
3 d`vxd - x"
n2011 hqebe`a 7oey`x x
qn x"
n ly zkxrn:dxeva zpzip oey`x x
qn x"
n ly zkxrn
−→
F =

(

x, −→y , −→y;
)'wpet ly n 
nina xehwe `ed −→

F e x ly zere
i `l 'wpet n ly xehwe `ed −→y xy`k.mipzyn 2n+ 1a`id dxevd zilnxep dxeva
−→y ′

=
−→
f (x, −→y ) :lynl

y
′

1 + sinx+ y1y2 · x2 = 0

y
′

1

y2
+
y

′

2

y1
+ cosx = 0:dxevdn `id zkxrn xear iyew ziira

−→
F

(

x, −→y , −→y ′

)

= 0

−→y (x0) = −→y0x"
n zkxrnl deab x
qn x"
n oia xywd - htynoey`x x
qn x"
n n ly zkxrnl dlewy (zipbened/zix`pil/zilnxep) n x
qn x"
n.(zipbened/zix`pil/zilnxep):xear dlgzd i`pz mb mipezp deab x
qn x"
nl m`
y (x0) , y

′

(x0) , ..., y
(n−1) (x0).x"
nd zkxrn xear iyew ziiral lewy dfdgkedxi
bp

y1 = y
′

, y2 = y
′′

, ..., yn−1 = y(n−1)

1



dxeva dligzd x"
nd
F
(

x, y, y
′

, ..., y(n−1), y(n)
)

= 0 aezkp eiykre
F
(

x, y, y1, ..., yn−1, y
′

n−1

)

= 0 :ze`eeynd z` siqep oke


















y
′

= y1
y

′

1 = y2
...

...
...

y
′

n−2 = yn−1/zix`pil/zilnxep F m` okl zeipbenede zeix`pil zeilnxep od dl`d ze`eeynd.zipbened/zix`pil/zilnxep didz zkxrnd mb zipbenedmdy x0 'wpa y, y1, .., yn−1 xear dlgzd i`pzl minbxezn htynay dlgzdd i`pz.iyew i`pzdnbe

y(3) + x2y

′′

+ sin (x) · y = 0 :onqp
z = y

′

w = y
′′

= z
′ :`id zkxrnd if`

w
′

+ x2w + sin (x) · y = 0

z = y
′

w = z
′x"
n zkxrn xear ze
igide meiwd htyn:dxevdn x"
n zkxrn xear ze
igide meiwd htyn

−→y ′

=
−→
f (x, −→y )daiza −→y a uiytil i`pz zniiwne dtivx zixehwe 'wpet −→

f (x, −→y ) idz
B = {|x− x0| ≤ a, |yk − yk0 | ≤ b, k = 1, ..., n}

|x− x0| < a
′ geexa 
igie 
g` oexzt yi −→y ′

=
−→
f (x, −→y ) x"
nd zkxrnl if`:xy`k

−→y (x0) = −→y0

a
′

= min

(

a,
b1

M1
, ...,

bn

Mn

)

2



xy`k
Mk = max

(x, y)∈B
|fk (x, −→y )| dgkedzeixehwe 'wpet zx
q xi
bp

{−→
φm (x)

}∞

m=0 :`ad ote`a
−→
φ0 (x) = −→y0
−→
φm (x) = −→y0 +

x̂

x0

f
(

t,
−−−→
φm−1 (t)

)

dtdx
qd leab .'wpet ly aexiw i"r x"
n oexztl dhiy ,
xwit zhiy z`xwp ef dhiy.x"
nd ly oexztd `ed:miiwzn |x− x0| ≤ a
′ xear if`:m lkl xnelk ,ahid zex
ben φm (x) 'wpetd .1

|φm, k (x)− y0, k| ≤ bk .m lr divwe
pi`a gikep.φ0, k = y0, ky oeeik ,oekp i`
eea m = 0 xear:if` ,m− 1 xear zepekp gipp
|φm, k − y0, k| =

∣

∣

∣

∣

∣

∣

∣

x̂

x0

´

fk

(

t,
−−−→
φm−1 (t)

)

dt

∣

∣

∣

∣

∣

∣

∣

≤ |x− x0| ·Mk

≤ a
′

Mk ≤ bk.dx
bdd t"r |x− x0| ≤ a
′ xear zetivx oke daiza ahid zex
ben −→

φm (x) oklaikx gikep) |x− x0| ≤ a
′ geexa y"na zqpkzn {φm (x)}∞m=0 'wpetd zx
q .2.(aikxaezkl ozip

