
4 d`vxd - x"
n2011 hqebe`a 14deab x
qn zeix`pil x"
n
y(n) + a1 (x) y

(n−1) + ...+ an−1 (x) y
′

+ an (x) y = f (x).zipbened d`eeynd if` f (x) ≡ 0 m`.mireaw min
wn mr zix`pil x"
n z`xwp d`eeynd if` reaw ∀i ai (x) = ci m`htyn.c ∈ R lkl c · y (x) mb if` zipbened zix`pil x"
n ly oexzt y (x) m`dgked:lawpe d`eeyna cy (x) aivp
cy(n) + a1 (x) cy

(n−1) + ...+ an−1 (x) cy
′

+ an (x) cy =

c
(
y(n) + a1 (x) y

(n−1) + ...+ an−1 (x) y
′

+ an (x) y
)

= c · 0 = 0.d`eeynd ly oexzt cy (x) oklhtyn.oexzt mb y1 + y2 if` zix`pil zipbened x"
n ly zepexzt y1, y2 m`dgked
(y1 + y2)

(n) + ...+ an (x) (y1 + y2) =

y
(n)
1 + y

(n)
2 + a1y

(n−1)
1 + a1y

(n−1)
2 + ...+ an (x) y1 + y2 =(

y
(n)
1 + a1y

(n−1)
1 + ...+ any1

)
+
(
y
(n)
2 + a1y

(n−1)
2 + any2

)
= 0 + 0 = 0.oexzt y1 + y2 mb okldpwqn.ixehwe agxn `ed zipbened zix`pil x"
n ly zepexztd agxn

1



dx
bd:miiwzn m` l"za ze`xwp y1, y2 'wpet izy
y1 (x)

y2 (x)
6= const .x ∈ D ⊆ R xy`kdx
bd:`ed y1, ..., yn 'wpetd ly (Wronskian) o`iwqpexeed

∣∣∣∣∣∣∣∣∣

y1 y2 · · · yn
y

′

1 y
′

2 · · · y
′

n

...
...

...
...

y
(n−1)
1 · · · · · · y

(n−1)
n

∣∣∣∣∣∣∣∣∣ dnbe

y2 = sinx, y1 = ex if`

W =

∣∣∣∣
ex sinx
ex cosx

∣∣∣∣ = ex (cosx− sinx) dx
bd:miiwzny jk 0 mlek `ly c1, ..., cn mireaw miniiw m` zix`pil zeielz y1, .., yn

c1y1 + ...+ cnyn = 0 htyn.W = 0 if` l"z y1, ..., yn m`dgked:miiwzn
c1y1 + ...+ cnyn = 0

c1y
′

1 + ...+ cny
′

n = 0

∀k = 1...n c1y
(k)
1 + ...+ cny

(k)
n = 0:if` miieqn i xear ci 6= 0 gipp

∀j = 1..n y
(j)
i = − 1

ci




∑

k 6=i

cky
(k)
k



.W = 0 okle ze
enrd x`y ly l"v `id Wa jd d
enrd okl2



htynze
igide meiwd htyn i`pz z` zniiwnd x"
n ly zepexzt md y1, ..., yn m`.zix`pil zeielz od if` x0 ∈ D idylk 'wpa W = 0 miiwzne D megzadgkedze`eeynd zkxrnl if` x0 d
ewpa W = 0 gipp
c1y1 (x0) + ...+ cnyn (x0) = 0

c1y
′

1 (x0) + ...+ cny
′

n (x0) = 0

...

c1y
(n−1)
1 (x0) + ...+ cny

(n−1)
n (x0) = 0.il`ieeixh `l oexzt yi:if` ci 6= 0 gipp

∀j = 1..n y
(j)
i (x0) = − 1

ci

∑

k 6=i

cky
(j)
k (x0)

(x0) 'wpa mixg`d zepexztd ly l"vl zeey ely zepey`xd zexfbpd n− 1 oke yi okl:okle z`f miiwny 
g` oexzt wx yi ze
igide meiwd htyn itl la`
yi (x) =

1

ci

∑

k 6=i

ckyk (x).l"z md xnelk x ∈ D lkl zizedfliaeil htynzipbenedd x"
nd ly l"za zepexzt x ∈ (a, b) ,y1 (x) , ..., yn (x) m`
y(n) + a1 (x) y

