
3 d`vxd - mitxbd zxez2011 xanaepa 20 dx
bdlre r"gg dwzrd zniiw m` miitxenefi` mi`xwp G2 =
(

V 2, E2
)e G1 =

(

V 1, E1
) mitxb ipy:miiwzn u, v ∈ V 1 lkly jk ϕ : V 1 → V 2

(u, v) ∈ E1 ⇐⇒ (ϕ (u) , ϕ (v)) ∈ E2.zerlv zxneyd ipy sxb ly mi
w
w 'awl 
g` sxb ly mi
w
w 'awn lre r"gg dwzrd zniiw `.f.G1 ∼= G2 :onqpdprh:if` miitxenefi` mitxb G ∼= H m`.deey mx
q .1.deey zerlvd 'qn .2.deey zexiyw iaikx 'qn .3.deey (ylg 
xei x
qa mi
w
wd zebx
 lk ly dx
q ,xnelk) zebx
 xehwe .4.δ (G) = δ (H)e ∆(G) = ∆ (H) ,hxta.miwitqn `l el` mi`pzy al eniydx
bd.u, v ∈ V (G) ,sxb G idi.vl un dliqn jxe` ly menipind `ed distG (u, v) wgxnddx
bd:`ed G sxb ly xhewd
Diameter (G) = max {distG (u, v) : u, v ∈ V (G)} dprhl ztqez:mb miiwzn miitxenefi` mitxba

Diameter (G) = Diameter (H) dprh
G ∼= H ⇐⇒ Ḡ ∼= H̄1



mipneqn mitxb.{v1, ..., vn} `id ei
w
w zveawy sxb `ed n x
qn oneqn sxb.dlw `id midf mipneqn mitxb ipy m`d dl`ydmivr zxitq.seqpi` ?n x
qn yi mivr dnk .1?mfitxenefi` i
k 
r n x
qn yi mivr dnk .2
n mivrd 'qn1 12 13 14 2.zihpbl` daeyz dre
i `l ,illk ote`a?yi n x
qn mipneqn mivr dnk .3
n mivrd 'qn1 12 13 34 16iliiw htyn.nn−2 `ed n x
qn mipneqnd mivrd 'qnzixehqid dxrd.zeningt xtq iliiw .1.(zegked 20n dlrnl) Counting labelled trees - iliiw htynl zegked xtq yi .2.iliiw htyn ly zegked ly wxt yi proof from THE BOOK xtqa .3.(qxewd seqa zg`) htynl zepey zegked 3 `iap df qxewadpey`x dgked.n x
qn mipneqnd mivrd xtqn = T (n) onqp.k `id v1 zbx
 mda n x
qn mipneqnd mivrd 'qn = T (n, k)1 d
aer

T (n, n− 1) = 1 2 d
aer
n−1
∑

k=1

T (n, k) = T (n) .T (n, k)l dbiqp zgqep `evnl :dxhn:mzx
bdy ,n x
qn mipneqn mivr ly "miinyd on zebef" xetqp
v1 zbx
 ,k `id T 1a v1 zbx
 m` "miinyd on bef" `ed n x
qn mipneqn mivr ly xe
q bef (T 1, T 2

):mbe k + 1 `id T 2a
E
(

T 1
)

∆E
(

T 2
)

= E
(

T 1
)

∪E
(

T 2
)

\E
(

T 1
)

∩ E
(

T 2
)2



.szeyn 
w
w mr zerlv 2 od.edylk w xear (u, w) rlv ztqede (u, v1) rlv zhnyd i"r T 2n lawzn T 1 ,zexg` milina.zepey mikx
 izya xetqpxetql dpey`x jx
.deg (v1) = k mr oneqn ur - T 1 z` xgap.(vi, vj) - v1a dlg `ly rlv hinyp.v1 ly aikxa `l vi, vj k.d.a.(v1, vj) rlvd z` siqep.
igi ote`ae efk dxeva lawzn miinyd on bef lky ze`xl ozip`ed miinyd on zebefd 'qn - dpwqn
T (n, k) · (n− 1− k) xetql dipy jx
.deg (v1) = k + 1y jk n x
qn oneqn ur ,T 2 xgap .1.v1a dlgy rlv hinyp .2.w1, ..., wk+1 md v1 ipky k.d.a - oei
.S1, ..., Sk+1 mpnqp .zexiyw iaikx k + 1 mr xri lawp T 2\v1a opeazp m`.ni oneqi Sia mi
w
wd 'qn
k+1
∑

i=1

ni = n− 1.x ∈ V
(

T 2
)

