
3 d`vxd - 4 itpi`2011 hqebe`a 8dnlyde oewiz - oeliawn zlekzdx
bd.n ≥ k xy`k v1, .., vk ∈ R
n mixehwed mipezpy gipply (dlekz) gtp xi
bp la` ,0 `id R

na miyxet mdy oeliawnd zlekz n > k m`:jk R
k agxna l"pd oeliawndjk u1, ..., uk ∈ R

n ilnxepezxe` qiqa h
iny-mxb jildz zxfra `vnp dligz:miiwzny
span {u1, ..., uk} = span {v1, ..., vk}:zix`pil dwzrd xi
bp zrk

T : R
n → R

k

∀i ∈ {1..k} T (ui) = ei.Rka ihx
phq qiqa {ei}ki=1
xy`k:xi
bp dzre

Volk (P (v1, ..., vk)) = Vol (P (T (v1) , ..., T (vk))):`ad htynd i"r df jildz xvwl xyt` ,ipy 
vn:f` v1, .., vk od dize
enry dvixhnd `id A m`
Volk (P (v1, .., vk)) =

√

det (AtA) dnbe
:mixehwed eidi
v1 = (0, 0, 1)

v2 = (3, 4, 0).v1, v2 i"r zyxtpd ziliawnd ly i
nin e
d ghyd z` `vnp.V = span {v1, v2} `ed ziliawnd ekezay R
3 ly agxnd zz :dx
bdd itl ,dligz.lnxpl wx xzep ,miilpebezxe` md ,v1 · v2 = 0 ik al miyp:lawp ,5a dwelg i"r v2 z` lnxpp ,ilnxep v1

u1 = (0, 0, 1)

u2 =

(

3

5
,
4

5
, 0

)

1



dwzrd xi
bp
T : V → R

2

T (0, 0, 1) = (1, 0)

T

(

3

5
,
4

5
, 0

)

= (0, 1) :aygp zrk
T (v1) = T (0, 0, 1) = (1, 0)

T (v2) = T (3, 4, 0) = (0, 5) :`ed ghyd okl
Vol (P ((1, 0) , (0, 5))) =

∣

∣

∣

∣

1 0
0 5

∣

∣

∣

∣

= 5:htynd itl - dipy jx

A =





0 3
0 4
1 0



 At =

(

0 0 1
3 4 0

) if`
AtA =

(

1 0
0 25

) :`ed ghyd okle
Vol2 (P (v1, v2)) =

√

∣

∣

∣

∣

1 0
0 25

∣

∣

∣

∣

= 5(n > k) Rna i
nin-k oeliawn gtp lr htynd zgked.v1, .., vk i"r yxtpd i
nin k agxn zz V ⊆ R
n idi.V z` yxetd R

n ly ilnxepezxe` u1, .., un ididwzrd xi
bp
ϕ : R

n → R
n

ϕ (ui) = ei :xi
bp
ϕ (vi) = vi, 1 ≤ i ≤ k.Rka bi i"r yxtpd oeliawnd `ed ϕ (P ) f`e.dize
enr od biy dvixhnd ef By xi
bp m` ,dx
bdd t"r

Volk (P ) = V (ϕ (P ))

=
√

det (BtB) =
√

det (bti · bj)

=
√

det (vti · vj) =
√

det (AtA).det (A) = det (ϕ (A)) miiwzn okle zilpebezxe` ϕy llba oekp vti ·vjl bti·bj oia xarnd
2



dx
bd - Rna jxe` zelra zeliqn.γ : [a, b] → R
n dtivx 'wpet `id R

na dliqn.ew z`xwp γ dliqnd ly dpenzdlkl γ
′

(t) 6= 0y jk [a, b] rhwa zetivxa zexifb) zewlg zeliqna xwira weqrp.(t ∈ [a, b]jxe`l miilpebilet mieew i
i lr dkxe` z` axwp Rna dliqn ly jxe` xi
bdl i
k.dliqnd:rhwd ly dwelg gwip .[a, b] rhwa opeazp
p =

(

t0, ..., tk
)md ei
ew
ewy ilpebiletd ewd z` γ (p)a onqp

γ (a) = γ
(

t0
)

, ...., γ
(

tk
)

= γ (b) :didi γ (p) ly ekxe`
L (γ (p)) =

k
∑

i=1

∥

∥γ
(

ti
)