(n−1) + ...+ an (x) y = 0 :miiwzn f`
W (x) = W (x0) e

−
´

x

x0
a1(x)dx .x0 ∈ (a, b) lkldgked:n = 2 xear

y
′′

+ a1 (x) y
′

+ a2 (x) y = 0 if`
W =

∣∣∣∣
y1 y2
y

′

1 y
′

2

∣∣∣∣ = y1y
′

2 − y2y
′

1

3



W
′

(x) = y1y
′′

2 + y
′

1y
′

2 − y
′

2y
′

1 − y2y
′′

1

= y1y
′′

2 − y2y
′′

1 =

∣∣∣∣
y1 y2
y

′′

1 y
′′

2

∣∣∣∣

=

∣∣∣∣
y1 y2

−a1y
′

1 − a2y1 −a1y
′

2 − a2y2

∣∣∣∣

=

∣∣∣∣
y1 y2

−a1y
′

1 −a1y
′

2

∣∣∣∣+
∣∣∣∣

y1 y2
−a2y1 −a2y2

∣∣∣∣

= −a1

∣∣∣∣
y1 y2
y

′

1 y
′

2

∣∣∣∣ − a2

∣∣∣∣
y1 y2
y1 y2

∣∣∣∣
= −a1W (x) + 0 = −a1W (x):zil`ivpxti
d d`eeynd z` eplaiw

W
′

(x) = −a1 (x)W (x) :`ed dpexzt
W (x) = W (x0) e

−
´

x

x0
a1(x)dx dnbe
:'wpetd eidi

eλix, λi 6= λj if`
W =

∣∣∣∣∣∣∣∣∣

eλ1x . . . eλnx

λ1e
λ1x . . . λne

λnx

...
λn−1
1 eλ1x . . . λn−1

n eλnx

∣∣∣∣∣∣∣∣∣

= e
∑

λix

∣∣∣∣∣∣∣∣∣

1 . . . 1
λ1 . . . λn

...
λn−1
1 . . . λn−1

n

∣∣∣∣∣∣∣∣∣

= e
∑

λix
∏

i>j

(λi − λj)

zipbened `l zix`pil x"
n
y(n) + a1 (x) y

(n−1) + ...+ an (x) y = f (x)
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htyn:dxevdn didi oexztd
y (x) = yg (x) + yp (x)dni`znd zipbenedd ly illkd oexztd `ed yg (x) xy`k

y(n) + a1 (x) y
(n−1) + ...+ an (x) y = 0.zipbenedd `ld ly edylk oexzt `ed yp (x)edgked:f` zipbenedd ly oexzt yg (x)e zipbened `ld ly oexzt yp gipp

(yp + yg)
(n)

+ ...+ an (x) (yp + yg) =
(
y(n)p + a1y

(n−1)
p + ...+ anyp

)
+
(
y(n)g + a1y

(n−1)
g + ...+ anyg

)

= f (x) + 0 = f (x).ipbened `ld ly oexzt mb yp + yg okle:jetdd oeeikaif` zipbened-`ld ly zepexzt ipy yp1
, yp2

m`
y(n)p1

+ a1y
(n−1)
p1

+ ...+ anyp1
= f (x)

y(n)p2
+ a1yp2

+ ...+ anyp2
= f (x):lawpe d`eeynd z` xqgp

(yp1
− yp2

)
(n)

+ a1 (yp1
− yp2

)
(n−1)

+ ..+ an (yp1
− yp2

) = 0.zipbenedd d`eeynd ly oexzt yp1
− yp2

okledxrd:dxeva x"
nd z` aezkl gep mizrl
Ly = f (x) :ix`pild xehxte`d `ed L xy`k

L =
dn

dxn
+ a1 (x)

dn−1

dxn−1
+ ...+ an (x)mixhnxtd ziiv`ixe zhiy:x"
nd dpezp

y
′′′

+ a1 (x) y
′′

+ a2 (x) y
′

+ a3 (x) y = f (x).dni`znd zipbenedd ly l"za zepexzt y1, y2, y3 eidi:`ed zipbenedl illkd oexztd
c1y1 (x) + c2y2 (x) + c3y3 (x)
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:dxevdn oexzt ygpp
y (x) = c1 (x) y1 (x) + c2 (x) y2 (x) + c3 (x) y3 (x) :xefbp
y