\
(

v1 ∪ Si
) xy`k (wi, x) z` siqep f` (v1, wi) z` ephnyd m` .3.n− ni − 1 `ed 3 alya zeiexyt`d 'qn`ed 2+3 alya zeiexyt`d 'qn

k+1
∑

i=1

(n− ni − 1) = (k + 1) (n− 1)−
k+1
∑

i=1

ni

= (k + 1) (n− 1)− (n− 1) = k (n− 1)!T 2 ura ielz `l dfe`ed llekd miinyd on zebefd 'qn okl
T (n, k + 1) · k (n− 1) dpwqn:lawp zexitqd izy z`eeydn

T (n, k) · (n− k − 1) = T (n, k + 1) · k (n− 1)

T (n, k) =
k

n− k − 1
· (n− 1)T (n, k + 1)
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zxekfz.T (n, n− 1) = 1 ,1 d
aer itl
T (n, k) =

k (n− 1)

n− k − 1
T (n, k + 1)

=
k (n− 1)

n− k − 1
·
(k + 1) (n− 1)

(n− k − 2)
T (n, k + 2)

=
k (n− 1)

n− k − 1
·
(k + 1) (n− 1)

(n− k − 2)
·
(k + 2) (n− 1)

(n− k − 3)
...

(n− 2) (n− 1)

(n− n+ 2− 1)
T (n, n− 1)

=

(n−2)!
(k−1)! · (n− 1)

n−1−k

(n− k − 1)!
=

(n− 2)!

(n− k − 1)! · (k − 1)!
(n− 1)

n−1−k

=

(

n− 2

k − 1

)

· (n− 1)
n−1−k :2 d
aera aivp

T (n) =

n−1
∑

k=1

T (n, k) =

n−1
∑

k=1

(

n− 2

k − 1

)

(n− 1)
n−1−k

[t = k − 1]

=

n−2
∑

t=0

(

n− 2

t

)

(n− 1)
n−2−t

= ((n− 1) + 1)
n−2

= nn−2dipyd dgkedl zepkd1 dprh.wei
a 
g` lbrn likn n zerlv xtqne n x
qn xiyw sxbzxekfz.ur `ed zerlv n− 1 mr n x
qn xiyw sxb1 dprh zgked.lbrn ea yi ,okl .(n− 1 eizerlv 'qn ,zxg`) ur epi` l"pd sxbd.ur G\e ,zxekfzd itl .xiyw G\ey jk e ∈ E rlv yi okle ilnipin xiyw epi` ,ur epi`y oeeikn ,zrk
G\e f`e ,e z` likn `ly lbrn yi f` ,e z` milikny milbrn ipy yi m` .e z` likn lbrn lk ,okl.dxizq ,ur `ldpwqn.mivr miyxzyn ei
w
wny 
igi lbrn `ed n d
ine n x
qn xiyw sxbdx
bd.oeekn sxb G = (V, E) idi:`id v ∈ V 
w
w ly z`vei dbx


d+G (v) = |{(v, u) : u ∈ V }| :`id v ∈ V 
w
w ly zqpkp dbx

d−G = |{(u, v) : u ∈ V }|.d+G (v) = k ,sxba v 
w
w lkl m` ixlebx-k+ `ed oeekn sxbd
aer.([n] = {1, ..., n} xy`k) [n]l [n]n 'wpetl miixlebx-1+ mipneqn mipeekn mitxb oia lre r"gg dn`zd yi4



dx
bd.dpeekdd zhnyd ixg` sxbdn lawzn oeekn sxba zexiyw aikxd
aer.mi
w
wd 'qnl deey zerlvd 'qn ixlebx-1+ sxb ly zexiyw aikx lka
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