− γ
(

ti−1
)∥

∥jxe` zlra dliqn - dx
bd.γ : [a, b] → R
n dliqn γ idzdveawd m` jxe` zlra z`xwp γ

{L (γ (p)) | P is a partition of [a, b]} .dneqg dveaw `id:dliqnd jxe` `xwp ,miiw m` ,ef dveaw ly oeilrd mqgd
L (γ) = sup {L (γ (p)) | P is a partition of [a, b]} dnbe
:r eqei
xy (ziy`xa efkxn) ipepw lbrn ly divfixhnxta opeazp

γ (t) = (r cos t, r sin t)

0 ≤ t ≤ 2π:zywd jxe` itl divfixhnxtl xearl mivex ep`.L (t) = r · t `id t zief 
r 0 ziefn ,r qei
x mr lbrn ly zywd jxe` ,re
ik:xi
bdl lkep okl
σ (t) = rt:`id σ ly ziktedd 'wpetd ,ipy 
vn
τ (t) =

t

r

3



:didz jxe` itl lbrnd ly divfixhnxtd ,okl
γ̂ (t) = (γ ◦ τ) (t)

=

(

r cos

(

t

r

)

, r sin

(

t

r

))illk ote`a gkezy dgqep itl ,idylk s zieef 
r 0 zieefn γ̂ dliqnd jxe` z` aygp:jynda
γ̂s
0 =

ŝ

0

∥

∥

∥γ̂
′

(t)
∥

∥

∥ dt

=

ŝ

0

√

sin2
(

t

r

)

+ cos2
(

t

r

)

dt

=

ŝ

0

dt = s ztqep dnbe
.dx
bd itl zexiyi aygp mrtd
γ : [0, 1] → R

2

γ (t) = (t, t) :[0, 1] ly idylk dwelg gwip
P =

(

t0, .., tk
) :if`

L (γ (P )) =

k
∑

i=1

∥

∥γ
(

ti
)

− γ
(

ti−1
)∥

∥

=

k
∑

i=1

∥

∥

(

ti, ti
)

−
(

ti−1, ti−1
)∥

∥

=

k
∑

i=1

√

(ti − ti−1)
2
+ (ti − ti−1)

2

=
√
2

k
∑

i=1

√

(ti − ti−1)
2

=
√
2
(

tk − t0
)

=
√
2
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dnl.jxe` zlra `id zetivxa dxifb dliqndgked.[a, b]a zetivxa dxifb dliqn γ : [a, b] → R
n idz.t, t∗ ∈ [a, b] gwiply rvennd jxrd htyn itl okle [a, b]a zetivxa xifb γj aikxd j = 1, ..., n lklmiiwzny jk τ j ∈ [t, t∗] miipia 'wp zeniiw 'fpxbl

γj (t
∗)− γ (t) = (t∗ − t) · γ′

j

(

τ j
) :okl

‖γ (t∗)− γ (t)‖ =

√

√

√

√

n
∑

j=1

(γj (t∗)− γj (t))
2

=

√

√

√

√

n
∑

j=1

γ
′

j (τ
j)

2 · (t∗ − t)2

= (t∗ − t)

√

√

√

√

n
∑

j=1

γ
′

j (τ
j)

2:xi
bp .[a, b]a dneqg γ
′

j ,[a, b]a zetivxa dxifb γj ,j lkly oeeikn
Mj = max

{∣

∣

∣γ
′

j (t)
∣

∣

∣ | t ∈ [a, b]
}

mj = min
{∣

∣

∣γ
′

j (t)
∣

∣

∣ | t ∈ [a, b]
} :okl

(t− t∗)

√

√

√

√

n
∑

j=1

m2
j ≤ ‖γ (t∗)− γ (t)‖ ≤ (t− t∗)

√

√

√

√

n
∑

j=1

M2
j idz ,zrk

p =
(

t0, ..., tk
)iehiad z` jixrdl dqpp .[a, b] ly idylk dwelg

L (γ (P )) =

k
∑

i=1

∥

∥γ
(

ti
)

− γ
(

ti−1
)∥

∥:lawp m
ewnn oeieeyd i` itl
√

√

√

√

n
∑

j=1

m2
j ·

k
∑

i=1

(

ti − ti−1
)

≤ ∑k

i=1

∥

∥γ
(

ti
)