′

= c1y
′

1 + c
′

1y1 + c
′

2y2 + c2y
′

2 + c3y
′

3 + c
′

3y3:miiwzny (jynda dw
vd) gipp
c
′

1y1 + c
′

2y2 + c
′

3y3 = 0 :okl
y

′

= c1y
′

1 + c2y
′

2 + c3y
′

3 :aey xefbp
y

′′

= c1y
′′

1 + c
′

1y
′

1 + c2y
′′

2 + c
′

2y
′

2 + c3y
′′

3 + c
′

3y
′

3 :aey gipp
c
′

1y
′

1 + c
′

2y
′

2 + c
′

3y
′

3 = 0 :lawpe
y

′′

= c1y
′′

1 + c2y
′′

2 + c3y
′′

3 :aey xefbp
y

′′′

= c1y
′′′

1 + c
′

1y
′′

1 + c2y
′′′

2 + c
′

2y
′′

2 + c3y
′′′

3 + c
′

3y
′′

3:x"
nd z` aivdl lkep okl ,x"
nl zepexzt y1, y2, y3

y
′′′

+ a1y
′′

+ a2y
′

+ a3y = c
′

1y
′′

1 + c
′

2y
′′

2 + c
′

3y
′′

3 +

+ c1y
′′′

1 + c2y
′′′

2 + c3y
′′′

3 +

+ a1

(
c1y

′′

1 + c2y
′′

2 + c3y
′′

3

)
+

+ a2

(
c1y

′

1 + c2y
′

2 + c3y
′

3

)
+

+ a3 (c1y1 + c2y2 + c3y3) = f (x):y
gn x
qp
f (x) = c

′

1y
′′

1 + c
′

2y
′′

2 + c
′

3y
′′

3 +

+ c1

(
y

′′′

1 + a1y
′′

1 + a2y
′

1 + a3y1

)

+ c2

(
y

′′′

2 + a1y
′′

2 + a2y
′

2 + a3y2

)

+ c3

(
y

′′′

3 + a1y
′′

3 + a2y
′

3 + a3y3

):lawp zipbenedd d`eeynd z` zeniiwn y1, y2, y3y oeeik
f (x) = c

′

1y
′′

1 + c
′

2y
′′

2 + c
′

3y
′′

3

6



:ze`eeynd z` miniiwn c1, c2, c3 m`y eplaiw
c
′

1y1 + c
′

2y2 + c
′

3y3 = 0

c
′

1y
′

1 + c
′

2y
′

2 + c
′

3y
′

3 = 0

c
′

1y
′′

1 + c
′

2y
′′

2 + c
′

3y
′′

3 = f (x) if`
c!y1 + c2y2 + c3y3.zipbened `ld x"
nd ly oexzt `ed:ze`eeynd zkxrn z` eplaiw



y1 y2 y3
y

′

1 y
′

2 y
′

3

y
′′

1 y
′′

2 y
′′

3





c
′

1

c
′

2

c
′

3


 =




0
0

f (x)


 :miiwzny al miyp

W =

∣∣∣∣∣∣

y1 y2 y3
y

′

1 y
′

2 y
′

3

y
′′

1 y
′′

2 y
′′

3

∣∣∣∣∣∣
6= 0.zkxrnl 
igie 
g` oexzt miiw if`:xnxw zhiya - zilnxet

c
′

i =
∆i

∆

ci =

ˆ

dx

(
∆i (x)

∆ (x)

)

dnbe

y

′′

+
4

x
y

′

+
6

x2
y =

1

x :md zipbenedd zepexzt
y1 = x2

y2 = x3

W =

∣∣∣∣
x2 x3

2x 3x2

∣∣∣∣ = 3x4 − 2x4 = x4 6= 0 :oexzta aivp
(
x2 x3

2x 3x2

)(
c
′

1

c
′

2

)
=

(
0
1
x

)
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:xeztp
c
′

1 =

∣∣∣∣
0 x3

1
x

3x2

∣∣∣∣
W

=
−x2

x4
= − 1

x2

c
′

2 =

∣∣∣∣
x2 0
2x 1

x

∣∣∣∣
W

=
x

x4
=

1

x3 :if`
c1 =

1

x

c2 = − 1

2x2 :`ed oexztd
y = yg +

1

x
· x2 − 1

2x2
· x3

= yg + x− x

2

= C1x
2 + C2x

3 +
x

2 .(mireaw C1, C2 dt xy`k)-
wn mr deab x
qn zipbened `l\zipbened zix`pil x"
nmireaw min
y(n) + p1y

