
n xcqn zix`pil x"cn

an (x) y
(n) + ...+ a2 (x) y

′′ + a1 (x) y
′ + a0 (x) y = b (x)

ipbenedd dxwnd b (x) = 0

ipbened i`d dxwnd b (x) 6= 0

ipbened i`d dxwnae ixehwee agxn `id zepexztd zveaw ipbenedd dxwnay epgked
:xy`k y (x) = yp (x) + yc (x)

ipbened i`d ly illk oexzt y (x)

ipbenedd ly ihxt oexzt yp (x)

.(milyn oexzt)ipbened i`d ly illk oexzt yc (x)

agxnd cnin dn :ipbenedd dxwna
?ixehweed

htyn

zepexztd zveaw ,(an (x) = 1) zilnxep dxeva n xcqn zipbened zix`pil x"cnl
.n cninn ixehwee agxn `id

dgked

.zecigide meiwd htyn lr ielz
:mireaw α1, ...αn xeary jk cigie cg` oexzt gihan zecigide meiwd htyn

y (x0) = α1

y′ (x0) = α2

...

y(n−1) (x0) = αn

:zeyixcd cici lr y1 (x) , y2 (x) , ...yn (x) micgein zepexzt dpap

Y
(j)
i (x0) =

{
0 j 6= i− 1

1 j = i− 1
, i = 1, 2, ...n, j = 0, 1, ...n− 1

1



:zepexztd agxnl qiqa md dl`y d`xp

α1y1 (x)+α2y2 (x)+...+αnyn (x) =y jk α1, ...αn mireaw miniiwy gipp l"za md(`)
.x lkl 0

.α1 = 0 ⇐ x0 = 0 aivp
α1y

′
1 (x) + α2y

′
2 (x) + ...+ αny

′
n (x) = 0 xefbp

α2 = 0 ⇐ x = x0 aivp
okl ,α1 = α2 = ... = αn = 0 milawne x = x0 miaivn ,aeye aey mixfeb

l"za md

.x"cnd ly y (x) edylk oexzt gwip dqixt(a)
.z (x) = y (x)−

[
y (x0) y1 (x) + y′ (x0) y2 (x) + ...+ y(n−1) (x0) yn (x)

]
lr lkzqp

:x"cnd ly oexzt df

z (x0) = 0

z′ (x0) = 0

...

z(n−1) (x0) = 0

.x lkl z (x) = 0 zecigide meiwd htyn itl

dl`y

elit`) ?zix`pil miielz mdy oigadl ozip ji` ,x"cn ly zepexzt xtqn mipezp m`
(x"cn ly zepexzt opi`y zeivwpet mipezp xy`k ihpeelx

dxcbd

mireawd m` I rhwa zix`pil z"a md y1 (x) , y2 (x) , ...yn (x) zeivwpetdy mixne`
α1 = ... = md x ∈ I lkl α1y1 (x) + ...+ αnyn (x) = 0 mxeary α1, ...αn micigid

.αn = 0

dheyt dnbec

y1 (x) = x, y2 (x) = |x|

l"z - y1 − y2 = 0 [0, 1] rhwa

l"z - y1 + y2 = 0 [−1, 0] rhwa

l"za [−1, 1] rhwa

2



dxcbd

y1, y2, ...yn ly (Wronkian)o`iwqpexee .minrt n− 1 zexifb y1 (x) , y2 (x) , ...yn (x)
divwpetd `id

W (y1, y2, ...yn) = det


y1 (x) y2 (x) · · · yn (x)
y′1 (x) y′2 (x) · · · y′n (x)

...
...

. . .
...

y
(n−1)
1 (x) y

(n−1)
2 (x) · · · y

(n−1)
n (x)



htyn

W (y1, y2, ...yn) = 0 if` l"z md y1, y2, ...yn m`

dgked

x lkl α1y1 (x) + ...+ αnyn (x) = 0y jk ,qt` mlek `l ,miniiw ,zelz ly dgpda
:minrt n− 1 zeivwpetd z` xefbl ozip .miieqn rhwa

α1y
′
1 (x) + ...+ αny

′
n (x) = 0

...

