
qltl zxnzd mr x"cn oexzt

f (t) → F (s)

f (t − c)H (t − c) → F (s) e
−sc

f (t) → F (s)

f
′
(t) → sF (s)−f (0)

f
′′ → s

2
F (s)−sf (0)−f

′
(0)

y′′ − 4y′ + 3y =

{
sin t 0 ≤ t ≤ π

0 t > π

y (0) = y′ (0) = 0

y′′ − 4y′ + 3y = sin t− sin t ·H (t− π) = sin t+ sin (t− π)H (t− π)

s2Y − 4sY + 3Y =
1

1 + s2
+

1

1 + s2
e−sπ

(
s2 − 4s+ 3

)
Y =

1

1 + s2
(
1 + e−sπ

)
Y =

1

(1 + s2) (s− 1) (s− 3)

(
1 + e−sπ

)
:

A

s− 1
+

B

s− 3
+

Cs+D

s2 + 1
l xayd z` jetdl ick A,B,C,D `evnl jixv

A (s− 3)
(
s2 + 1

)
+B (s− 1)

(
s2 + 1

)
+ (Cs+D) (s− 1) (s− 3)

(1 + s2) (s− 1) (s− 3)

s = 3 aivp m` .A = −
1

4
lawp s = 1 aivp m` .lkl - 1l deey zeidl jixv dpend

lawpes = 0 aivp .C =
1

5
lawp A+B + C = 0y oeeikn .B =

1

20
lawp

−3A−B + 3D = 1 ⇒ D =
1

10

(20 szeyn mxeb `ivep)`vei df k"dq

=
1

20

(
− 5

s− 1
+

1

s− 3
+

4s

s2 + 1
+

2

s2 + 1

)

,
1

20

(
−set + e3t + 4 cos t+ 2 sin t

)
`id df ly ziktedd dxnzdd zexnzdd zlah itl

:lawp k"dqe

y (t) =
1

20

(
−set + e3t + 4 cos t+ 2 sin t

)
+
H (t− π)

20

(
−set−π + ee(t−π) − 4 cos t− 2 sin t

)
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aezkl ozip (πl lrn 1e πl zgzn 0 `edy edyn `edy)Hdn xztidl dvxp m`

y (t) =


1

20

(
−set + e3t + 4 cos t+ 2 sin t

)
0 ≤ t < π

1

20

(
−5et (1 + e−π) + e3t

(
1 + e−3π

))
t > π

:ok`y wecal ozip .t = πa dxifb e` dtivx y (t)y xexa `l ef dgqep itl

lim
t→π−

y (t) = lim
t→π+

y (t)

lim
t→π−

y′ (t) = lim
t→π+

y′ (t)

,sivx `ed okle - zexfbp 2 oexztl yi .2 xcqn x"cn ly oexzt `id y (t) ik !gxkdae
.dtivx dpey`xd zxfbpde

:qltl zxnzd `ll ef dira xeztl ick

:0 ≤ t < π rhwa •

y′′ − 4y′ + 3y = sin t, y (0) = y′ (0) = 0

y (t) = C1e
t + C2e

3t +
2 cos t+ sin t

10

C1 = −
1

4
, C2 =

1

20
⇐ dlgzd i`pz

:t > π rhwa •

y′′ − 4y′ + 3y = 0

y = D1e
t +D2e

3t

y = πa zetivx y (t) , y′ (t)y dyixcd ici lr D1, D2 mi`ven

g"cnl dncwde x"cn iyeniy
x"cn iyeniyl zeheyt ze`nbec

1 dnbec
ynya zcnerd zipekn .dly dibxp`l cgi qgia `id zipekn ly T dxehxtnhd
`id Tc xy`k a (T − Tc) avwa dibxp` zca`n `id .s reaw avwa dibxp` zlawn

(reaw a) .daiaqd zxehxtnh
. lim
t→∞

T (t) `vne ,t onfd ly divwpetk T dxehxtnhd z` `vn

2



oexzt

(reaw α ,dibxp` E ,dxehxtnh T ) - T = αE

E′ (t) = s− a (T − Tc)

T ′ (t) = αs− αa (T − Tc)