(n−1) + p2y
(n−2) + ...+ pny = f (x).Ra mireaw md p1, ..., pn m` mireaw min
wn mr x"
n `xwiz efk x"
n:dxevdn oexzt ygpp

y = erx

y
′

= rerx

y(m) = rmerx :zipbenedd x"
na aivp
rnerx + p1r

n−1erx + ...+ pne
rx = 0

erx
(
rn + p1r

n−1 + ...+ pn
)

= 0 mepiletd
rn + p1r

n−1 + ...+ pn.x"
nd ly ipiite`d mepiletd `xwp.x"
nd z` xzet erx if` ipiite`d mepiletd ly yxey `ed r m`y eplaiw:`ed zipbenedd x"
nl illkd oexztd if` ,r1, .., rn mipey miiynn zepexzt n yi m`
y =

n∑

i=1

cie
rix

8



if` r = α± iβ mi
env miakexn zepexzt bef yi m`
c1e

(α+iβ)x + c1e
(α−iβ)x = c̃1e

αx sin (βx) + c̃2e
αx cos (βx):dxeva d`eeynd z` aezkl ozip mepiletd zepexzt md r1, ..., rn m`

(
d

dx
− r1

)(
d

dx
− r2

)
...

(
d

dx
− rn

)
y = 0:f` letk yxey r m`

(
d

dx
− r

)(
d

dx
− r

)
xerx =

(
d

dx
− r

)
[erx + rxerx − rxerx]

=

(
d

dx
− r

)
erx = 0.d`eeynd ly oexzt xerx mb f` letk yxey yi m` okl.ℓ = 0, 1, ..., m− 1 xear oexzt xℓerx f` m ieaix mr yxey r m` ,zeillka

xℓeαx cos (βx) e` xℓe(α±iβ)x if` ,m ieaix mr r = α + iβ akexn yxey yi m`.ℓ = 0, .., m− 1 xear zepexzt xℓeαx sin (βx)e:`ed oexztd if` q1, ..., qm miieaixa r1, .., rm zepexzt epl yi m` ,illk ote`a
y =

m∑

i=1

qi−1∑

j=1

cijx
jerix .miizexixy mireaw cij xy`k`ed q0− 1 dbx
 
r mepilet lk if` q0 ieaixa ipiite`d mepiletd ly yxey `ed 0 m`.oexztdnbe


y(5) − 2y(4) + y(3) = 0 :ipiite`d mepiletd
r5 − 2r4 + r3 = 0

r3
(
r2 − 2r + 1

)
= 0

r3 (r − 1)
2

= 0.2 ieaixa r = 1e 3 ieaixa r = 0 md miyxeydy eplaiw:md milawn epgp`y zepexztd
r = 0 ⇒

1
x

x2

r = 1 ⇒ ex

xex :`ed illkd oexztd okl
y = c1 + c2x+ c3x

3 + c4e
x + c5xe

x
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-lrpd min
wnd\dxiga\yegipd zhiy :yp z`ivnl zehiymin
y(n) + p1y

(n−1) + p2y
(n−2) + ...+ pny = Pmx.m dbx
n mepilet Pm xy`k:dxevdn oexzt ygpp ,d`eeynd ly ipiite`d mepiletd ly yxey epi` 0 m`

a0 + a1x+ ...+ amxmmiaiig min
wnd lk xy`k a0, .., am xear zeix`pil ze`eeyn zkxrn lawpe aivp.qt`zdldnbe

