
dgked xnbe zxekfz

htyn

(mly inxep agxn epiidc)jpa agxn `ed C (Z) if` .ihwtnew ixhn agxn Z idi

(zenlyd ly)dgkedd xnb

xy`k ‖fn − fm‖ < εy jk irah n (ε) miiw .C (Z)a iyew zxcq {fn} .ε > 0
m > n > n (ε)

∀m > n > n

(∗) ∀x (|fn (x)− fm (x)| ≤) ‖fn − fm‖ <
ε

3

∃ lim
n→∞

fn (x) + (∗) zxxeb R zenly ⇐ Ra iyew zxcq {fn (x)} xnelk

(∗)a m→ ∞ glyp ,edylk n > n

(
ε

3

)
xear

(∗∗) ∀x∈Z ,∀n>n( ε
3 )

|fn (x)− f (x)| ≤
ε

3

Z lr dtivx f
(∗∗)a sup gwip .C (Z)a fn ly leab `ed f

∀n>n( ε
3 )

‖fn − f‖
(
+ sup

x∈Z
|fn (x)− f (x)|

)
≤
ε

3
(< ε)

.C (Z) ixhnd agxna fn → f `"f

.oekp htyndy d`xn dgkeda zeppeazd
edylk (jpa agxn epiidc)mly inxep agxna mikxr zelawn zedivwpetd xy`k mb

(Ra dxewna(Y

oeniq

Y )f : Z → Y zetivxd zeivwpetd lk ly ixehwed agxnd z` C (Z, Y )a onqp
i"r C (Z, Y ) lr dnxepd z` xicbp .(!edylk jpa agxn

‖f‖ = sup
x∈Z

‖f (x)‖ (<∞)

(ihwtnew Z ik iteq jxr xvei df)

1



(lken)htyn

.jpa agxn `ed C (Z, Y ) if` .jpa agxn Y ,ihwtnew ixhn agxn Z eidi

dxrd

dze` iabl)mly ixhn agxn F mb if` ,V a dxebq dveaw F e mly ixhn agxn V m`
.(dwixhn

∃ limxn = v ∈ ,mly V y oeeike ,V a w"q mb `id `id ixd ,Fa w"q {xn} m` :ik
.V

zecewp seq oi` dlikn v ly daiaq lk ik) (Fl zkiiy e`)F ly leab 'wp `ed v]
,v ∈ F mewn lkn (witqn lecb n xear v = xn e` ,witqn lecb nn lgd xn F ly

[.dxebq F ik

d`vez

ihwtnew ixhn agxn=Z •

jpa agxn=Y •

edylk iaeig xtqn=b •

ixhn agxn `ed Cb (Z, Y ) = {f ∈ C (Z, Y )|‖f‖ ≤ b} xebqd xeckd ,b > 0 lkl
.mly

F : D ⊂ Rk × R → R

F
(
x∈Rk

, y∈R
)
= 0

x ly divwpetk y xear "zinewn" xeztl mivex
-yn s).zeiynn Fj (x1, ...xk; y1, ...ys) = 0 ze`eeyn zkxrn :xzei illk ote`a

(minlrp sa ze`ee

lewy ote`a

F : D ⊆ Rk × Rs → Rs

(mixehwee x, y, 0 xy`k)x ly 'petk y xear F (x, y) = 0 zinewn "xeztl" mivex

uiytil i`pz

miiw m` (Ωa)ya uiytil i`pz z` zniiwn Fy xn`p .F : Ω ⊂ Rk ×Rs → Rs idz
Ωa (x, y) , (x, y′) lkl ‖F (x, y)− F (x, y′)‖ ≤ q ‖y − y′‖y jk q > 0

(Rsa zeicilwe`d zenxepd od zenxepd)
F xear uiytil ly reaw `xwp l"pk q 'qn
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1 xfr htyn