T ′ (t) = c1 − c2T

c1 = αs+ αaTc

c2 = αa

.ix`ipil oey`x xcqn x"cn
[T = Ke−c2t ,T ′ = −c2T :ipbenedd wlgd]

T = K (t) e−c2t davd

K ′e−c2t − c2Ke−c2t = c1 − c2Ke−c2t

K ′ = c1e
c2t

K =
c1

c2
ec2t + p

T (t) =
c1

c2
+ pe−c2t

T (t) =

(
s

a
+ Tc

)
+ pe−c2t

lim
t→∞

T (t) = Tc +
s

a

2 dnbec
aegd z` mlyn ip`e ,r avwa ziaix yxec wpad .wpadn D sqk zenk le`yl ipevxa

(k < r gipp) ?aegd z` rxt` onf dnk jez .k avwa
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oexzt

t onfa aeg - D (t)

D′ (t) = rD (t)− k

D (t) = z (t) ert aivp :oexzt

z′ert + rzert = rzert − k

z′ = −ke−rk

z = C +
k

r
e−rt

D (t) = Cert +
k

r

D (0) = C +
k

r

C = D (0)−
k

r

D (t) = D (0) ert −
k

r

(
ert − 1

)
D (t) = 0 ⇒ ert =

− k

rc
=

− k

rD (0)− k
=

1

1−
rD (0)

k

t =
− 1

r
ln

(
1−

rD (0)

k

)
:oerxtd onf

ipyd oeheip weg - 3 dnbec
"dve`z×dqn=gek"y xne` ipyd oeheip weg

:(icnin cg)wiwlg

x (t) mewin

x′ (t) zexidn

x′′ (t) dve`z
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?ux`d xeck ly divhiaxbd dcyn z`vl zillgl zzl yi zexidn dfi`
.ux`d xeck fkxnn x agxna wiwlg epl yi .ux`d xeck qeicx z` Ra onqp

Cm

x2
reaw `ed wiwlgd lr gekd

:ipyd oeheip weg

Cm

x2
= mx′′

y jk x (t) mivex

x′′ =
C

x2

x (0) = R

lim
t→∞

x (t) = ∞y jk 1lecb witqn la` ohw ikd x′ (0) `evnl mivex

zillk dhiy oi` - x′′ = f (x, x′, t) zillk zilnxep dxeva 2 xcqn x"cn
.xeztl

ef d`eeyn cixedl ozip - x′′ = f (x, x′) - "t lr zelz ila" 2 xcqn x"cn
:oey`x xcql

dnewr lawle x′ lrx ly sxb oiivl ozip .x′ (t)e x (t) - zeivwpet izy epl yi
divwpet lrk x′ lr aeygl xyt` okl .(xhnxtd `ed t)zixhnxt dbvd -

x′ lr aeygp t ly zeivwpet izyk

{
x (t)
x′ (t)

}
lr aeygl mewna :x ly

:f`e .x′ = p (x) :x ly divwpetk

x′′ = p′ (x (t))x′ (t) = p′ (x (t)) p (x (t))

pp′ = f (x, p)

cer -
dx

dt
= p (x (t)) mixzet f`e ,mixzet .p (x)l oey`x xcqn d`eeyn

.oey`x xcqn x"cn

(xl qgia zxfbp ' o`k)pp′ = −
C

x2
.(tl qgia zxfbp ' o`k)x′′ = −

C

x2
,eply dxwna

(
1

2
p2

)′

=

(
C

x

)′

1

2
p2 = E +

C

x

escape velocity dgixa zexidn `xwp df1
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(reaw E)

1

2
x′2 = E +

C

x (t)

ˆ
dx√
E +

C

x

= ±
ˆ √

2 dt = ±
√
2t+ const

x (T ) = ∞
x′ (T ) = 0

∣∣∣∣ x (0) = R
x′ (0) =?

okle .E = 0 gxkda 0 (x′) zexidn mr x = ∞l miribn m` ,zxbqna d`eeyndn
1

2
x′2 =

C

R
x = R xy`k

|x′| =

√
2C

R

zilpeivhiabd dve`zd -
C

R2
= ”g” .−

mc

R2
= ux`d xeck ipt lr gk .−

mC

x2
= gk

aezkl ozip okl 9.8m/s2

|x′| =
√
2Rg
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