− γ
(

ti−1
)∥

∥ ≤

√

√

√

√

n
∑

j=1

M2
j ·

k
∑

i=1

(

ti − ti−1
)

√

√

√

√

n
∑

j=1

m2
j · (b− a) ≤

∑k

i=1

∥

∥γ
(

ti
)

− γ
(

ti−1
)∥

∥ ≤

√

√

√

√

n
∑

j=1

M2
j · (b− a)
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(b− a) ·

√

√

√

√

n
∑

j=1

m2
j ≤ L (γ (p)) ≤ (b− a) ·

√

√

√

√

n
∑

j=1

M2
j

supl xearl xzen okl ,p dwelga miielz mpi`y mixtqn i"r meqg L (γ (p))y eplaiw:lawpe l"pk p zewelgd lk lr
(b− a) ·

√

√

√

√

n
∑

j=1

m2
j ≤ L (γ) ≤ (b− a) ·

√

√

√

√

n
∑

j=1

M2
j.l"pd mixtqnd ipy oia dneqge zniiw L (γ) okl

γt
a dliqnd ly dkxe` z` s (t)a onqp t ∈ [a, b] lkl ,γ : [a, b] → R

n ozpida ,zrk.s (a) = 0 xi
bpe ,[a, t] rhwl γ ly mevnvd `idy2 dnl.[a, b]a (z"abn) zetivxa dxifb dliqn γ : [a, b] → R
n idz:miiwzne [a, b]a zetivxa dxifb 'wpet s (t) if`

s
′

(t) =
∥

∥

∥γ
′

(t)
∥

∥

∥ =

√

√

√

√

n
∑

j=1

γ
′

j (t)
2 dgked.t+ h ∈ [a, b]y jk h ∈ R gwip .idylk 'wp t ∈ [a, b] idz:gikep

lim
h→0+

s (t+ h)− s (t)

h
=

∥

∥

∥γ
′

(t)
∥

∥

∥ :migiken ibelp` ote`ae
lim

h→0−

s (t+ h)− s (t)

h
=

∥

∥

∥γ
′

(t)
∥

∥

∥.L (

γt+h
t

) dliqnd jxe`l deey s (t+ h)− s (t) if` ,h > 0 gwip ,okae:lawp zn
ewd dnld t"r ,okl
h ·

√

√

√

√

n
∑

j=1

m2
j ≤ s (t+ h)− s (t) ≤ h ·

√

√

√

√

n
∑

j=1

M2
j:lawpe h > 0a wlgp

√

√

√

√

n
∑

j=1

m2
j ≤ s (t+ h)− s (t)

h
≤

√

√

√

√

n
∑

j=1

M2
j

6



:xy`k
mj = min

{∣

∣

∣
γ

′

j (τ)
∣

∣

∣
: τ ∈ [t, t+ h]

}

Mj = max
{∣

∣

∣γ
′

j (τ)
∣

∣

∣ : τ ∈ [t, t+ h]
}yi okl ,dly meniqwnd z` my zlawn ∣

∣

∣γ
′

j

∣

∣

∣ f` ,[t, t+ h]a dtivx γ
′

jy oeeikn ,zrkmiiwzny jk 0 ≤ θ ≤ 1

Mj =
∣

∣

∣γ
′

j (t+ θh)
∣

∣

∣ :okl
lim

h→0+
Mj = lim

h→0+

∣

∣

∣γ
′

j (t+ θh)
∣

∣

∣

=
∣

∣

∣γ
′

j (t)
∣

∣

∣ :lawp o`kn
√

√

√

√

n
∑

j=1

M2
j =

√

√

√

√

n
∑

j=1

∣

∣γ
′

j (t)
∣

∣

2
=

∥

∥

∥
γ

′

(t)
∥

∥

∥lawp mj mr dxev dze`a
√

√

√

√

n
∑

j=1

m2
j =

∥

∥

∥γ
′

(t)
∥

∥

∥'uia
pqd llke oeieeyd i`n ,o`kn
lim

h→0+

s (t+ h)− s (t)

h
=

∥

∥

∥γ
′

(t)
∥

∥

∥miiwzne dxifb sy milawn okle zil`nyd zxfbpd iabl mi`xn ibelp` ote`a
s
′

(t) =
∥

∥

∥γ
′

(t)
∥

∥

∥ (jxe`d zgqep) htyn:miiwzne jxe` zlra γ f` [a, b]a zetivxa dxifb dliqn γ : [a, b] → R
n idz

