
I `eliq htyn
pm xcqn g"z Ga yi f` pm| |G| m` .ipey`x p .ziteq dxeag G `dz

dxcbd
pk+1 - |G| ,pk| |G| gipp .G xcq z` wlgnd ipey`x p ,ziteq dxeag G `dz

.`eliq .g.z z`xwp xcqn g.z

1 htynn dpwqn
`eliq-p g"z Ga yi f` G xcq z` wlgnd ipey`x p ,ziteq dxeag G `dz

?efl ef zeitxenefi` zepey `eliq-p g"z m`d :1y

?yi `eliq-p g"z dnk :2y

II `eliq htyn
efl ef zecenv G ly `eliq-p g"z lk .p| |G| ,ipey`x p ,ziteq dxeag G `dz

xHx−1 = Ky jk x ∈ G miiw f` `eliq-p g"z izy H,K m` `.f)

III `eliq htyn
:f` .Ga `eliq-p g"z 'qn rp `di

rp| |G| (i)

rp ≡ 1 mod |G| (ii)

zecenv g"zl qgia dxrd
H ∼= K f` Ga zecenv g"z izy H,K m` dprh

ϕ : dwzrd xicbp .xHx−1 = Ky jk x ∈ G miiw `"f ,zecenv H,K dgked
.('ned ,lr ,r"gg .`.f)'fi` `id ef dwzrd .ϕ (h) := xhx−1 i"r H → K

!weca

libxz
xHx−1 ∼= H e ,xHx−1 ≤ G ,H ≤ G m`

libxzn zepwqn

.`eliq-p g"z k"b Hl zecenvd g"z lk f` `eliq-p g"z H ≤ G m`

II `eliq htyn gikedl ick

.`eliq-p ody zecenv opi`y g"z oi` :l,v
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dprh
(i) III `eliq ⇐ II `eliq htyn

dgked

:xzei zillk dprh gikep

zillk dprh

.G xcq z` wlgn Hl zecenvd g"z 'qn .H ≤ G .ziteq dxeag G `dz

dprhd zgked

ϕ (x) (H) := .dcnvd i"r X (G) lr zlret G .G ly g"z lk X (G) dveaw xicbp
.xHx−1

H ly lnxpnd `xwp dcnvd zlert zgz H ly aviind dxcbd

NG (H) :=
{
x ∈ G : xHx−1 = H

}
,xnelk .G xcq z` wlgn|O (H)| ⇐ |G| = |NG (H)| |O (H)| ,epcnly htyn itl

� .G xcq z` wlgn Hl zecenvd g"z 'qn

(ii)III `eliqe II `eliq zgked

xy`k |X| ≡ |X0|mod p f` X lr zlret K m` .p zxeag K `dz 1 dnl
X0 {x ∈ X : ∀g∈Kp (g) (x) = x}

xara epgked dgked

if` .xPx−1 = P oke ,p zwfg xcqn x ∈ G .G ly `eliq-p g"z P `dz 2 dnl
.x ∈ P

.x ∈ NG (P ) htynd i`pz itl dgked

.H E NG (H)e ,NG (H) ≤ G ,H ≤ G lkl libxz

.x := xP ∈ NG(P)/P okle ,P E NG (P ) dpwqn

.(xP )
o(x) − xo(x)P = P .m edyfi`l o (x) = pm

.o (g) |k f` gk = e m` dcaer

.p ly dwfg o (x) ,o`kn .o (x) |o (x) ,okl

.epniiqe x ∈ P okle xP = P f` o (x) = 1 m` •

.NG(P)/Pa mipey mixai` x0, x1, x2, ...xpd−1 f` ,1 ≤ d ,o (x) = pd m` •
`idy pd |P | .Ga w"z `ed dl`d zewlgnd ixa` cegi` .x0P, xP, x2P, ...xpd

P
jkl dxizqa .P xcqn lecb xcqn p-g"z hxta .(iktede ltk zgz dxebq)w"z

� .`eliq-p Py

2



dgkedd

g"z lk zveaw {P = P1, P2, ...Pm} = A dpiidz .G ly `eliq-p g"z P `dz
oi` :l"v .`eliq-p g"z Pi ,1 ≤ i ≤ m xeriyd zligzn dxrd itl .Pl zecenvd

zexg`

m ≡ 1 mod p 1.r.h

A0 xy`k (C) |A| ≡ |A0|mod p ,1 dnl itl .dcnvd i"r A lr zlret P dgked
,x ∈ P lkl :`"f .zay zcewp Pi gipp .ef dlertl qgia zay zecewp
g"z Pi ,ok enk .p zwfg x xcq okle o (x) | |P | okl x ∈ P .xPix

