
zeihwtnew zeveawa oeicd jynd

zihwtnew E ⊆ X .ixhn agxn(X, d)

1 htyn
leab zcewp yi E ly ziteq-oi` F dveaw zz lkl if` ,zihwtnew dveaw E m`

.Ea

(dlilyd jxca)dgked

`l `id x ∈ E lk .Ea leab zcewp dl oi`y F ⊆ E ziteq-oi` dveaw zniiwy gipp
.xn zepeyd F ly zecewp oi` eay B (x, rx) xeck miiw ,xnelk .F ly leab zcewp

iteq 'qn miniiw ,E ly zeihwtnewd llba .E ly gezt ieqik {B (x, rx)}x∈E

likn `l dfk xeck lk .(F ⊆)E ⊆
n⋃

j=1

B
(
xj , rxj

)
y jk x1, ...xn ∈ E zecewp ly

.F ly 'wp n xzeid lkl likn cegi`d okl ,(xl ile` hxt)F ly zecewp
.F ly zeiteqpi`l dxizq .zecewp n xzeid lkl dlikn F - dpwqn

2 htyn
.zihwtnew `id F dly dxebq dveaw-zz lk if` ,zihwtnew E m`

dgked

lk oky ,E ⊆ {Vα}α∈I ∪ {F c} .dgezt dveaw F c .F ly gezt ieqik {Vα}α∈I idi
Ey oeeik .F ca z`vnp `id `l m`e ,ely ieqika z`vnp `id Fa `id m` E ly dcewp

,F ∩ F c = ∅ la` ,(F ⊆)E ⊆
n⋃

i=1

Vαi ∪ F cy jk α1, ...αn ∈ I miniiw ,zihwtnew

.l"yn .zihwtnew F xnelk ,F ⊆
n⋃

i=1

Vαi okl

dxcbd
.E z` liknd B (p,R) xeck miiw m` dneqg 'aw z`xwp n"na E dveaw

3 htyn
.dneqg `id n"na zihwtnew 'aw

dgked

ieqik `ed {B (x, 1)}x∈E .Xa zizexixy p 'wp rawp .zihwtnew dveaw E idz

R + .E ⊆
n⋃

j=1

B (xj , 1)y jk x1, ...xn ∈ E miniiw 'tnew Ey oeeik .E ly gezt

1 + max
1≤j≤n

d (xj , p)

1



(dneqg 'aw Ey giken dfe)E ⊆ B (p,R) :dprh

x ∈ B (xj , 1)y jk j miiw x ∈ E m` :zn`a

d (x, p) ≤ d (x, xj)︸ ︷︷ ︸
<1

+ d (xj , p)︸ ︷︷ ︸
≤ max

1≤i≤n
(xi,p)

< 1 + max (· · · ) + R

mincewd mihtynd ipyn dpwqn
.dneqge dxebq dveaw `id n"na zihwtnew dveaw
.oekp k"b jtdd ,Rka mle` ,oekp `l k"ca jtdd

Rkl xehpw ly dnld zllkd (1

dxcbd

.mixebq mirhw k ly zifhxw dltkn `ed Rka (cell)`z

I =

k∏
j=1

[aj , bj ]

.xj xivd lr I `zd ly "lhdd" - [aj , bj ]

Rka xehpw ly dnld

∅ 6=
∞⋂
j=1

Ij if` .j = 1, 2, ... lkl Ij+1 ⊆ Ijy jk Rka mi`z md Ijy gipp

dgked[
aj+1
i , bj+1

i

]
⊆

[
aji , b

j
i

]
miniiwn milhidd ,reaw i xear .Ij =

k∏
i=1

[
aji , b

j
i

]
onqp

xi ztzeyn dcewp zniiw ,cg` cnna xehpw ly dnld itl okl .j = 1, 2, ... lkl

ik x ∈
∞⋂
j=1

Ij - megzd lkl ztzeyn `id ,x = (x1, ...xk) gwip .l"pd mirhwd lkl

j = 1, 2, ... lkl xi ∈
[
aji , b

j
i

]
htyn

.zihwtnew 'aw `ed Rka `z lk

dgked

d`xp .iteq ieqik zz yi I ly gezt ieqik lkl `"f :ihwtnew I d"lv .Rka `z I idi
ieqik zz el oi`y I ly {Vα}α∈A gezt ieqik miiwy gipp :xnelk .dlilyd jxca z`f

.dxizql ribdl jixv .iteq
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[a, b] = :rhwd ly rvn`d zcewp i"r miiwlg mirhw ipyl I ly lhid lk wlgp

mi`zd cg` zegtl .miiwlg mi`z 2k ly cegi` `ed I .[a, c] ∪ [c, b] , c =
a+ b

2
jildz lr xefgp .miVα ly iteq xtqn i"r ieqikl ozip epi` (I1 el `xwp) miiwlgd

.miVα ly iteq 'qn i"r ieqikl ozip epi`y I1 ly iwlg `z I2 lawp ,I1 mr df
:ze`ad zepekzd mr Ij mi`z zxcq lawp ,iaihwecpi` ote`a

I ⊇ I1 ⊇ I2 ⊇ ... .1

.miVα ly iteq xtqn i"r ieqikl ozip `l Ij .2

.δj =
δ

2j
f` δ = diamIe δj = diamIj m` .3

okl miiw .x ∈
∞⋂
j=1

Ij ⊆ I :Ijd lkl x ztzeyn dcewp yi xehpw ly dnlde 1 itl

.x ∈ Vαy jk α ∈ A
.B (x, r) ⊆ Vα xeck miiw dgezt dveaw Vαy oeeik

.δj < ry jk (eze` rawp)j miiw δj =
δ

2j
→ 0y oeeik

y ∈ Ij idz .(l"pd j xear)Ij lr lkzqp

d (y, x) ≤ diamIj + δj < r

y ∈ B (x, r) ⊆ Vα

Ij ⊆ Vα

2 dpekzl dxizq

(Heine-Borel)htyn
.dneqge dxebq `id m` wxe m` zihwtnew `id E dveaw ,Rka

dgked

.dneqge dxebq Ey epi`x ,(Rka cgeina)edylk n"na zihwtnew E m` (`

jk B (p,R) xeck miiw ,dneqg Ey oeeik .dneqge dxebq Ey gipp ,jtdl (a
.E ⊆ B (p,R)y

|xi − ai| ≤ max
1≤i≤k

|xi − ai| + ‖x− a‖∞

≤ ‖x− a‖p < R

ai −R < xi < ai +R
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x ∈
k∏

i=1

[ai −R, ai +R] + I

E ⊆ I

htynd)I zihwtnew dveaw ly (oezp)dxebq dveaw zz `id E :xnelk
dveaw zzy xne`d mcew htyn itl)zihwtnew `id E okl .(mcewd

.l"yn .(zihwtnew 'aw `id zihwtnew 'aw ly dxebq

mcew htyn ly d`vez
.zihtwnew dveaw `ed zihwtnew dveawe dxebq dveaw ly jezigd ,ixhn agxn lka

dgked

.zihwtnew E ∩ F okl (zexebq ly jezig)dxebq E ∩ F ⊆ E .dxebq E

qxhyxiee epvlea htyn :(lxea-dpiid ly)d`vez
(Rka)leab zcewp zniiw dneqge ziteq oi` dveaw lkl ,Rka

dgked

.Ia E ly leab 'wp zniiw okl .(ziteq oi`)E ⊆ Iy jk I `z miiw ⇐ dneqg E
.l"yn
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