L (γ) =

ˆ b

a

∥

∥

∥γ
′

(t)
∥

∥

∥ dt =

ˆ b

a

√

√

√

√

n
∑

i=1

γ
′

i (t)

7



dgked.jxe` zlra γ ,dpey`xd dnld it lr.s′

(t) =
∥

∥

∥γ
′

(t)
∥

∥

∥ ,dipyd dnld t"r-hpi`d oeaygd ly i
eqid htynd itl ,okl .∥∥
∥
γ

′

(t)
∥

∥

∥
ly dne
w 'wpet `id s (t) ,okl:lawp ,ilxb

ˆ b

a

∥

∥

∥γ
′

(t)
∥

∥

∥ dt = s (b)− s (a)

= L (γ)− 0 = L (γ) dnbe
:zixhnxt dbvd i"r dpezp dliqnd m`
γ (t) = (x1 (t) , ..., xn (t)) :jk L (γ) z` aezkl lkep

L (γ) =

ˆ b

a

√

√

√

√

n
∑

i=1

(

dxi

dt

)2

dtdliqnd dpenz `ed f 'wpetd ly sxbd f` ,zetivxa dxifb f : [a, b] → R xear ,lynl:y = f (x)

γ (t) = (1, f (t))

t ∈ [a, b] :`vei eply dxwna
x1 (t) = t x2 (t) = f (t)
dx1

dt
(t) = 1 dx2

dt
= dy

dx:zxkend dgqepd z` milawn o`kne
L =

ˆ b

a

√

1 +

(

dy

dx

)2

dx.[3, 4] rhwa y = x2 gwip m` ,lynl:milawn dgqepd itl
L =

ˆ 4

3

√

1 + (2x)
2
dx =

ˆ 4

3

√

1 + 4x2dx

8



htyn.jxe` zlra dliqn γ : [a, b] → R
n idz .1.dn`zda [c, b]e [a, c] mirhwl γ ly mevnv i"r zeleawznd zeliqn γ1, γ2 eidimiiwzne jxe` zelra γ1, γ2 mb if`

L (γ) = L
(

γ1
)

+ L
(

γ2
) :1l jetdd oeeikd .2ik gippe ,jxe` zelra zeliqn γ2 : [c, b] → R
n ,γ1 : [a, c] → R

n m`.γ1 (c) = γ2 (c):dliqn xi
bp
γ (t) =

{

γ1 (t) t ∈ [a, c]

γ2 (t) t ∈ [c, b]miiwzne jxe` zlra γ f`
L (γ) = L

(

γ1
)

+ L
(

γ2
)-i
`d f`e jxe` zelra γ1, γ2 ik ze`xdl witqny oiivp la` wie
n ote`a gikep `l.
g` dpzyna lxbhpi`d zeiaihi
`n zraep jxe`d ly zeiaihze`nbe
:R qei
xa lbrn swid aeyig .1.ziy`xa fkxn mr mwenn lbrndy k"da gipp:`id dliqnd

γ (θ) = (R cos θ, R sin θ)

0 ≤ θ ≤ 2π okl
∥

∥

∥γ
′

(θ)
∥

∥

∥ = ‖(−R sin θ, R cos θ)‖

=

√

(−R sin θ)2 + (R cos θ)2 = R:`ed lbrnd swid okl
L =

ˆ 2π

0

Rdθ = 2πRlblb lr 'wp zxaery jx
d `ed dfk spr .d
i`elwiv ly spr jxe` aygp .2.wilgdl ila yiakd lr mly leblb lblbzny`id dliqnd
γ : [0, 2π] → R

2

γ (t) = (a (t− sin t) , a (1− cos t))

9



:lawp
∥

∥

∥
γ

′

(t)
∥

∥

∥
=

√

a2 sin2 t+ a2 (1− cos t)2

= a
√

sin2 t+ cos2 t+ 1− 2 cos t

= a
√
2− 2 cos t = a

√

2 (1− cos t)

= a

√

2 · 2 sin2 t

2
= 2a

∣

∣

∣

∣

sin
t

2

∣

∣

∣

∣ `ed dliqnd jxe`e
L (γ) =

ˆ 2π

0

2a sin
t

2
dt

= 2a

ˆ 2π

0

sin
t

2
dt

= 4a

[

− cos
t

2

]2π

0

= 4a (1 + 1) = 8a
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