α1y
(n−1)
1 (x) + ...+ αny

(n−1)
n (x) = 0

:xnelk y1 (x) · · · yn (x)
...

. . .
...

y
(n−1)
1 (x) · · · y

(n−1)
n (x)


α1

...

αn

 =

0
...

0



.0 `ed detd okle ,oirxba il`ieeixh `l xehwee yi dvixhnl okl ,

α1

...

αn

 6=

0
...

0


!oekp `l df jetdd oeeika

y1 = x3, y2 = |x|3 , I = R
(|x|l cebipa)x = 0a xifb y2

y′1 = 3x2, y′2 = 3sgn (x)x2

W (y1, y2) =

∣∣∣∣ x3 sgn (x)x3

3x2 3sgn (x)x2

∣∣∣∣ = 0

3



htyn

elit` ,W (y1, ...yn) = 0e n xcqn zipbened zix`ipil x"cn zepexzt md y1, ...yn m`
.zix`pil miielz md y1, ...yn if` ,zg` dcewpa

dgked

y jk ~α 6= 0 xehwee miiw .x0 dcewpa W = 0y gipp y1 (x0) · · · yn (x0)
...

. . .
...

y
(n−1)
1 (x0) · · · y

(n−1)
n (x0)


α1

...

αn

 =

0
...

0


(!x lkl)z (x) = α1y1 (x) + ...+ αnyn (x) lr lkzqp

z (x0) = 0 dpey`x dxey

z′ (x0) = 0 diipy dxey

...

z(n−1) (x0) = 0 dpexg` dxey

dlgzdd ii`pz la` .x"cnd oexzt `ed mb okle y1, ...yn ly ix`pil sexiv `ed z (x)
y1, ...yn xnelk ,x lkl zizedf z (x) = 0 zecigide meiwd htyn itl okle ,0 mlek

.l"z

la` htyn

y(n)+an−1 (x) y
(n−1)+...+a1 (x) y

′+a0 (x) y = 0 x"cnd ly zepexzt y1, ...yn m`

.W (x) = W (x0) e
−
´ x
x0

an−1(t)dt if` W (y1, y2, ...yn)e

(n = 2) dgked{
y′′1 + a1y

′
1 + a0y1 = 0

y′′2 + a1y
′
2 + a0y2 = 0

,W = det

(
y1 y2
y′1 y′2

)
= y1y

′
2 − y2y

′
1

W ′ = (y1y
′′
2 + y′1y

′
2)− (y2y

′′
1 + y′2y

′
1) = y1y

′′
2 − y2y

′′
1

= y1 (−a1y
′
2 − a0y2)− y2 (−a1y

′
1 − a0y1) = −a1 (y1y

′
2 − y2y

′
1) = −a1W

W ′ = −a1W

W ′ (t)

W (t)
= −a1 (t)

4



lnW (x)− lnW (x0) = [lnW (t)]
x
x0

= −
xˆ

x0

a1 (t) dt

W (x)

W (x0)
= e

−
´ x
x0

a1(t)dt

illk n xear dgkedl dpkd

?dhppinxwhc mixfeb ji`det
a11 (x) · · · a1n (x)

...
. . .

...

an1 (x) · · · ann (x)



′

= det

a′11 (x) · · · a′1n (x)
...

. . .
...

an1 (x) · · · ann (x)

+...+det

a11 (x) · · · a1n (x)
...

. . .
...

a′n1 (x) · · · a′nn (x)



illk nl dgked

W = det

 y1 · · · yn
...

. . .
...

y
(n−1)
1 · · · y

(n−1)
n


qt`zn detde - diipy dxey ozep df - dpey`x dxey mixfeb m`
qt`zn detde - ziyily dxey ozep df - dipy dpey mixfeb m`

...

qt`zn detde - dpexg` dxey ozep df - dpexg` iptl dxey mixfeb m`
okle ,dpexg`d dxeyd `id dhppinxhcd z` zqt`n `ly dcigid dxeyd okl

W ′ = det


y1 · · · yn
...