φN, k (x) =

N
∑

m=1

[φm, k (x) − φm−1, k (x)] + φ0, k (x).y"na qpkzn mekqd m` y"na qpkzn xehd okle dreaw φ0 (x):miiwzn
|φm+1, k (x)− φm, k (x)| =

∣

∣

∣

∣

∣

∣

x̂

x0

[fk (t, φm (t))− fk (t, φm−1 (t))] dt

∣

∣

∣

∣

∣

∣

≤
x̂

x0

|fk (t, φm (t))− fk (t, φm−1 (t))| dt

3



:onqp .x ≥ x0 gipp
δm (x) =

n
∑

k=1

|φm, k (x)− φm−1, k (x)|:uiytil i`pz itl if`
|φm+1, k (x)− φm, k (x)| ≤ K

x̂

x0

δm (t) dt:lawpe k lr mekqp
δm+1 (x) ≤ n ·K

x̂

x0

δm (t) dt :onqp
K0 = nK

H = max
1≤i≤n

Mi

H0 = nH :miiwzn m lkly gikep f`
δm (x) ≤ H0 ·Km−1

0 · (x− x0)
m

m! .m lr divwe
pi`a gikep:d
aerdn ,m = 1 xear
|φ1, k (x)− φ0, k (x)| ≤

x̂

x0

fk (t,
−→y0) dt

≤ H · (x− x0) :okle
δ1 (x) =

n
∑

k=1

|φ1, k (x)− φ0, k (x)|

≤ n ·H · (x− x0) = H0 (x− x0)if` ,m xear zepekp gipp
δm+1 (x) ≤ K0

x̂

x0

δm (t) dt

≤ K0 ·
x̂

x0

H0K
m−1
0 · (t− x0)

m

m!
dt

≤ H0K
m
0

(x− x0)
m+1

(m+ 1)!

4



xnelk
δm (x) =

n
∑

k=1

|φm, k (x) − φm−1, k (x)| ≤
H0

(

K0a
′

)m

K0 ·m! :k lkl okle
|φm, k (x)− φm−1, k (x)| ≤

H0

(

K0 · a
′

)m

K0m! xehd
∞
∑

m=1

(

K0a
′

)m

m!xear y"na zqpkzn {φm (x)}∞m=0 'wpetd zx
q okle eK0a
′

− 1l qpkzn.φx = lim
n→∞

φn (x) 'wpetl |x− x0| ≤ a
′.x"
nd zkxrn ly oexzt φ (x) .3miiwzn dx
bdd itl

−→
φm (x) = −→y0 +

x̂

x0

f
(

t,
−−−→
φm−1 (t)

)

dt:lawpe m→ ∞ leab gwip
φ (x) = −→y0 +

x̂

x0

f (t, φ (t)) dt:lawp lxbhpi`d zexifb itl
−→
φ

′

(x) =
−→
f
(

x,
−→
φ (x)

).x"
nd z` xzet y = φ (x) xnelk.
igi oexztd .4:miniiwnd |x− x0| ≤ a
′ geexa zepexzt ipy φ (x) , ψ (x) gipp

−→
φ

′

(x) =
−→
f
(

x,
−→
φ (x)

)

−→
ψ

′

(x) =
−→
f
(

x,
−→
ψ (x)

)

−→
φ (x0) =

−→
ψ (x0) =

−→y0 :aezkl ozip
−→
φ (x) = −→y0 +

ˆ −→
f
(

t,
−→
φ (t)

)

dt

−→
ψ (x) = −→y0 +

ˆ −→
f
(

t,
−→
ψ (t)

)

dt

5



:lawp
|φi (x)− ψi (x)| ≤

x̂

x0

∣

∣

∣
fi

(

t,
−→
φ (t)

)

− fi

(

t,
−→
ψ (t)

)∣

∣

∣
dt

≤
x̂

x0

K

n
∑

k=1

|φk (t)− ψk (t)| :lawpe i lr mekqp
n
∑

i=1

|φi (x)− ψi (x)| ≤ nK

n
∑

k=1

x̂

x0

|φk (t)− ψk (t)| dt onqp
δ (x) =

n
∑

i=1

|φi (x)− ψi (x)| :lawpe
0 ≤ δ (x) ≤ K0

x̂

x0

δ (t) dt :miiwzny epl re
i
δ (x) ≤ H0miiwzn m lkly divwe
pi`a gikhd

δ (x) ≤ H0K
m
0

|x− x0|m
m!.δ (x) ≤ H0 ,i
iin df m = 0 xear:x ≥ x0 xear if` ,m xear zepekp gipp

δ (x) ≤ K0

x̂

x0

δ (t) dt

≤ K0

x̂

x0

H0K
m
0 · (t− x0)

m

m!
dt

= H0K
m+1
0 · (x− x0)

m+1

(m+ 1)! la`
lim

m→∞
H0K

m
0 · (x− x0)

m

m!
= 0 :okle

0 ≤ δ (x) ≤ 0.l"yn ,φ = ψ okle δ (x) = 0 xnelk
6



1 x
qn zenezq x"
ndxevdn x"
n od 1 x
qn zenezq x"
n
F
(

x, y, , y
′

)