−1 = Pi

⇐ x ∈ Pi ,x ∈ P lkl ,xnelk .x ∈ Pi ,2 dnl itl .((∗) itl)`eliq-p
.Pi = P f` zay .wp Pi m` okle .(zecenv od ik)|P | = |Pi| la` ,P ⊆ Pi

l"yn .1 r.h ⇐(CC) + (C) .(CC) |A0| = 1 okl (?recn)zay .wp Pi i`ce
1 .r.h

:dlilyd i"r z`f gikep .II `eliq :gikedl xzep .(ii)III ⇐ II `ejliq :miipia mekiq
.dcnvd i"r A lr zlret Q .Pl dcenv dpi`y `eliq-p g"z Q `dz

.ef dlert zgz zay zecewp oi` 2.r.h

o (x) | |Q| okl x ∈ Q .xPix
−1 = Pi ,x ∈ Q lkl `"f .zay zcewp Pi gipp dgked

.x ∈ Pi ,2 dnl itl .((∗) itl)`eliq-p g"z pi ok xenk .p zwfg x xcq okle

.(zecenv od ik)|P | = |Pi| la` \P ⊆ Pi ⇐ x ∈ Pi ,x ∈ P lkl ,xnelk
okl .dgpdl dxizqa Pl dcenv Q xnelk ,Pi = Q f` zay .wp Pi m` okle
m = |A| ≡ 0 mod p o`kn ,|A0| = 0 la` .|A| ≡ |A0| mod p ,1 dnl itl

� .z`fk Q oi` o`kn .1.r.hl dxizqa

dpwqn
.zilwiv pq xcqn dxeag lk f` .q 6≡ 1 mod p gipp .miipey`x p < q idi

dnbec

.zilwiv 15 xcqn dxeag lk .q = 5 ,p = 3 .1

.zilwiv 707 xcqn dxeag lk .q = 101 ,p = 7 .2

dgked

'fpxbl htyn itl .pq xcqn xai` Ga yi :l"n .pq xcqn dxeag G ,l"pk p, q eidi
g"z ef .q xcqn g"z yi iyew `tyn itl .1, p, q, pq md mixai`l miixyt` mixcq
rq|pq miiwn .(rq oneqi) (`eliq-q oleky)q xcqn g"z 'qn III `eliq itl .`eliq-q
g"z mixvei q mxcqy mixai`d lk ,al miyp .(?recn)rq = 1 okl ,rq ≡ 1 mod q mbe

.efk zg` wx yie ,q xcqn g"za mi`vnp okle ,q xcqn
.(dcigi `eliq-q g"z Hq)Hq\ {e}a mixai`d weica md q xcqn mixai`d ,okl

.q xcqn mixai` q − 1 yi okle
g"z dnk .p2 - |G| = pq ik)`eliq-p g"z ef .p xcqn g"z yi iyew htyn itl

?yi p xcqn
.rp ∈ {1, p, q, pq}⇐ rp|pq miiwn rp oxtqn III `eliq itl .`eliq-p olek
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q 6≡ 1 mod p dgpdd itl rp 6= q oke rp 6= p, pq ⇐ rp = 1 mod p
.Hp dpnqp ,p xcqn dcigi g"z yi xnelk .rp = 1 ⇐

.xa pq xcqn mixai`d 'qn onqp .(l"pk milewiyn)p xcqn mixai` p− 1 yi okl
.1l deey 1 xcqn mixai`d xtqn oaenk

1 `ed 1 xcqn mixai`d xtqn •

p− 1 `ed p xcqn mixai`d xtqn •

q − 1 `ed q xcqn mixai`d xtqn •

x `ed pq xcqn mixai`d xtqn •

:miiwzn

1 + (p− 1) + (q − 1) + x = pq

⇒ x = pq − p− q + 1 = (p− 1) (q − 1) ≥ 1

.miipey`x p, q ik
.zilwiv G okle pq xcqn xai` yi :eplaiw
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