. . .
...

y
(n−2)
1 · · · y

(n−2)
n

y
(n)
1 · · · y

(n)
n


y
(n)
i = −

[
an−1y

(n−1)
i + ...+ a1y

′
i + a0yi

]
x"cnd z` mixzet y1, y2, ...yn la`

W ′ = det


y1 · · · yn
...

. . .
...

y
(n−2)
1 · · · y

(n−2)
n

an−1y
(n−1)
1 + ...+ a1y

′
1 + a0y1 · · · an−1y

(n−1)
n + ...+ a1y

′
n + a0yn


:dpezgz dxeyn mixqgn
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dpey`x dxey×a0
dpezgz dxey×a1+

...

.dpexg` iptl zg` dxey ×an−2+
� .n = 2 dxwna enk x`yd lk .W ′ = −an−1W x`yp

xcq zcxed

any
(n) + an−1y

(n−1) + ...+ a1y
′ + a0y = b

dxeva zipbened i`d ly oexzt ytgl yi zipbenedd d`eeynd ly y0 oexzt oezp m`
n− 1 xcqn d`eeyn miiwn z′ if` .y = y0z

dnbec

y′′ −
6

x2
y = x lnx

:aivp .y′′ −
6

x2
y = 0 z` xzet y0 = x3

y = x3z

y′ = 3x2z + x3z′

y′′ = 6xz + 6x2z′ + x3z′′

6xz + 6x2z′ + x3z′′ −
6

x2

(
x3z
)
= x lnx

x2z′′ + 6xz′ = lnx

:lawp w = z′ aivp m`

x2w′ + 6xw = lnx

w =
C

x6
⇐lnw = −6 lnx+K⇐

w′

w
= −

6

x
⇐x2w′ + 6xw = 0 :xeztp

w =
v

x6
aivp

x2

(
v′

x6
−

6v

x7

)′

+ 6x

(
v

x6

)
= lnx
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v′ = x4 lnx

v =

ˆ
x4 lnxdx =

x5

5
lnx−

ˆ
x5

5

1

x
dx =

x5

5
lnx−

x5

25
+ C

z′ = w =
lnx

5x
−

1

25x
+

C

x6

z =

ˆ (
lnx

5x
−

1

25x
+

C

x6

)
dx =

(lnx)
2

10
−

lnx

25
−

C

5x5
+D

y =

yp︷ ︸︸ ︷
x3

(
(lnx)

2

10
−

lnx

25

)
+

yc︷ ︸︸ ︷
K1

x2
+K2x

3

mincwnd ziiv`ixe zhiy
xeztl mivexe ,zipbened .yn ly zepexzt ly y1, y2, ...yn qiqa mircei epgp`y gipp

.zipbened-i`

dprh

aezkl ozip if` .any
(n) + ...+ a1y

′ + a0y = 0 ly l"za zepexzt md y1, y2, ...yn m`

y =
n∑

i=1

ci (x) yi (x) dxeva any
(n) + ... + a1y

′ + a0y
′ = b ly illkd oexztd z`

ly zepexzt md c1, c2, ...cn xy`k
y1 y2 · · · yn
y′1 y′2 · · · y′n
...

...
. . .

...

y
(n−1)
1 y

(n−1)
2 · · · y

(n−1)
n



dnbec

y′′ −
6

x2
y = x lnx
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 y1 = x3

y2 =
1

x2

md .benedd ly zepexztd

 x3
1

x2

3x2 −
2

x3

(C ′
1

C ′
2

)
=

(
0

x lnx

)

(
C ′

1

C ′
2

)
=

1

−5

−
2

x3
−

1

x2

−3x3 x3

( 0
x lnx

)
=

 lnx

5x

−
x4 lnx

5


C1 =

ˆ
lnx

5x
dx =

(lnx)
2

10
+ L1

C2 =

ˆ − x4 lnx

5
dx = −

(
x5 lnx

5
−

x5

25

)
+ L2

y = x3

(
(lnx)

2

10
+ L1

)
+

(
−
x5 lnx

25
+

x5

125
+ L2

)
1

x2

y =
x3 (lnx)

2

10
−

x3 lnx

25
+K1x

3 +
K2

x3
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