e4−x−y2

= cos
(
x2 + u

)
d`eeynd ik egiked

u ∈ `"f dtivxe dxifb l"pd yy e`xd .(ye x lkl `"f)xeyind lka x, y ly dnezq
(0, 0)a zqt`zne xeyind lka C1

(
R2
)
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oexzt

lr f : R3 → R xicbp okle u3 + 2u+ e4−x−y2 − cos
(
x2 + u

)
= 0 lawpe sb` xiarp

divwpetd ici

f (x, y, u) = u3 + 2 + e4−x−y2

− cos
(
x2 + u

)
= 0

ue y ,x itl f z` xefbp .f (~p) = 0y jk~p = (x0, y0, u0) dcewp gwip

f ′
x = −e4−x2−y2

+ 2x sin
(
x2 + u

)
f ′
y = −2ye4−x−y2

f ′
u = 3u2 + 2 + e4−x−y2

+ sin
(
x2 + u

)
oexg`d i`pzd z` wecal x`yp .f ∈ C1

(
R3
)
okle zetivx f ′

ue f
′
y ,f ′

x ,f ik xexa
u xhnxt itl xefbp :htynl

f ′
u (~p) = 3u2 + d+ e4−x−y2

+ sin
(
x2 + u

)
ik , ze`xl lw

f ′
y (p) > 0

e4−x−y2

> 0, 3u2 > 0

−1 ≤ sin
(
x2 + u

)
≤ 1 ⇒ 1 ≤ 2 + sin

(
x2 + u

)
≤ 3

f ′
u (~p) 6= 0 hxta f ′

u (~p) > 0 m`
lkl `"f)y0e x0 lkl divwpet zeidl zxcben u dnezqd divwpetd htyn itl okle

.(xeyina dcewp
xefbl e` ,htyna ynzydl ozip dtivx dzxfbpe dxifb uy ze`xdl ick ik jiqep

d`eeynd z`

u3 + 2u+ eu−x−y2

− cos
(
x2 + u

)
= 0

:x itl xefbp xy`k ,dnezq divwpetk zixewnd d`eeynd z` zxefbp m`
!!!x ly divwpet `id uy mircei ep`

3u2 · u′
x + 2u′

x + (u′
x − 1) · e4−x−y2

+ (2x+ u′
x) sin

(
x2 + u

)
= 0
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:u′
x z` cceap

u′
x =

e4−x−y2 − 2x sin
(
x2 + u

)
3u2 + 2 + eu−x2−y2 + sin (x2 + u)

zeivwpetd x`y lk .qt`zn epi` `edy xak epi`xe f ′
u mvra `ed eply dpknd

!!dtivx ux zetivx zeivwpet ly dakxdk okle zetivx od iehiaa
.dtivx dzxfbpe dxifb u okle .dtivx u′

yy ze`xdl xyt` dnec ote`a

aivpy xg`l .u (0, 0) = 0 xnelk ,(0, 0)a zqt`zn uy ze`xdl sqepa eywia
xnelk ,zn` weqt lawpy ze`xl lw u = 0e x = 0, y = 0 zixewnd d`eeyna

03 + 2 · 0 + e0−0−02 = cos
(
0 + 02

)
m

1 = 1

.zn` weqt

5