y

′′

− y = x2 + 3 :`ed ipiite`d mepiletd
r2 − 1 = 0

r = ±1

yg = c1e
x + c2e

−x :ygpp okl yxey epi` 0
yp = a0 + a1x+ a2x

2

y
′

p = a1 + 2a2x

y
′′

p = 2a2 :d`eeyna aivp
2a2 − a0 − a1x− a2x

2 = x2 + 3 :zkxrnd z` eplaiw
2a2 − a0 = 3

−a1 = 0

−a2 = 1 :eplaiw o`kn
a1 = 0

a2 = −1

a0 = −5 :`ed ihxtd oexztd okl
yp = −x2 − 5 :`ed d`eeynl illkd oexztde

y = c1e
x + c2e

−x − x2 − 5

10



dxrddxevdn oexzt ygpp h ieaixa yxey 0 m`
xh (a0 + a1x+ ...+ amxm) dnbe


y
′′ − y

′

= x+ 1 :`ed ipiite`d mepiletd
r2 − r = 0

r = 0, 1

yg = c0 + c1e
x :oexzt ygpp okl yxey `ed 0

yp = x (a0 + a1x) = a0x+ a1x
2

y
′

p = a0 + 2a1x

y
′′

p = 2a1 :d`eeyna aivp
2a1 − a0 − 2a1x = x+ 1 :lawp o`kn

2a1 − a0 = 1

−2a1 = 1 :xeztp
a0 = −2

a1 = −1

2 :`ed oexztd okl
y = c0 + c1e

x − 2x− 1

2
x2mepilet letk hppetqw` - yegipd zhiy

y(n) + p1y
(n−1) + ...+ pny = eαx · Pm (x):dxevdn oexzt ygpp ipiite`d mepiletd ly yxey eppi` α m`

Qm (x) eαx

11



xy`k
Qm (x) = a0 + a1x+ ...+ amxm:dxevdn oexzt ygpp ipiite`d mepiletd ly k ieaixa yxey α m`

xkQm (x) eαx.(α = 0 xy`k lawzny m
ewd dxwnd ly illk dxwn df)sqep dxwn - yegipd zhiy
y(n) + p1y

(n−1) + ...+ pny = eαx ·
{
sinβx
cosβx

}
Pm (x):dxevdn oexzt ygpp yxey `l α± iβ m`

Qm1
(x) eαx cosβx+Qm2

(x) eαx sinβx:oexzt ygpp f` (`"k) k ieaixn miyxey α± iβ m`
xk [Qm1

(x) eαx cosβx +Qm2
(x) eαx sinβx].(akexn α miyxn m` m
ewd dxwnd dyrnl df)llk:d`eeynd z` epl yi m` ,zepexztd ly zeix`pild llba

y(n) + p1y
(n−1) + ...+ pny = f (x) + g (x).zepexztd z` mkqle 
xtpa g (x)e f (x) xear xeztl lkep f`dnbe


ẍ = −αx

x = c1 cos
(√

αx
)
+ c2 sin

(√
αx
)
= A cos

(√
αt+ ϕ

):yegipd zhiya xeztp
ẍ+ αx = 0 :ipiite`d mepiletd

r2 + α = 0

r = ±i
√
α okl

yg = c1e
i
√
αt + c2e

−i
√
αt

12



dnbe

ẍ = −αx− λẋ, λ > 0

ẍ+ λẋ+ αx = 0

r2 + λr + α = 0

r =
−λ±

√
λ2 − 4α

2 :mixwnl wlgp.1
λ2 − 4α < 0 if`

y = e−
λt

2 ·A · cos
(√

4α− λ2

2
t+ ϕ

) .2
λ2 − 4α > 0

y = c1e
r1t + c2e

r2t

r1, r2 < 0 ."lr oeqix" .3
λ2 = 4α :illkd oexztd okl

y = c1e
−λ

2
t + c2te

−λ

2
t zevle`n ze
epz

ẍ = −αx+ cosωt

xg = A cos
(√

αt+ ϕ
):dxevdn oexzt aygpp f` ω 6= ±i

√
α m` .±i

√
α md ipiite`d mepiletd iyxey

xp = a1 cosωt+ a2 sinωt :lawpe aivp
−a1ω

2 cosωt− a2ω
2 sinωt = −αa1 cosωt− αa2 sinωt+ cosωt

13



:min
wnd xear ze`eeyn zkxrn xeztp
a2 = 0

a1 =
1

α− ω2 :`ed eply oexztd okl
x = A cos

(√
αt+ ϕ

)
+

1

α− ω2
cos (ωt):dxevdn oexzt ygpp f` α = ω2 m`

xp = a1t cosωt+ a2t sinωt

ẋp = a1 cosωt− a1ωt sinωt+ a2 sinωt+ a2ωt cosωt

ẍp = ωa1 sinωt− a1ω sinωt− a1ω
2t cosωt+ a2ω cosωt+

+ a2ω cosωt− a2ω
2 sinωt :d`eeyna aivp

−2ωa1 sinωt − a1ω
2t cosωt+ 2ωa2 cosωt

− a2ω
2t sinωt

= −α (a1t cosωt+ a2t sinωt) + cosωt :if`
a1 = 0

a2 =
1

2ω :`ed oexztdy lawp
x = c1 cosωt+ c2 sinωt+

1

2ω
sinωt
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