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:meniqwnd oexwr .1

epi` |f(z)| lecend D ly dcewp s`a if` .D megza zihilp` f(z) idz
.dreaw f(z) y dxwnl hxt ,ely ilniqwnd jxrd z` lawn

jxrd if` ,D a dtivxe D a (dreaw `le) zihilp` f(z) m` :dpwqn
.dtyd lr lawzn |f(z)| ly ilniqwnd

f(z) = z4/(z + 3)2 xy`k |f(z)| ly ilniqwnd jxrd z` `vn (`)

.Γ = {z : |z| = 2} e
meyxp .z = 2eiθ dtyd lr lawzn max |f(z)| okl dreaw dpi` f(z)
max |f(z)| z` lawl zpn lr .|f(z)| = |z4|/|z+ 3|3 = 24/|2eıθ + 3|3

aygp

okle θ = π xear ,minθ |2eıθ + 3| = minθ[(2 cos θ+ 3)2 + 4 sin2 θ] = 1
.max |f(z)| = 16

:dtyd lr |f(z)| z` jixrdl mileki epiid :dxrd)

.(max |f(z)| ≤ 16 okle |f(z)| ≤ 24/||2eiθ| − 3|3 = 16

:uipaiil oeheip zgqep .2

zihilp` mb F (z) =
∫ z
z0
f(t)dt if` D xyw heyt megza zihilp` f(z) m`

miiwzne F ′(z) = f(z) ,D a

(1)
∫ z

z0
f(t)dt = F (z)− F (z0).

l dnecw divwpet z`xwp F (z) .uipaiil oeheip zgqep z`xwp (1) d`eeyn
.f(z)

ivg jxe`l ln z = ln |z|+ iφ, 0 < φ < 2π sprd xear
∫ 2i
−2i dz/z eayg (`)

.|z| = 2 il`nyd lbrnd

ivg z` lleke <(z) ≥ 0 oxwd z` swery `edylk xebq megz xgap
okle dfk megza zihilp` f(z) if` .|z| = 2 il`nyd lbrnd∫ 2i

−2i
dz/z = ln z|2i−2i = (ln |z|+ iφ)|2i−2i = iφ|π/23π/2 = −iπ.

1



Γ = {z : |z| = 2} lbrnl lbrnd ivg z` xebql mileki epiid :dxrd)
lawl zpn lr ,ϕ = 1 xy`k f(z) = ϕ(z)/z xear iyew zgqepa ynzydle

.(
∫ 2i
−2i dz/z = −1

2

∫
Γ dz/z = −πi
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