= 0.y′

= f (x, y) dxevl oze` xiardl ozip `lydxevl xearl ozip illk ote`a
y

′

= p

F (x, y, p) = 0 :mixwn xtqn lr lkqzp
n dlrnn 1 x
qn d`eeyn - '` dxwn

(

y
′

)n

+ p1 (x, y) ·
(

y
′

)n−1

+ ...+ pn−1 (x, y) y
′

+ pn (x, y) = 0:lawl xnelk ,y′ ly zepexzt n ulgl ozip mizrl
(

y
′ − f1 (x, y)

)(

y
′ − f2 (x, y)

)

· ... ·
(

y
′ − fn (x, y)

)

= 0ze`eeynd ly mipey zepexzt n eidi dfk dxwna
y

′ − fi (x, y) = 0 dnbe

(

y
′

)2

− xy

a2
= 0 :jk d`eeynd z` aezkl ozip

(

y
′ −

√
xy

a

)(

y
′

+

√
xy

a

)

= 0

y
′

= ±
√
xy

a :md zepexztde
√
y ± x

3
2

3a
= c

7



riten `l x xy`k - 'a dxwn
F
(

y, y
′

)

= 0 .p = y
′

= dy
dx

aivp
F (y, p) = 0:y′

p
= 1 d`eeynd lr divxbhpi` rvap

ˆ

dy

p
=

ˆ

dx

x =

ˆ

dy

p
+ clawp f` F (y, p) = 0 d`eeynd zxfra p zervn`a `hal xyt` mizrl y z`

y = φ (p) :miwlga divxbhpi` i"r lawp
x = c+

ˆ

dy

p

= c+
y

p
+

ˆ

y

p2
dp

= c+
φ (p)

p
+

ˆ

φ (p) dp

p2.p zervn`a y lye x ly iehia eplaiwdnbe

y =

(

y
′

)2

+ 2
(

y
′

)3 xi
bp
y

′

= p

y = p2 + 2p3 if`
x = c+

y

p
+

ˆ

ydp

p2

= c+
p2 + 2p3

p
+

ˆ

p2 + 2p3

p2
dp

= c+ p+ 2p2 +

ˆ

(1 + 2p)dp

= c+ p+ 2p2 + p+ p2

= c+ 2p+ 3p2 :oexztd z` eplaiw
{

x = c+ 2p+ 3p2

y = p2 + 2p3

8



riten `l y xy`k - 'b dxwn
F
(

x, y
′

)

= 0xnelk x z` ulgl mileki epgp`y gipp
x = ϕ

(

y
′

) f` y
′

= p aivp
x = ϕ (p)

y
′

= p

dy = pdx lawpe divxbhpi` dyrp
y =

ˆ

pdx+ c

[

u = p, du = dp

dv = dx, v = x

]

y = c+ px−
ˆ

xdp

= c+ p · ϕ (p)−
ˆ

ϕ (p) dp dnbe

x = y

′ · sin
(

y
′

)

p = y
′

x = p sin p

y = c+ p2 sin p+

ˆ

p sin pdp

= c+ p2 sin p+ p cosp−
ˆ

cos pdp

= c+ p2 sin p+ p cosp− sin p :`ed oexzitd okl
x = p sin p

y = c+ p2 sin p+ p cos p− sin p

9



y e` xl qgia zenezq la` y e` x miriten - 4 dxwn
F
(

y, y
′

)

= 0 e`
F
(

x, y
′

)

= 0 aey xi
bp
y

′

= p dxwndn ligzp
F (y, p) = 0 .y = ϕ (t) aivp

F (ϕ (t) , p) = 0 ,p z` `ivep o`kn
p = ψ (t) eply davdd itl

y
′

= p

dy = ψ (t) dx

dy = ϕ
′

(t) dt

ψ (t) dx = ϕ
′

(t) dt

dx =
ϕ

′

(t)

ψ (t)
dt

x =

ˆ

ϕ
′

(t)