(a, b > 0)D =

{
(x, y) ∈ Rk × Rs

∣∣∣∣ |xi| < a, i = 1, ...k
‖y‖ ≤ b

}
⊂ Rk × Rs onqp

.q < 1 uiytil reaw mr ya uiytil i`pz z` zniiwne dtivx f : D → Rs idz

cigi oexzt yi f (x, y) = y d`eeynly jk 0 < a′ < a miiw if` .f (0, 0) = 0 gipp

.‖y‖ ≤ b mr y ∈ Rs

y = ϕ (x) divwpet xicbn oexztd I +
{
x ∈ Rk

∣∣|xi| ≤ a
}

xebqd `za x lkl
.ϕ (0) = 0e Ia dtivx `idy

dgked

D0 =
{
x ∈ Rk

∣∣|xi| < a
}
⊂ Rk

(gezt `z)

f0 : D0 → Rs

i"r zxcben

f0 (x) + f

x, 0︸︷︷︸
∈D

 ∀x ∈ D0

(D0 ⊂ D iwlgd megzl f dtivxd divwpetd ly mevnv `id f0 ik)D0 lr dtivx f0

f0 (0) = f (0, 0) = 0

y jk δ > 0 miiw ,edylk oezp ε > 0 m` ,zetivxd zxcbd itl

‖f0 (x)‖ = ‖f0 (x)− f0 (0)‖ < ε

.mi`zn δ lawpe ε = (1− q) b xgap ‖x‖ = ‖x− 0‖ < δ exeary x ∈ D0 lkl

agxn I .dfd (a′ mr)htynd geqipa enk I idi .0 < a′ < min

[
a,

δ
√
k

]
xicbp

(Rka xebq `z `ed ik)ihwtnew ixhn
(jpa ly zayd zcewp htyn zlrtd dxevl)mly ixhn agxn X + Cb (I,Rs)

ψ ∈ X + Cb (I,Rs)

∀x∈I ‖ψ (x)‖ ≤ sup
z∈I

‖ψ (z)‖ + ‖ψ‖ ≤ b

3



(ψ ∈ X ik ‖ψ‖ ≤ b)
I lr sivxe ahid xcben (f ◦ ψ̃ =)f (x, ψ (x)) okle

x, x′ ∈ I ‖(x, ψ (x))− (x′, ψ (x′))‖2 =
∑

(xi − x′i)
2
+
∑

(ψi (x)− ψi (x
′))

2 −−−→
x′→x

0

.I lr dtivx ψ̃ okl Rsl Dn dtivx f e dtivx ψ̃ : I → D

∀x ∈ I

∥∥∥(f ◦ ψ̃
)
(x)
∥∥∥ = ‖f (x, ψ (x))‖ = ‖[f (x, ψ (x))− f (x, 0)] + f (x, 0)‖

≤ ‖f (x, ψ (x))− f (x, 0)‖+ ‖f0 (x)‖
uiytil i`pz llbae

≤ q ‖ψ (x)− 0‖+ ‖f0 (x)‖ < b (≤ b)

Ia mixd lk lr menixteq gwip∥∥∥f ◦ ψ̃
∥∥∥ ≤ b

xnelk

f ◦ ψ̃ ∈ Cb (I,Rs)

zyweand dwzrdd z` zrk xicbp

T : Cb (I,Rs) → Cb (I,Rs) → Cb (I,Rs)

Tψ = f ◦ ψ̃

(Tψ) (x) = f (x, ψ (x))∀x ∈ I :yxetna
:X + Cb (I,Rs) mlyd ixhnd agxnd ly ueeik `id Ty wecap

‖(Tψ − Tψ′) (x)‖ = ‖(Tψ) (x)− (Tψ′) (x)‖ = ‖f (x, ψ (x))− f (x, ψ′ (x))‖

uiytil i`pz llbae

≤ q ‖ψ (x)− ψ′ (x)‖ ≤ q ‖ψ − ψ′‖

X + Cb (I,Rs)a ϕ dcigi zay zcewp zniiw ,jpa ly zayd zcewp htyn itl
`"f ,T xear

Tϕ = ϕ

∀x∈If (x, ϕ (x)) = ϕ (x)

x ∈ I lkl ‖y‖ ≤ b mr f (x, y) = y d`eeynd ly oexzt `id y = ϕ (x) `"f
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