ψ (t)
dt+ c

y = ϕ (t) .oexztd dfednbe

y = a

√

1 + (y′)
2

y
′

= p aivp
y

′

= sinh (t) = p

y = a cosh (t)

x =

ˆ

a sinh (t)

sinh (t)
dt+ c

= at+ c

10



:`ed oexztdy eplaiw f`
x = at+ c

y = a cosh t 4 dxwn jyndm` l"pk
F
(

x, y
′

)

= 0 if` x = ϕ (t) ,p = y
′ aivp

F (ϕ (t) , p) = 0 lawp
p = ψ (t) okle

dx = ϕ
′

(t) dt

dy

dx
= ψ (t)

dx =
dy

ψ (t)

ϕ
′

(t) dt =
dy

ψ (t)

y = c+

ˆ

ψ (t)ϕ
′

(t) dt :`ed oexztde
x = ϕ (t)

y = c+

ˆ

ψ (t)ϕ
′

(t) dt 'fpxbl z`eeyn
y = ϕ

(

y
′

)

· x+ ψ
(

y
′

)

ϕ
(

y
′

)

6= y
′ lawp .p = y

′ aivp
y = ϕ (p)x+ ψ

(

y
′

)

11



:x itl xefbp
y

′

= ϕ (p) +
dϕ

dp
· x · dp

dx
+
dψ

dp
· dp
dx

p = ϕ (p) +
[

xP
′

p (p) + ψ
′

p (p)
] dp

dx :dx
dp

a litkp
dx

dp
(p− ϕ (p)) = xϕ

′

p (p) + ψ
′

p (p)

dx

dp
−

ϕ
′

p (p)

p− ϕ (p)
· x =

ψ
′

p (p)

p− ϕ (p):oexztd ,xeztl mir
ei ep`y p ly 'wpetk x ly zix`pil x"
n eplaiw
x = e

´

ϕ
′

(p)
p−ϕ(p)

dp ·
[

c+

ˆ

ψ
′

p (p)

p− ϕ (p)
e
−
´

ϕ
′

(p)
p−ϕ(p)

dp
dp

]

y = ϕ (p)x (p) + ψ (p) dxrdmiiwzny epgpd xnelk ,p− ϕ (p)a epwlig
p− ϕ (p) 6= 0.oexzt mb y = pix+ ψ (pi) f` iehiad ly miyxey pi − ϕ (pi) = 0 m`dnbe


y = x ·
(

y
′

)2

+
(

y
′

)2

y
′

= p

y = xp2 + p2

p = y
′

= p2 + 2xp · dp
dx

+ 2p
dp

dx

p− p2 = 2p (x+ 1)
dp

dx

1− p = 2 (x+ 1)
dp

dx
dx

x+ 1
= 2

dp

1− p

ln |x+ 1| = −2 ln |p− 1|+ c

x+ 1 =
c

(p− 1)
2

12



:`ed oexztd
x =

c

(p− 1)
2 − 1

y = p2 (x+ 1) =
cp2

(p− 1)2:oexzt od ze`ad 'wpetd mb okl 1− pae pa epwlig
y = x+ 1

y = 0 exlw z`eeyn
y = y

′

x+ ψ
(

y
′

) aivp
y

′

= p

y = xp+ ψ (p) :xa xefbp
p = p+ x

dp

dx
+ ψ

′

p (p)
dp

dx

0 =
dp

dx

(

x+ ψ
′

p (p)
) :oey`xd .zepexzt ipy epl yi

dp

dx
= 0

p = c

y = xc+ ψ (c) :(
gein oexzt) ipyd oexztd
x = −ψ′

p (p)

y = −pψ′

(p) + ψ (p) dnbe

y = xy

′

+ sin
(

y
′

) `id zepexztd zgtyn
y = xc+ sin c

13



`ed 
geind oexztde
{

x = − cosp
y = −p cos p+ sin p:ixhnxt `l oexztl ribdle x zervn`a p z` `evnl xyt` mivex m`

y = x arccos (−x) +
√

1− x2
xwit zhiya oexztl dnbe

y

′

= y

y (0) = y0 :xi
bp
ϕ0 (x) = y0

ϕ1 (x) = y0 +

x̂

0

ϕ0 (t) dt

= y0 + xy0

ϕ2 (x) = y0 +

x̂

0

(y0 + y0t) dt

= y0 + y0x+ y0
x2

2 :(divwe
pi`a) lawpe jiynp
ϕn = y0

n
∑

k=0

xk

k! lawp okle
ϕ = y0

∞
∑

k=0

xk

k!
= y0e

x

14


